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Algorithms related to Diophantine approximations
and their applications
by
Tz = < :
shunji 110 (1FA%R SRR -iRei2 Xy )
(Lecture at R.I.M.S. (Kyoto) on 24 April 1986.)

21. On the simple continued fraction expansion

Any irrational number ¢ in the interval [0,1) has

a simple continued fraction expansion

X = (1.1)

’s are positive integers.

where the digits ay
The expansion (1.1) is obtained through the following

map S: [0,1) £ such that

So<=—2; - [j:—(} . (1.2)
Put
i) 1]
and
a (o) =a(s" W) n=1,2,---
then a1(d,), az((x), Seees are just the digits in the
expansion (1.1). Accordingly, we call the pair ( {0,1),5)

the algorithm which induces a simple continued fraction expansion.

We define (gq_, p.) (=(qn(d ),pn(u.)) recursively by

n n
pO p__1 0 1

and
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n 9n-1 9n-1 9n-2 %n !
(1.3)

n-1 Pn-1 Pn-2
Then standard induction arguments show that

n
+ °
P S&P__

« =—0B 5 1 (1.4)
qn+s°('qn—1 ‘
and
P 1 a _ 1
2= P and n-1 T
9n 1 - 1 9n &n . 1
— + —
an a1

we call (qn pn) n - th princip&l convergent of A .
, n’
We know several metrical results concering the approximation

of ® with ( q_, P_ )-

n

Metrical theorems

72
C
(1) Jim —loglx _-‘ B 610g2
2
. 1 v
(2) lim —logqg_ =
f+eo. 1 1 121092
(3) for O<A<1 A 1
= = 0<AL =
1 #{ | N . } Tog?2 == 2
im——"{n; g _joq_-P_|< n< N¢t=
ﬂ]-)ooN n n n! v = - A +log2\t1 1<,\<‘,1
log2
(see [11 )
(4) for 0A< % -
2
5
lll.mlogm {(q P)iqlad - PI<A,(q,p)=1, 9 L N } = 15N

(see [5] and c.f.[2.
, Where '=' means a.e.equality.
The main tool to obtain these theorems is the map S which
will be called a natural extension of the algorithm ([0,1), 595,

and the ergodicity of the map S.

-2
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Let X=[0,1)x[0,1) and define a map g of X onto itself by

— 1 —
S(oL ) = (SX , ——/=) for (« , Y e X,
¢ a;tp ¥
then
Theorem 1 The map<§ is a one to one, onto map, and has

an invariant measure p satisfying

- __1 dofd ...
dF’ " log2 (1+.9(§5T‘

Moreover, the dynamical system (§}§) P) is ergodic.

Using the natural extension, we obtain the proofs of

metrical theorems. In fact, in the case of (3), from
the definition of S and (1.4), we have ’
/
=n n 9n-1 F~ & -
S(O(IO)=(S°(an ) /l
(i /
and n //: /
S« DA‘/ )
En| %Pl =g o / /
1+ - 57
qa, . 4 /
o
. [}
> - 4 . /A .
Let D = ( ye X . < A. h / -~
K { 'e ' 1+ &% } 2 o | ,' ",r 0(
then ; i / ;
N A
. =n, ael -
q i, = Pol<A iff 8%(«, 0)eD, . A4 A
Therefore, from the individual ergodic theorem,
-L#{n' &g =P | A, n < N}
N i dpl n °n ’ =
-——l#‘n- st 0)€ D n<N } ——> (Da ) a.e.d«
= N I3 (‘XI A’I - N Nqoo r& ?\‘ . .

Putting in order the procedure of the proof, we

obtain the following scheme.
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Procedure
D )
approximation of « by —EE- Diophantine approximation
n
S st > &- —[-grl Construction of the algorithm
which induces the approximation
X : = [0,1)x [0,1) Construction of the Natural
S( d,P ) == (Sd-,-a~%?;) extension of the algorithm.
- 1
dF . dd.de ( Construction of the
1092(1+d§ )< dynamical system

X , s, F) is ergodic

st
Al ®-qy = ppl= Interpretation of the terms
n n n qn—1 n
I n S of diophantine approx. as of
— q _ .
Sn( o, 0) = ( Sd , qn‘1') ergodic theorey.
n

Dy ={(a,g)e§:7§@<-x}

q, ] oa, = pALfE §7(« ,0)eDy

l application of ergodic theory
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&2 The presentation of problems

As a characterization of the principal convergents
(qn’pn) n=1,2,--+ ., we know the convergents give a best
approximation to & :
for any A>0,

igalaa=p L =lazo = P |

where n is chosen as qn<§ AL I+ )

Form the geometrical point of view, the convergents
are also characterized as the vertices of approximating

polygon Z1 and 22 to the line 1 : y=« x (see figure).

