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Resolvable Multipartite P3 Designs

}ﬁ;%%k’é%’ 7}‘.}% ﬂ'gj/c;/ ( Razuhiko Ushio )

1. gt &l
Resolvable BIB Design @) CF’L/ &:3/ A=1 ) Resolvable Steiner

Triple System [& glj,g Kirkman Design g A -ﬁﬁ ‘C“ﬁ/g < ?‘é 3. " The

Problem of 15 School-Girls" , " The Problem of 9 School-Boys" [

Kirkman Designo)ﬁﬁrfﬂ -Z% 3. 2 *&Ll:ﬁ' L 7, " The Problem
of 9 Prisoners ' [§ Resolvable P, Design O)f\%ﬁj '63[7) 3.

" The Problem of 9 Prisoners'" : In a jail there were 9 prisoners of a

particularly dangerous character. Each morning they were allowed to walk

handcuffed in the prison yard. Here is how they walked on Monday:

Could you arrange them for Tuesday - Saturday so that no pair of prisoners
is handcuffed together twice ? [1,p229-230]

Answer : Monday @@@ @@@ @.@
Tuesday @ @ @ @"@
Wednesday @ @ @ '@



(X

Thursday @-@ @ @ @ @ @'@"
Fridy ©@-0-O 0-0-® @-0-
Saturday @-@ @ @ @ . @"@_@

Resolvable P3 Design lé; Kirkman Design ‘1& ﬁ_:] ) ’Z_J:tﬁiéﬁ %ﬁ_
2 ﬁ-ﬁ\&# 3> c\’_/ﬂ“'(j% 3, Resolvable Multipartite Py Design‘é-\
Resolvable P4 Design 2#7/‘:\;% L‘/:\ é % T 2,‘(77 3.

2. Resolvable Multipartite P, Designs (RMP;D)

Definition R 3EELN/ RT3, xPpFTNTRT
HISHREBRP ] 7 7ERRI LR, ZEYAT 57
AKm = AKn(un, - )&, Golin&kAR (Ho&sk
RA >4 lzﬁﬁ%‘# 3 RE3HE k Resolvable Multipartite P,
Design ¥ &4, RMRD(mnA) &L, £k, n=19B~
LR H [ Resolvable P, Design ¥ g;\/(,(‘/ RED(m. N & % <.
(mz2, mzl, Azl ¥4 3.)

Example 1 RMED(3, 2, 1)

<% 539 B0 O

F=Feflef, : RMED(. 2, '
Example 2 RED (Y, 1) |
FF= 0—o—0 v &—@—0@ v 0—06—0O
R=0—e—0® v @&—0—=©0 V

A=0279)£73X8¢4) &K <.

®©®
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F=F0Fa®fy'® F.6 Lo fa - RRD(1, 1)
> JL (4 "The Problem of 9 Prisoners" o) | 5, BE v % 3,
21 RMPRBDowBERA
ANKno RASABI:B0 7, BREAT2%KEr, 1> 9RA
Toto>REpoKEL, REBIAB AL MIREN 4
BED X FHE |
t=mn/3, b=rt=r(/
AT >, 2w Ao RMERDOM AN 843 EH9 8 5
bR B ARA |
(i) mn=o(mod 3), (i) N(M-1)N =0 (mod )
ABL 3.
Theoren 1 RMRD (m,n,A) AB7HE 7 3

== () mnzo (mod 3) , (i) ANm-Dnz=o Cotod 4)
BBEA O EFET ma kN T 3.
Lemma 1 N =0 (med 3), N-)N =0 (med 4)
(1) mn =0 (mod 30, (m-ph=0 (mod 4), \: A%

é—;{ (M MmN =0Cmod 3), (M~I)N=2 (mod %, Azolmod 2)

() 71 z0(mod 30, (M-DN=1,3mod ), Az0 (mod 4) .

2.2 Kirkman Design ¥ RMP,D

Kirkman DesignR  u 7 £ <~ L 9 RMRD £33 + v &7 5
3. Kirkman Design @/ﬁ.ﬁ Zﬁ,ﬁ[:&? ( Z [ Ray-Chaudhuri and
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Wilson[3] E%B\g{ X,
Theorem 2 [3] RBIBD(WV; 3, 1) 5‘“ﬁ-ﬂi7 3
<> VU =3 (mod 6) .

