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Chapter 1 The first and the second variation formulas for the energy

YZ2PDETIX. harmonic map ODEFEREPEANBREFHIIHAWTHBEL 21812,
harmonic map % spectrum THHIIF A2 ICHUEEYT 5,

8 1 Definition of harmonic maps and their examples

VEMFOSSOMER. ZoMEEL LT, formulate Xh 3, #2TCfEbh
B3EGEL .

(i) HBZHM X Lo functional E %2 F 2 3
(ii) E ® X ElzBIF A critical points ##FAN3
(iii) E @ critical points 2B I35 Hessian #FR3B

bhgﬁtnﬁ?‘(‘l\éo
#l 21X, Morse theory T, EHEZAVWTIEZEREOKXBHMEELZHANT
b\5o

gl (MBROBE)
(N,h) :Riemannian manifold
p,a € N &L T
X {pa%#s S smoothrpath2 ik}
= {¢:[0,2x] - ¥ smooth, ¢ (0) = p, ¢ (2%x) = q}
LB, ¢ € Xicx L. E:energy % ’

d¢ d¢

- 1 (2x
E(¢) := zjo h(it at

ydt

EEL<, Zhe %, Eo critical point »’p & q 4% 3 constant speed
OHMMBT H 5,

GifJil-harmonic map)
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[y

(UTFTZO/—FTiE. FibohwnwhED, HHMHEIET I XT constant
speed & 9§ B, )

v—#ic

(M,g),(N,h):Riemannian manifolds
X := ¢WM,N) = {¢:¥ > N smoo‘th}

LT, ¢ € X 2L, ¢ @ energy E(¢) 2L TOXTEET 3,

EW):=jMN¢Mh

H L.
e(d)(x) 1= —;- (Hilbert-Schmit norm of d¢ at x)
= -;— 51" h(dg (ei),de (e))

{ei}i=1":1local orthonormal frame of (M,g)

m = dim ¥

(ITRICEHDLDSBRWED, n = din M &9 3, )
&7 5,
EFE

¢ € "(M,N)D harmonic map TH 3 & i
YV é¢ir:9e=¢ 3B variation T compact support ZF-OH O
iZx L

(iffi)Il-harmonic map)
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e

E(pi) | t-=0 = 0

-7

t

THBIILLEET %o

W Energy functional @ first variation formula &

E% E(p ) | oo = - .[n h(r (¢),V)dVe

Th5zx26h%, (cf. [E.L2] Proposition (2.4)) f{H L.

T(gp): = Ei=1’“{veiei - ¢("Vei ei)}

"y :the Levi-Civita connection on (NM,g)

NV :the Levi-Civita connection on (N,h)

¥ := the connection on I (¢ -'TN)induced from “VV
i.e. the unique connection on I' (¢ ~'TN)
such that,
for Yx € MK, Y € IxM YW € T'(N)
° - N
vx(w %) v¢‘x W

{ei}i=1™ :local orthonormal frame of (NM,g)

d L, .
V() := FF; ¢+(x)] t=0 :variation vector field

along ¢

THbd. 2T WHBRD D,

(#)1-harmonic map)
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“¢ H harmonic map TH3 & 7T(g) =0 7

vo: (Mg
B Bo

Example 0

Example 1
oL E M

¢

-> (N,h) smooth %% harmonic map 2R B3BHICREKDOLS 2N

ETEOEMEESR ¢ :(M,g) - (N,h) 1 harmonic map TH 3,

dim ¥ = 1 o8B &
I St ¥A2 R @ open set | standard metric 2V h 72D

Iz, isometric TH b, TEEPOLBBICRDI VS P 3,

Example 2

Example 3

¢ ‘harmonic map & ¢ :geodesic

(N,h) = (R,standard metric) O & %

¢ :harmonic map <& ¢ :harmonic function

¢ :isometric minimal immersion = ¢ :harmonic map

(cf. [E.L2] Theorem (2.25))