3

- Q:‘;{:O(.I,

o

o 1

The first presentation of problem is as follows.
Problem 1 : +to construct the algorithm T1 which induces

a best approximation from below to & , that is, to construct

the algorithm T1 which induces the sequence (qé pg Yy n=1,2,+--
14

for any A>O0,
. . ’ - ’
%agA(q(* p) = 9, & Py

gx-p>0

/ - 7/
. A
where n is chosen as ¢ < A < q .,

-5-
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Problem 2 : to construct the algorithm T, which induces

2
the mediant convergents, that is, to construct the algorithm 'I‘2
which induces the sequence ( Vo or Y, )y n=1,2,+-. such that
| 1 Apy t P
{——vn . n = 1’2"" } =U{ .xqm + m_1 ; X: 1'2,"l ,am}
n m=1 m 9n-1 ST

The third problem is as follows .
Problem 3 : to construct the algorithm T, which induces

a best approximation for inhomogeneous linear form :

jﬁ?«A“"”?"Y‘:‘xn""* B~ ¥p | .

And then we should answer what theorem can be obtained

(in metrical point of view) by using the algorithm?
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3 3 Result

For problem 1 : Thé algorithm which induces the convergents

from below toX : min ( go{- p ) = qé & - Pé
O<g<a
qo = p>0

Algorithm : X:= [0,1)
SN LI T
Ty := [ u] «

an((x) °= a(T?-1D( ) where a(o{) o= —[—

( ane{213l4l"' .} )

Expansion and approximation

_Tn
o = 1 _Pn 1%Pn -1
= 1 —-q —Tlr..q
a; - : n 1%H4p -1
a,~
an-T‘]{x
[ / —_ / -
9y "9 -1 9n -179n -2 8 1
where = ’,
P, Py -1 Pp -17P} - 1 0
r !
99 9.4 1 0
b .=
Py “P_4 0 1
; then the sequence (qé pg ) n=1,2,.-- satisfies :
14
: _ L i
min ( @&-P ) = g, ,-K = Py
0<g<A
g =p>0
where n is chosen as q 7 < A<q/

n n +1

Natural extension : X := [0,1)x[0,1)
T (o, B) == (T, d _—
1 P 1 ;3P

- dt d
afi (s p) :=_-.{§7_

m—d?) '

then ( X , T,

] ,dF,I ) is ergodic

_7_



‘nterpretation :

therefore

there

letrical theorem :

¢

9n

(1)
D
A

’ :
(q, «

g

T?(o( ,0) = (T?o( ,

(a,

)< A

={(«,prex

(2)

(M

* S (a,p)

#§n

® = P!

iff

(3

1—(,(@

'ff?(cx ,0) €D

< K.}

by ratio-ergodic theorem,

I'4
qn

(4, o = P

n

)< Ay

4

(M
A

n < N}
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ey

#{n

7

q

n

where ﬁ1(D

(a, ok

(1) ={
()

0<q(aa = P)<Ay

_ ’
pn

) <

A

1+log)

in paticular, if A1

A 2

n
7

Ao

if 0<AL
if 1<

< 1

il 14

* {@p

14

O<g (g =

Pl<A

2, ¢

1

a<n}
, 3=

A

<N} A

(N->00)

<N }(N-yoo)— (D(T))

~‘\‘ ?\Z [¢3)
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For problem 2 : The algorithm which induces the mediant

convergents.

Algorithm : X :=[0,1)

'ﬁééz- if « eIO = [0 v % ) _
T, = o 1
A= . 71 1-4,
" if °(€I1—[2'1) )
_ . n-1 7
E (0) =t if T, «€ IE ) ,/
E i i i :
Xpansion and approximation ‘- —< =
Io I1
r s )
n n
:= A . A L e. A
t u INED) €,(0) INCS)
(1 1 (11
where AO '_(O 1) and A1 .—(1 0 )
, then n
t. + Tzd-u
L = < (expansion)
rn + Tzo(esn
W Z
% v ¢ n=1,2,-""- ] (sequence of mediant conv.)
n
where woo o= tn + un v, T T, + Sy
Natural extension : X := [0,1)1[0,1)
o B Do
_ (==, T#g) A e o
T A =
2 (P 1-o