Example 3 RBIBD(Y7,3 /)

A solution of RBIBD(9,3,1) is
pc(4) [ (1,6,7),(2,3,5),(0,4,00) ] mod 8

where PC means a partial cycle.

> j0 & "The Problem of 9 School-Boys" ) 1 - @ﬁ%% T Et;} 3.
Lenna 2 RMRD(9,1,1) #BHET3I.

(38 ) Example 3 & ), RBIBD(Y,3,1) 29 4Mo KA
oY B

o deds il odods

E Z-ﬁ; 9 Common Transversal ‘15 7"' ¥ —‘))- 3 .

B 3 &4 fo, 4 |
(! fﬁ\iij;_Lf MO T3 el
EoAs@Qot (@&t {1,¢ &f

EQF/_—TI y E/=E__77 0) Common Transversal -Ié'. 7; & _4- 3.

$ 0}




S S N | ¢
, >é}< = h={l,2 ¢}
Eo{ = v €3y 7 1

FECTTLT45%, RMRD(L, 11D 93 >2 RBXF L.

FB N3,

FF.o—0—0 o064~ o—=0—0
E:o—eo—0 0—0—0 0—0—
i o—0—e o0—0—0 o0—60—0

Atk 2, BREA SRMRDC(Y, 1,1) 9 35> 9RB3 A, A,
Fow B S 3.

F. o—0o—0 @—6—0
. o—o—0 o0—o0—0 0—0—
E. o—0—® 0—@—0 o0—0—0

F=hoeKeR,okefek, : RMRD(1, 1, 1)
Example 4 KBIBDC/_(‘/ 3, D)

A solution of RBIBD(15,3,1) is
[ (0,5,10),(1,6,11),(2,7,12),(3,8,13),(4,9,14) ]
cr (1,2,3,5,6,11,9) (4,8,14,10,13,12,7)

where CT means a cyclic transformation.

>~ L& "The Problem of 15 School-Girls" @ 1 - 9 BBE 7 % 3.

Lenma 3 RMRD( &, 3, D ABHE T3,

(3£89) Examplg 4 &Y, RBIBD(/&3 1) 9 TMHo KAIF,
B hBen3, Fioko S8o EEA (w60 (161},
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{2,7//2} {3 813} {41- 7 /q_ t Ki. @Partite Sets &E_,'fi#o

< CHHOHEH
AAALA CAALLA
AALLA FARALA

“LAALL *RALLL

F&Fz B R E«‘cﬁ}@35ﬂ@'\7’p’ 5, RMBD(rz 1)

,s—/vr\r ~ ™~ I~

E@ﬁ;@ﬁl@ﬁ;@@&)@@ﬁ;@/{;@ﬁ;(:RMEDC&,s, 1)
2.3 RMRBD ob#E 2%
NEEMA RS IRERRE A£G K3,

Theoren 3 RMRD(mn N ABHE T3

=5 RMED (M, oan,\) /f\“f&/&?s (ou:,ti-@ %ﬁ)

(328 ) RMRD(mnA) 45 Akno BB >HMAA S U3,
ANKmo [ EEAERTAL, EcEEHBRAE 20 LKL
ELARSF o kLK 0, B=K. w8345, 29
k&> AKm 9 Ko BIDBAA S M3, Kewo B
BINRERYNE, \Kmo BB IS BAGL NS,
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Theorem 4 RMPBD (m n ) ABTEF3
=>RMRD(m,n, gr) ABEFTI (8 kEo BXK)
(28 ) RMRD(m nA) & BMBE N S IE RMBED (M, 1, gAD A
Feds,
2.4 RMRBD o+n4k#
DEFESF ma\ 0B T3,
Lemma 4 gt =0 (mad 3), (M-I)N =0 (mod ?),A:/ﬂé

() M=9 (modr2), AN 5
& M=3 (mod ), Nzo (mod2), A:Fj%
O M=) madd), 1120 (wod3), A AL
@ M=o (mod 3), N=0 (mad$), A MR
® M=l (pewd2), Nz=0(moedb), AR
®© Neo (mod/2), mA: 4B,
) ~@EHFEFTAXHE AN EH (T R Lemmafiff & R 3,
Lemna 5 RMRD (/2m.+9, |, 1) #BHE 33 .
(BEB) M =/20+7 £H <. M=3(medb) TH 3 5 &,
Theoren 2 & Y RBIBD(m, 3, 1) #BIEF 3. RBIBD(m,3,) o
(M+DBIKBIE2BF>an7 AR FHKE, £n~7F
45 RMRD(m, 1,1) o RB>,3M+ > X432 2473,
BB T =9+ MoRB>ABS U3,
Lenma 6 RMRD (ém.+3. 2, 1) ABIEF 3.
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(FEBR) m=47M+3 & B <. M=3(mod ) THI 5 &, Kn
2KBINHABLNI, hA LT, Ko KBIHHBFAE ¢
N3, KioRAIHABER NI, Ko RRIA B4 B 50
3.