Ezxample 4

¢ :Riemannian submersion OB &

(Riemannian submersion |2 D W Tld. 0’Neill o& X IN] #R &)
0’Neill O RZAHAWHhIE, RO LRIHMELRFETCHEI»R B,

Example 5

¢ :harmonic map © ¢ " '(¢ (x)):minimal submanifold of M

for Y3 € M

¢ :holomorphic map between compact Kaehler manifolds

= ¢ :harmonic

(cf. [E.L2] Corollary (8.17))

(f)1-harmonic map)
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wExamples 0 ~ 2 3. EELST ST M B,

vHEICH T3 o-nodel ¥ chiral fields &, FEic din X = 2 OEBEESD.
haruwonic map &2 & Tdh 5.

¥ harmonic map O EZEOMET T H L S,
(1) wo smooth homotopy class |l harmonic map D HET 3 2,

(2 ) Riemann Z &Kk (M,g),(N,h) 2L T. &H
{#:(M,g) > (N,h) harmonic}
DHEBEZRER Lo

(3) %% map DEAE%2EX & &lc. energy functional % minimize ¢
% harmonic map XEETHEN. XEFETH L & Y D harmonic map H
energy functional % minimize ¥ 253D H, 5 2 5+ 7= harmonic map Difi f#
T energy functional IZWHICIRE S .

(4 ) energy functional DI
{E(g) ) & :(M,g) = (N,h) harmonic} <C [0,c0)
EE~E, (cf.[A.S])
(5) B%EDOMOFTYH (Plateau [ELZ ¥ ) PWHEAOD A (Superstring
theory 2 ¥, T O/ — FTHHICEABRY B2 DIX. FEic Chapter 4 §2 O

FTH 3. )

vZO/—bFTi (2). (3) OMBEADBLICE X 3.

(#§)!-harmonic map)
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§ 2 The second variation formula

v ¢ :(M,g) = (N,h) bharmeonic
¢ t:variation of ¢ with compact support and with g¢e= ¢

lzx L. Energy OFE2EZRKXOKXNTEILHNI 3,
(cf. [E.L2] Proposion (4.3))

—daE(¢ t) | t=0 = J‘H h(JsV,V) dve

dte
@‘b\
Ve IP(¢-1'TN):variation vector field
V@) = S 0] -0
Toat 7 :
J:T (g 'TN)>T (¢ -'TN) Jacobi operator
JsV := A ¢ — RV
Be¥ = = 2w (veavea B vve‘ea)v
:the rough Laplacian
{ei}i=1™ :local orthonormal frame of (M,g)
RV := 2 i=1™" "R(p.ei,V)¢ e
&7 B,
FE
CCTCTHETFT VY NIZ
RIX,YDZ = - [Vx,Vv]Z + Vix,v1Z

TEHET 2. COFEHIE. [E.L2] (1.10) b hbETH 3. ME-FBKRKOEXD
EFE (cf. [K.N] pl133) L WEFESVHFTH 3,

Gii)Il-harmonic map)
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8 3 Definition of the index, nullity and stability

w2 0§ Tl harmonic map LT, 29900 HTFT. LOoBEIH 3
index, nullity, stability #ZE£ 7 5.

EE
Case(i) M:closed manifold & X%

HToOBEBEMHEEZE R 5,
JsV = AV Ve I'(s TN

Js?% ellipic operator TH B & &. K 2% compact THBHI & &
D, ZOBEEEMAEIE discrete spectrun 2 b, ZEHMEIX. HE
DEHE%ZF D ;

EoT. BEHEZNZIVWHONL, BEHEA2RADTEREDD %

Spec(Js) = [X1,X 2,00, Xiyeee |
' (X1 S X2 S o 5 Xi )
LT,
Ind(¢) := HEOBEFEEZOEHEOH
Null(g¢) := dim ker(Js)
& B <,
ZOL &

¢ »5 stable © Indo (¢) = Nulla(g) = 0

¢ » wuweakly stable © Ind(¢g) = 0
¢ % unstable © ¢ 2 weakly stable TH W

L EET B, (2D —bFTIWE. FIiz weakly stable, unstable DB
EREBELTWL)

GffiJi|-harmonic map)
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Case(ii) Q C MK : bounded set
CO0BER. ROBEFERAE L2 % R 5.