1 . )
( " ,,FFET) if o & I1

= dd dp
ap, = >
(0(+(3‘d~[?>)
then ( X , 52 , diIz ) is ergodic.
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Interpretation :

vn]vnu - w. i= =
“n n n .
V—_( 1—T2°() + Tzo(
n
=n n r
To(d,1) ( Tyl o) A«
n PrxYaa
therefore, . g~>‘\
\ T 77
v v = w |<A iff TP (& ,1)€ D) B \3$2)
n' 'n n 2 ! A . VA
;‘ \\/'//
(2) = 1-o : v
where D = {( o, ) € X ;-—TT:—T_- < A } ' . Vv
;7& i plizs®o \Y
Metrical theorem [ 41 : for a.e. ’ e - \1’(*
T qer )
2 [}
(1) fn 3 v IV & =W {<21 n < } Hz(D( ))
. - (2)
{n i v Iv, & %ﬂ<2 n < } V2D
where
5 A if A <1
Poof?y =1
L logh+1 if 2 21 .
In paticular, ifA, A < 1, then
, #{(q,p) latae = PIKA, g <N} Ay ( )
(2) - - . : > a.e
#{(q,p) ilgge - p)ld2 9z N} ?»2
By inducing modified algorithm of T2 we have
(3) for A< 1,
#{(q.p) ilatga = Py, g < N} __2 A (a.e.)
log N e

...10-.
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For problem 3 : the algorithm which induces the approximation

for in-homogeneous linear class :

min Ix@x+B~- y)| =ldx_+8- |
(x,Y) f L
O<ix <A
Algorithm : X:= {(d,p): o<§<1 , pla<—p+ 13
B
T(dre)z‘: (““"‘a(O( ) , bl ,p8)—=)
at -

‘where a( P —-[1_ ] [“"} b(“' Pl == _{_QZ]

digits (a ) (a(TE 1(‘*'% ))>
by b(Ty ™ (drp))
where digits a, and by satisfies
(1 Jagl 22, (bl 21 |
‘ail—1 ilbi‘ “,‘?)

and (3) aibi> 0

Approximation

. n=1

(x (% TG} () [ Z, Pk

§n T 529 ,
Y P Pn-1 Y 2 b

¥=0 Px°k+1 / ,

_11_



then points X(i)

(i) $
xh r= yr(ll) := ?n(a&)

a2=(8) ' aﬁz (1),

{0
; Where a1—(0) ,

(1

i=1,2,3,4

0 .
ah~<1 )' give an
). i=1,2,3,4

to the line

approximating parallelogram, and 2
gives the approximating polygons Z1 and 22
1 : y=e(x+§ . (see figure)
g(%Q;)) ) x;’s’)
e

/

Q//}y
AN

neN

Q) ) 3> _ (4
Ve / /( g(x 3&4 )6,\ I.,\ )

/
/
// / /'t DL
S /"/1 1 \)
v ‘///
//// 32
S
P
R
- t_.ﬁzj=dx+F
Natural extension :v?_:= X)(X*
where X*:=={ (¥ .,§) 0 < § < and 0< §- Y<1 }
1 b +g

T(dFX§)==
ddd@d!dg
1+ ¥ )°

- 1
Ap; ==

( f,‘g,Fé) is ergodic,

log2

...1‘2_

(T30 B) T 57, a+{

71



Interpretation : Put Tﬂ( * , ?,0,0) = ( %n, Fn, 5%, gn), then
(l) (1) IR 'S PR 1
(xxy "+ B- vyl = { TR ¥ Sn Pn if i=1

! ~(£n—xn)(1—Fn) if i=2

1+o(nb/n

1
T ny¥n (=) (1+ (o 4p ) Af i=3

1
L ™+ & n Yn (1-Sn) (dn+{3n) if i=4

therefore,
: (1) (i) (i) . =n
min | x (o x +B - Wex iff TS5(ot, B, O, 0)€ D. (A)
i=1,2,3,4 n F Yn Old 3 e i=1,273,4
where
D, (A)={(« C1ex @ —L ]
1 ( IPIZ{I ) . 1+0(b’

T . (§-40)01-p) ,
D2(x)=i(dr(;lylg)éx. o <}\‘}

— ¥ -
Dy(A)={(as prd s §IeX (147-6) (Qra+p) )<}

1T+ 4 |
_ - = (=8 (x+p)
D4('7\_)"{(0(l(310/1g)ex * 1+°‘X lfl < 7\4 }
Metrical theorem [ 3 1 : for a.e.(«,8 ), 2
(1) lim -7 log mlnikXX +@ -y(lg =
n-o0 n i=1,2, 3 4 121092

(2) llm—l #{n : m1n|x %d.x )+ P—yéi))}<ﬁ, n < N} = G(A)

n+u> i=1,2, 3 4
§
where G(a) =_13>—gf J do(dﬁ dXd
LD, (A) 1+ L Y)>
i=1,2,3,4

..13...
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