Lemma 7 RMBD(4mtl, 3, 1) ABAKET3.

(EW/) m=4mt! £H <, 3m=3(md 6) TH 3% 4,
RBIBD(3m, 3, 1) ABHk L2, (bnt) Ba KBXEFR, -,
Fino 186 W3, ook, THITHIMBT > 9845 5%3,
Méag E LR EKio vartite sets LABF. 20 ff - f &
2@F > an P LAB (2, RMRD(M,3,0 0 A% 2 F=0m 18
ARBIEHERFI 2 v 7353, |

Lemma 8 RMRDCa2tl, 4,1) #BH43.

(ZEB ) m=2m4 LR, 3M=3(md ) T F 35 &
RBIBD(3m,3,1) #BHE L2, Kim 9 KB3D M 47350 3,
TR (2, KmoKBINBSFAS N3, 20 GntD @9
KGRIELRE ~fmed3.Fa%9, {NTHLMT>9
EA S A3 ma 9 & éi/ﬁ\ZKméa)Partite Sets 2:,%73%!&‘/
ol Fon 8Kn0 KGRSO R 5203 . Ko BRBIH B
KRG, Kig RASPDHBAG S H3,

Lemma 9 RMRD(m, /2, 1) ABHET 3.
(ZEB) mApER 9 BR K (2, Lema sk ) RMBRD(m, 4, )
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pEE I, NRATIHERRS ) RMRD(n, 12,1) 4B T
33, MABKIBLER, KZLBIHBIR- % 3. 8
€ knoKa BINBAB L U3, Ak L2, Kioks B
DBAB N3, KE @Bza%r/y\ﬁ%sr%ma k%?@&
DA S N3,

Lemma 10 RMRD(3m,,4,1) ABAET 3,

(REBR) =37 z:ala<

ke = @ - -
= (Kfv Ky ~vKD oK.
KloBBISBER M1k, KHVKv--vkKioBAIH #A
Aoz, 2F, Lema 9k VKe 9 RRIDBABL N3, F
Behbedr, KIVBRISBIA L NI,

Lemma 5~Lemma 10 [2 N ¥ A9 #ﬁﬁ%ifﬂﬂ ANIE, 0~
HEHET d X229 maaHF (2, &, 2, O} £ETFTT
N 29 M LB (2, RUBDOMA ) ABES3. %~ 7,
koo BB AHES NS,

Theoren 5 (1) => RMRD(m,MA) ABHEFS .

M&+E TN €08 F3.

Lemma 11 M) =0 (med 30, (M-DN=2(med ¥, A=o(msd 2)

0} M=3Cmsd /20, N=1 (med 2), N=0 (msd 2)
& M=T (med /2D, N=23, T (med 72), A=0 (med 2)

-9 -



6 M=l (mad 12), N123,9 (mod /2D, A=0 (mod 2)
@ M=o (mod £), N=2,6/0(med)2), \=0 (msd 2)
& m=2%med ), N=zb(med /2), \=o(msd 2)
O~ ERETAYEANELH (2, D Lonma #1546 & 3.

Lemma 12 RMED(/27,+3, 1, 2) ABGTET .

(SEBH) m=/2m+3 LB L., M=3(med 6D THI 54,
RBIBD(m, 3, 1) ABE (2, (bnt) M9 KB FF " Fima
FRLNI, 20K kBIC20F>Au2, Feh, -
Fonct € Fonas Fonn £ By B¥ B, ) Fone &P 0 208 2 9
N T A \é RMRD(m, 1,2) 9 BB T 3(5m,+1)/@@ R El%réﬁ%ﬁg‘
432 /T x 3.

Lemma 13 RMBD(/27,+7,3, 2) ABHETS.