BV = AV in Q
V=20 on 34 Q

zhdy, discrete spectrum #F D, &£ o T Case(i) 2ERBRICL T

Inde (¢) = BOBEHBEOCEHEEOM
Nullo (#) := dim ker (Js)

B, B2
¢ H stable on Q@ < Inde($) = Nullo (8) = 0

¢ » weakly stable on Q < Inde (¢) = 0
¢ % unstable on Q@ < ¢ A% weakly stable on Q ThZ W

LEET B

&l
(N,h) &% nonpositive sectional curvature % § TiX

v ¢ :(M,g)>(N,h) :harmonic
it. weakly stable T3 3,
thit. HOB»SE. LOBEHERRTEACRZZILDED 5.
¥, 2O &M ¢ £ homotopic % harmonic map WHhiE. Fhi el
energy » —jE @ geodesic homotopy ‘f‘é%’/\“c‘b Fh2edAMHNTW B,
(negative sectional curvature M & X{clt. 5T I LBV 20X 3,
cf. [Ht]) |

() I-harmonic map)



§4 The eigenvalue problem of harmonic maps

VDS TRERO2ODOHEA2E X 35, #DOMEIZ. harmonic map .
Spec(Js) TEOEERBEOITBLNEID2LEWHDILDTH B,

[ #H A

2 2@ harmonic maps
é1:(M1,g1)> Ni1,h1)

p2:(Me,g2)—> (N2, he)
Mi:compact (i=1,2)

ERB. 5

Spec(J 1) = Spec(J:2 )

J i:Jacobi operator of ¢

LB, DL E,

d1: (M1,81) -» (M2,g2) isometry
d2: (N1,81) > (Nz2,g2) isometry

PEELT. XOBHKXEZTHRIZT 507

é1:(M1,81) = (Ni,h1)

or] o

¢2:(M2,82) - (Na2,he)

(7#8)1-harmonic map)
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§1 & Examples 0 ~ 5 & typical %4 harmonic map % Spec(Js) THHED
i Ko

vLHL, —BOCREEALEREZ L BREILEV. TRARKOMED 2
2 Bo

&l
¢ :(M,g) > (N,h):harmonic
(N,h):flat torus

tF 5, BHTIXRMILZn (= din DEOCEFTLZ N LoRI M VB
Xili-=1" &2 & 5,
vi e T(¢ ') X £ € CM) I2&»T
V= 2i=1" £fi-%7
LEHB, HL ¥ € T(¢-'TN) %.
5i(x) = Xi(¢ (x))

&El"ko j‘é&\

JBV = Zi=1" (Anfi)X

An: Laplace-Beltrami operatof on (M,g)
ThHhH»6H, MN:compact 29 3 &

Spec(Js) = n X Spec(An)

() Il-harmonic map)
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s

Spec(An) = [A1,A 2,00, A i, |
(A1 £ A2 £ wo A )

A BN

Spec(Js) = {A1, A1, L1, 2, e, Lz, ]
Z A EnEoo% S

B, &oT. (N,h):flat torus D F A Spec(ds) & n dim N I3 T
FoTULED, flat torus . AP HEULUTDH., isometric LIZEHBZWD
T. THhHPHBARARRTHBZEIHPRILZWH 25 X %,

v § 10 Example 0 OBHICE. MEBICEL. ROE53L8BRN T
A éo

g ([U3])
d1,¢p2:(M,g)>(N,h) :harmonic
Spec(J 1) = Spec(Jd2)

