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Classical Boussinesq Equation

~ . ~ )
]Z N I /72 7l sz%? (Ryogo Hirota)

Abstract.

The classical Boussinesq equation

= + +

u [(L + w)v VXX]X
~ 1 2

vt = (u+ 2 v )X

describing shallow water wave, is a pq = ¢ reduction of a first-modified

KP equation
(D

(D

We find a coupled equation in the text book, (Whitham: Linear and Non-

linear Waves Equation (13. 101) p.L65)
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1 2y _
Tlt + (l + OLn)WX - _6_‘ BWXXX + O(O('B,B ) =0 s

Vi * Ome * nx - —%_ waxt * O(uB,Bg) = 0.
Let
w=u+ —%;'Bu + O(GB,BQ)
Then
n, + [(1 +an)ul. + = Bu + 0(aB,B%) = 0
t x 3 XXX ? ?
u + [n+ 2 f] + 0(aB,85) = 0
t 2 ’ '

cf. S. Kawamoto: J. Phys. Soc. Jpn.53 (1984) 2922.

E.V. Krishnan: J. Phys. Soc. Jpn. 51 (1982) 2391.

Let u = WX . Then we have

+ + + -
Ve YL ¥ @)ww o boww -

+

-y
2

2 1 _ 2
x> Yxx T 3 waxxx = 0(aB.67)
which is Kaup's higher order water wave equation.

cf. D.J. Kaup: Prog. Theor. Phys. 54 (1975) 396.

On the other hand, we have the Jaulent-Miodek eq.

u, = —l—-v -uv_ - —;—-u v
t L T3x X 2 x °
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3
Vi Yx > Vg oo

which is the integrabilinty conditions of the following spectral problem

o
8x2

+ (% - aw-ulp=o0,

2 0
(U™ + 21) 'SE'Jw .

o]

N _
q}t = L Vx

M. Joulent and I. Miodek: Lett. Math. Phys. 1 (1976) 2L3.

The Joulent-Miodek equation is transformed into the classical Boussi-

nesq equation

= 1+ v +

_ 1 2
VT - ((;b + 2 v )g ]

through the transformation
1 2
¢ =u+ v -1,
1 1

T = - -Er't . £ = STX -

Sato and Mori have studied a hierarchy of the clagsical Boussinesq

equations
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2

= +
th (VXX QVW)X s
Vi = (w+v )

3 2 3 2

= — —— +
Vo (WXX + 3vvXX v, t oV 3v W)x s
v, = (v * 3w+ v) .

t2 XX X

They called it Higher order Nonlinear Schrddinger equations.

M. Sato and Y. Mori: }?/MS k”é‘kfrcku 388 (1980) 183.

Ito has studied a symmetries and conservation laws of the classical

Boussinesq eq. and found a recursion operator for symmetries.

M. Ito: Physics Lett. 104 A (1984) 2L8.

The classical Boussinesq eq.

= + +

u, [(1+ uv VXX]X ,
_ 1 2

v, = (u + -V )X ’

is transformed into the bilinear form

2
(DT - DX ) f-g =0 s

3 -
[DXDT - (1 + uO)DX - DX ] feg=0,

where DT = Dt - VODX through the transformation
.
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v, * 26,

u=u, t+2p
¢ xx

©
i}

log(f/g) »

log(fg) .

©
1]

Hierarchies of K-P equation and first modified K-P equation are obtained
by Jimbo and Miwa !

K-P equation

i
O

- thDB) T°T ,

3 -
(Dl D, *+ 2D2D3 - 3D1Dh) T-T =0,

First modified K-P equation

2 v
(Dl + D2) T-T1' =0,
(D 3_ 3D.D. - LD ) T-T' =0
1 172 3 i
M. Jimbo and T. Miwa: "Solitons and Infinite Dimensional Lie

Algebras'", RIMS - 439, March (1983).

N-Soliton solution to the first modified K-P equation is well-known. We

-5-.
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write it for N = 2

nl n2 ﬂl+ﬂ2
T =1+ qle + qge + qlq2a12e .

n Ny nl+n2

1
H
T 1 + ple + p2e + plp2a128 5

2
= - +
where ni (Pi qi)xl (p

) (pl - qg)(ql - q2)
12 7 (p; - a,)(ay - p,)

where pi and qi for i = 1, 2, are free parameters.