(FEBR) mM=/27,4T L & <o 3M=3(medb) T H 3% 5,
RBIBD(37, 3, 1) ABE (2, Kin 0 (18mtre) M9 KB
o, il 1353, Fakag, Y HTH3IMF 29 L
658 3IMMAg ELREKLO rartice sets LRH(, F,
Fon 20F >Ry 2, Felo, =, Rouw e F, =, Fomwt
fonrg 2 2R F 5 aX P A & RMRD (m, 3, 2) 9 RFF 7 30rmr1)
fa R faeréﬁﬁz F32ehTE3,
 Lemma 14 RMRBD(i2l+il, 3 20 #BHET 3,

(ZEBR) m=120.+1 LB, 3M=3(mdé) THI S S,
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RBIBD(3m,3, 1) 874 (2, Kim 0 ( 81+/6)M8 9 KB
FoR = Foms 8158 3. ook, fHTH3IMES 9K
A5 13 mé&ﬂ)ﬁfiﬁ £ Kmo Partite sets Y B4 L, F -,
fene®E 2@ F 5B 2, Fel, =, Fwr B ~, Fomwmt
Fomied 28 F 2 ax 7A S RURD(m,3,2) 2 AEF2 3Cen+
BoRR>EBR 43~ 4T %3,

Lemma 15 RMRD (27, 4 2) ABEF S,

(28 ) m=2m, t B, MIIBETHI A4S, Kax 1 B
ILBARTSH ), KnoKBILBABINI, #hK L2
skbo okiBIHBAB SN, 2KEORBIABER \h
8, 2ke 0 RASHBAG LUE.

Lema 16 RMRD(4m., 2, 20 ABET 3.

(REB]) m=én, L A<,

Km = (Ks VKV Y K;) @ Kan,
2Km = (2K V2KV v 2K]) @ 2Ky,
2KioRBIHBER WIE, 2KiV2Kiv-v2k? 9B B
PBAB SN, #E, Lema1s &) 2Ks 2RRAIH B
BoN3, A LA benr, 2kno RESAMBAB S U3,

Lemma 12 ~Temna 16 s n & A 03h RRBEBR +UIE, of ~
SeHEFTFNTa mnN RH (2, K, 2, @EHET
TN Z9 mnN RBELZ, RMED(n, ", ) A BAE %3,
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1T, Ra BB AHFL NI,

Theorem 6 (L) => RMAD (M. nA) ABAET 3,

MEH T m A \E0HF3,

Lemma 17 MN =0 (msd 3D, (M-DN =13 (msd ), A=o (med )

04 M=o (medb), 71=l(med 2), Ao (mod £)
%(z)” M= 2,4 (mod8), N=3,7(mad /20, X =0 (mod &)
" EHET AT LR (2, R9 Lemma A7 L 03,

Lenma 18 RMRD(27,,3, 4) ABIET 3.

(REH) m=2m. tB5L. MEBETH3ID L, Kar LB
IARTHTE Y, Ko KBS HBAE S, Fhk L2,
4 0 4k AXHRBABINY, K19 RBIABER W h
&, ke 0o BRINEHEABFS &,

Lemma 19 RMRD(éM., 1, 4) ABHEF 3.

(W) m=ém 6 <.

Kn= (ksv Ky ¥ VKD @ Km.
$Kn = (4K:V 4k V4K @ 4Ks,
K DR BIPDHER v WX, 4KV4KY V4K 0B B3I A
BABLINY, 3£, Lema1s &) 4K, o RBIH B 417
SH3. AAEAHCNIE, 4K, 90 BB IHDBEAB S N3,

Lemna 18 , Lemma 19 < N & \ 9 bR B ERBFHRE, 0

(f EXETINTIMNMNET (2, &> 2, MEFET

- 12 -



85

3N 79 MmN kH LT, RUBDOLN, VABIET 3, 4
1 RO RBABF LN, | ,

Theoren 7 () ==> RMRAD(M,nA) ABAETS.

Theorem 5~Theorem 7 ¥ Lemma 1 £ &, RMBD(m,n N & BT
I3EH ) tAAAAR) R T 8 W3,

Theorem 8  MN =0 (mod 3) , Nm-1)N =0 (mod ¢)

== RMRDOm,n, \) A B1E 3,

2.6 RMRDz=

RMRD(M, N\ ARSI EY 9 WS 4 1R B %A G0).G)
B, +E+NEATEBI Y e gD E. 427, R9IRM
RDREAFLMN3,

muporen  RMRD(m, n,A) A7 3

<< (i) MmN =0 (mod 3) , (i) X(m-DN =0 (mod %).

A % x &
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