J i:Jacobi operator of & i

bk, 2oL E. BTOXIED I o,

.[H Tro(d 1 (Y p))dve = IH Tro(g 2" (N p))dve

Np :Ricci curvature tensor of N

(#8}I-harmonic map)
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(N,h):Einstein with non-zero Einstein constant

= E(¢1) = E(g2)

Nahb, Fie, 61 PYEEERTH I, ¢ PEMEERTH 50
4+ % bbb, (N,h):Einstein with non-zero Einstein constant DB &I L.
NEMBMEBRTHBZ X Spec(d) TEHEIIT SN B,

D EBEFEBRTH S L &3

Spec(Js) = n X Spec(An)

EhoTWnWd, (Zhix, J » TM,R") = T (g "'IN) LOEBOD
Laplacian B> TWBANLHTH 5. )

v fticd, MEBIRBEMLT. XKOLS32FBFAMLENTW S,

f # ([U3])
p1,p2:(M,g)>(8"(1),standard metric) harmonic
Scalar‘curvature of ¥ = constant
Spec(J 1) = Spec(Jz)

J i:Jacobi operator of & i

Lk, DL %, o1 » isometric minimal immersion THhhiX. ¢:2 ¥

isometric minimal immersion T ®H 3.

()i-harmonic map)
‘ -12-
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f# ([U3])
p1,62:(M,8)>(P"(C),Fubini-Study metric)

Scalar curvature of M = constant
Spec(J 1) = Spec(d=2)

J i:Jacobi operator of ¢

ke D& E@1 P holomorphic isometric minimal immersion T H hiX,

é2 & holomorphic isometric minimal immersion T ®H B,
VEZICHEA41>BHBLTEL,.
BEC

Hopf fibration
¢ :(827*1(1),standard metric) - (P"(C),Fubini-Study metric)

% Spec(Js) THBM I L.

Gii#iJI}-harmonic map)
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Chapter 2 Generic properties of the index and nullity

VoDETPDEAWEIZAMKICNT 2 Norse BV —BOFANBERCL ¥
CHRET I ABRATIECH 3, 20T, %T 8] THECAMBOBEAOD
AL, 82 C—ROFNSERIALMEDREALT. 83 TEOMES %
B9 5.

§ 1 Morse theory for a geodesic and Morse-Schoenberg’s comparison

theorem

v Morse index theorem 2R RBZ2DICKDOEHEL T 3,
(Morse index theorem iZDW Tk [Mi] 2R &)

iE 3
¢ :I=[0,2nx] - (N,h) geodesic
t e (0,27)

o L.

¢ (1) bonjugate point for p = ¢ (0) TH 3
< 3V # 0 : a vector field along ¢

such that JsV = 0 on (0,27)

v = 0 V() = 0

EEET B, Tz 4 (t):conjugate point for p = ¢ (0) I2HL

¢ (DOEHE (nultiplicity)
:= dim (V] vector field along ¢
such that JV = 0 on (0,27)
V(o) = o0 v(t) = 0}

(ifi)I[-harmonic map)
- 14..
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& B <,

YEDODEZEDDH L Morse index theorem {F%kD & 524 b,

Morse index theorem
$:1=[0,2n]1 = (N,h) geodesic

W

Ind:(¢) = BEEM (0,27) ® conjugate point OHK D
EHE®AD A

B, TZT Indi($) I ¢ : harmonic map ELTODIHDTH 3,

(see Chapter 1 § 3 Case(ii) )

VEOEBRZRAWDIERDOEENH 3,

Comparison theorem of Morse-Schoenberg ([G.K.M])

(N,h) :Riemannian manifold

K £ a
¢ : I =[0,2n] - (N,h) geodesic

ek, TOLE

Indi(g¢) + Nulli(g¢) £ (n — 1DI[L(¢)Va /n]

Lz 5, L

(7)1 -harmonic map)
..15..