Now we impose the following conditions on p; and 9

p.gq., = ¢ for all 1 ,

which we call "pq = ¢ reduction" of first modified K-P equation. Then,

we find that the following equation holds

(D, 3

+ - eT' = .
1 3ch D)) T-T 0

3

Substituting the above relation into the first modified K-P equation,

we have

(D12 + D2) T.T7' =0 ,
3
+ D D+ -T' =0
(Dl Dl 5 thl) T-T ,

~6-~
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which becomes the bilinear form ef the classical Boussinesg equation by

the following identification

Hence, two-soliton solution to the classical Boussinesq equation is
readily constructed by the two-soliton solution of the first modified
K-P equation.

A1l we do is to calculate the factor a5 which describes a phase shift

of a soliton after colliding another soliton, using the condition p.q. = c,
17

(pl - pz)(ql - q2)

12 (pl - qg)(ql - pg)

2
c(pl - p2)

o2
(pyp, c)

and the dispersion relation which relate the imaginary fre%uency

— 2 2
Q, = - i i = - .
5 pi ql to the imaginary wave numbeerE p:,L qi,
2 2 2,2
= (p. - @.)%l(p, - a,)% + bp.a.]
i 1 i i i i

=7P12[E;2ﬁ’ hel .

We rewrite "pg = ¢ reduction" of the modified K-P equation

2
(ip, + D7) grf =0,
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1
(@
v

. 3 2
+ - .
(1DXDt DX hpo Dx)g f

where we put

We also rewrite the two-soliton solution

ny Ny Ny*N5
g=1+ (ql/pl)e + (qg/pz)e + (qlq2/plp2)alze .

We note that f and gcounstitute two-dark solitons of the nonlinear

Schrodinger equation
w, + v -2y =0
t XX
.2
¥ = ppexp(-2ip"t) (/1)
In fact, the bilinear equation for real T

(iD, + DX2)g-f =0,

. 3 2 -
(1DtDX + DX - upo DX)g.f =0

-8
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is transformed into

(iDt + sz)g-f =0,

2 2.2
- 2 = *
DX ff pO f cog g

where cO 1s determined by the boundary condition on f and g at lx[ = oo,

Now we consider the case oy = 0 or "pgq = 0 reduction" of the modified

K-P equation. We have for g, = c/pi . p2 = c/q2

1
n n (¢ - poa,)® n
_ c M 2 ¢ 1% 12
f=1+—e + qze + q2 e 5
Py Py c(p, - )2
17 %
2
_ Ny . (e-p)” nymy
g=1+ ple + —af-e 3 5 e .
2 2 clp - a,)
where
c c2
nl=(pl-—‘p-—)x—l(pl - =3t +n
1 iy
1
2
c ., C 2 0
= (— -~ - - +
which becomes, in the limit ¢ = 0,
n D q23 n,™Mm
=1+ g 2, 1 — 172
(p, - )
n p 3q2 n,+n
g=l+plel+———l-——2—e,l 2 »
(b, - a,)
where
.2 0
ﬂl = PlX - lpl t+ ﬂl s
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_ 2 0
Ny = —ax + 14, % + 0,

Let = -p_¥ n 0 n 0¥ + im Then
b =P T 1 :
n, ¥ P.p,*3 n.+n, ¥
f=l+pl*el +———-l—l——§e:L 1 , g = f%,
(pl + pl*)

Accordingly f and g are solutions to the bilinear equation

. 2
(1Dt + DX lgf =0,

. 3
(1DXD + DX )

.t g.f=09

but they cannot be a solution to the nonlinear Schrodinger equation
w, +u_ -2y =0
t XX

any more because f is no longer real.

Polynomial solutions to

(ip, + D 2
X

* =
. )E* f 0

(1D D + DX3)f* £=0

have been found (A. Nakamura and R. Hirota, submitted to J. phys. Soc.
Jpn. (1984) ). They are

)
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f2 = (x6 - 36x2t2) + i(6x

L

b+ T283) = f ¥

g 7 2
Rational solutions to the nonlinear Schrodinger equation

w,+v_ -2y =0

are constrcted using fn and f; as follows.

® %
v e DE¥ . T .

£ + 1 % y
fn n+l¥ fn fn+l

We have found the following reductions.

Reductions of K-P equation

p -q =clp-4q) , ... Kav equation
3 3 _ ‘ . )

p" -qg =¢c¢(p-4qq) 5 .. Boussinesq equation
L L .

p -qg =0 . ... Coupled KdV equation

p -q =clp-a) , ... modified KdV equation

3 3 _ ‘s . .
p” - q” = clp -q) ... modified Boussinesqg equation
p-q=c¢ . ... Classical Boussinesq equation
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