NK:(NL,h) o Wi Bl EE
[ ]:Gauss B 5

L(g) := ¢DEZX
L7
VoOEHEIE, ToTREBLZWY., KO2ODHD 6 ENN B,
Comparison theorem

S"(1/Ja ):¥#®& 1/JVa O c R"*!

(Chid BIEWME = a 22, )

(N,h):Riemannian manifold

¢ :I=[0,2n] - (N,h) geodesic
¢ I =1[0,2n] - S"(1/4 a ) geodesic

95, ZDLE

Ind;(¢) + Nulli(¢) = Ind;(¢ ) + Null;(¢ )

S"(M/Sa)DEH
v .1 - S"(1/4a ) geodesic

Iz X L.

Ind;(¢7) + Nulli(¢™) = (n - DI[L(¢)Va /xn]

EFEMEh B,

(jffi}I|-harmonic map)
- 16_



vS(U/Va )DEax I DHELIARS L,

L(g) < =/ ya = Ind;(¢7) Null, (¢ ") = 0
L(¢) = n/ Ja = Indi(¢g7) = 0, Null; (") = n - 1
n/ ya < L(¢) < 2n/ Ja

= Indi(¢ ) = n — 1, Null;(¢™) = n - 1

B oTW 3B,

(7#)(|-harmonic map)
_17_



§ 2 Morse theory for a harmonic map

v§l b:iﬁ&?‘::é:%ié:&)é&r BB L, KO TP 5
(i) L ¢ :geodesic DEXY =n/ya LDhEFhIK
Ind;(¢) = Null,(¢) = 0
i, ¢ 1k I Lk stable TH %,

(i) L ¢ :geodesic DEX N +H A ZFhIE Indi () Null, (g) &
(N,h) ONEHMEDO LR L s DEXITHM X h 5,

vohortERBOZ LW, —#2® harmonic map K@ L THRILT 307 b
b\ﬁﬁgg%%irﬁéo

(i) (M,g):Riemannian manifold

Q ¢ M:+a/hTREE

5. #:Q - (N,h):harmonic XL
Inde (¢) = N9119(¢) =0

THB»?

(ii)¢ :Q - (N,h):harmenic lc& L. Inde (¢) . Nulle ($) i& (N,b) OB
B HHEL energy

Eqo (8) =jQ e ($)dv.

TFMET & 52

GifiJil-harmonic map)
-18-
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¥ ¢ :isometric minimal immersion OHFAIR AN T S (1) OMBIZH L Tiz, |
[B.DI, [H], [Mo], [Tan], [Ko] OERP M SR T W %,

vE|c. E® comparison theorenm WFMEBOBESICHLETE L wwH? 2 n
SHMBEIFE RO N B,

vyL, HnwFHmTRITAE., ((1D,0H1) BXDE3I LU TETT X 3B,

(#B)!|-harmonic map)
- 19_



8§ 3 The heat equdtion method due to Berard and Gallot and its

application

vZo08§ Tk
(M,g):compact Riemanniann manifold
E:vector bundle over (M,g) with fiber metric < , >
¥ :compatible connection for E
i.e. X<si1,s2> = (¥ ws1,s2> + <51, T xs2d

for Ysi,82 € T (E)

LT 82 oOMER2 LD BB, UTOokSkkEkEhs T(E ko

operator J ICEFTHLIRLTEEL T WL,

73

J = A - R
fHU
A 1= - ).“‘a=1"'(veivei - vve,ei) rough Laplacian
{ei}i=1™ :local orthonormal frame of (M,g)
R e I'(Hom(E,E)) &ULT. RIZ Ys € I (E) lzxL.
(Rs)(x) = Rx(s(x)) for “x € N
R T B, |
%l
DKk Sz
J = A - R

D THERIN B operator CIFKXRDDBDONH 3,

(#8Ji-harmonic map)
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(1) Ar
LT,

ME®D C p-form £1&

[
n

A* IZ{ER ¢ 3 Laplacian

(2) 1) oBEOS BT, A = TN OB E,
2%¥bh., WD Laplacian Ae

Ae = §df = — Zi=1"(e:i? - Vv e_)f for f € M)
e ' )

{ei}i=1™ :local orthonormal frame of (M,g)
(3) Js:harmonic map ¢ 2 9 % Jacobi operator
(4) X :rough Laplacian (i.e. R = 0 0B&)
V¥ M:compact T. J. ®ickd (1) - (4) OHIE elliptic Th 3 » 5.

J, A. Ae @ spectrum | discrete TH 3., J, A. Ae DERFAhICH
BB HMEAEHEA2ADT

J = Xt £ X2 & «» SXi
A - A1 S X2 £ ¢ S o
Ae - 0 = Ae < A1 £ Az =5

B E Ehslzibd 5 zeta functions %

I
-MS
0]

Z )

0
‘M8
o

Z (v

(7#JIl-harmonic map)
_2 1_.



co -tA
Z({#) = 2 e
i=1
B <o
#HaA L
- <Rxs8,8>
r = Max Max ¢s.s>
xEN SEEX
0#s
e BT
7)) £ etrZ (1) (t > 0)
&R B,
v O®MEIX, Min-Max principle 2AAWT X« 2 X — 1 2&RY

D, BRICHBE XN 5,

vHE3 1 o#HEAFIALTEBZ 5

#M B2 (Kato’s inequality [H.S.U])
Z@) £ pZ (V) t > 0)

p := rank E

Vo2 HEAEDLESIBICED, KOGEAP X LN 5,

(#§J1-harmonic map)
_22_
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swf ([B.G])
(1) Z(t) £ petrZ (1) (t > 0)
(DIDIEOHEEBEEOEHEEDOM £ Z (1) (t > 0)
ik B
(LDHHEL,2 T HEs»
(2)
-—tX -1 X -tX
£l = z e < z e + 3 e
Xis0 AiZ0 ' Ai>0
= Z (1)
g.e.d.

VECORBIZIZ. WARWBBHEMH B, Bl xIE 1-form I2fEA T 2 Laplacian
ARERX2, ZTOF Weitzenboeck formula &£ 9 A lZ

A= A + »
A :rough Laplacian

p(V) := — ZTi=1" R(ei,¥)ei Ricci transformation

EWwIiEELTWS, (cf [E.L2] pll (1.30)Theorem)

g(o (N, V)

rnin = Min E(V,V)

| |
x€f V
v

& B <,

Gi#iJil-harmonic map)
_23_



Z{@) -1 as t » + o

THBILIERLT

L TCHEAEATRIE. RPZ BN S,
s ¥ (Bochner)
(1) rnin =2 0 = bi(¥) £ m = din M

(11) Tnin > 0 = b1 (M) = 0

v iEBj 1. Hodge Theorem X EAZ M A A DY RITHRK %
(Hodge Theorem I WTIX. [Wa] Chapter 6 2R &)

FEE
rein < 0 OBATH, b1 (M) LS FMET S P HRKD,

¥ ¥k |z harmonic map OBEE E X b
(M,g):compact Riemanniann manifold
(N,h):Riemannian manifold

¢ :(M,g) = (N,h) harmonic

h(Z i-=1" “R( -ei, V)¢ -ei, V)

re¢ = Max Max
xEX Vel

y=¢ (x)

h(V,V)

¥ B, mBELD.

(#JI-harmonic map)

17
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. t:
Ind(¢) + Null(¢) = ne i Z (1) (t > 0) €))

n = dim N = ¢ "'TN @ fiber ®O&T

&= b,

re M. Nk £ a (a>0) Ok i

EX(¢) = Max e(9)
€N

& B3

rs < 2aE*°(¢)

LFfixh 3. (MERLZFHETDH 3. )
chE&n ) oXiF. 8§82 @ (i) 2OHbOTRZWY, EhREWERZ
EzTwbZedgdd.

wikizc., [B.Gl Ick2®mE%4 Q C M bounded DHBHICLKRT 5.
J,A,A BREiEHEKELT

X (Q)ixEHEHE

JVv = AV in Q
V=20 on 0 Q

OBIiBEFEMEL T 5.

(ifJ1}-harmonic map)
_25_



X (QREFMERE

OBEiIBEHMEL T %

A (Q)IZHEHEME

AV = AV
V=20

OoEiIBEHMBE LT,

Z o (1)

Z o (1)

Z o (1)

r = Max
xEHX

in Q
on J Q

in Q@
on 0 Q

(320BALHOBEHBMRIBRVWTHFEITWS ).

oo -1Xi(Q)
2 e
i=1
oo -1 (Q)
2 e
i=1
co -t2:(Q)
2 e
i=1

<Rxs,§>
Hax <sss>
s€ Ex ’
0#s

B, COLERMERABRIZL T, KPHEILT 5,

(3#)/-harmonic map)

-26~
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i #]

(1) Zao(t) £ petrZ o (1) t > 0) 7
DIDEEDCEEHEOEHEHEDOH = Z o (1) (t > 0
VE I,

h(Zi-1" "R(g.ei V).,V
h(V, V)

ro,¢+ = Max Max

x€Q Ver1,X
V#0
y=¢ (x)

B, RPRVFLEARICLTIXROMBAINRILT 5,

il
é:Q > (N,h) harmonic

s

t'ro, ¢
Ind(¢) + Null(¢) £ ne Z (1) (t > 0)

n = dim N = ¢-'TN @ fiber O®KT

YVoOrE ACEHFEMHEMEOCOHE IBEMOEHERX1TH S, B
0 < 21(Q) < 22(Q) S
TH2326, LO2Oo0mBEHWTRYE X 5,

| (#)1}-harmonic map)
- 27_
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(i) A1(Q) 2 re,¢ = Nullo(g) £ n
Inde () = 0
(11) A1(Q) > ra,s = Nullo () = Inds (¢) = 0
EoTHIZZDE & ¢)F stable & & %,

(1) 21(Q) 2 ro,s 28k, COEE, X1(Q) < 0 2FBE t >
rLEL

_ Zao(t) £ pettZ o (1)
BRDIEBSBEDT(EBRIVEIOANELAEL<HSB). ThiF LD
GEIFET B, £oT X1(Q) 2 0 b5 5, Wb, Inda(s) = 0 &%
B Bl (O IKBWT. t - o ELTRRIE. 1:1(Q) 2 re, s &,
OOEDOBRIE n BLTFERD, EDXN t KEBRWI L XD ERVHE S,

(1) () kEBWT., t » o ELTRAE A1:1(Q) > re,s DREL
D, HEHX 0 KESTHHEMS L XD %D

g.e.d.

A A

Ai(Q) 2 C(M,g) Vol(Q)-2/m.j-2snm

i = 1,2’...

WS T (cf.[Y1] p 22) 2f->T. X428 5,
EH (2]

Q@ C M™ bounded set

$:Q - (N,h) harmonic
lzxt L T,

r(z + 1)er?
Indg () + Nullgo(g) £ n: pm2
m
(5 ymo2

(i) |-harmonic map)



8<

2%, HL.

D= ro,s  C(M,g) " Vol(Q)2 "

n = dim N = ¢ -'IN @ fiber KT
EBnwrE,
i

Q C N = (R2,ge) ge:standard metric
3a > 0 such that "K £ a

DEEIZIE.
E*(Q,s) = Nax_e(¢)
¥ EQ
e BIIE.
ne a
Indo (¢) + Nullgo (@) = 2 7 Area(Q)E=(Q, ¢)

23,

VoOEHD “Bic” OBTICED. Q 2+9hx EhiE
Indo (¢) = Nullo(g) = 0
THbB, £oT. 2hit 8§82 (i) KHTBZ1LOOBEIZRZ>TW 3,

VEDEHIZ. BREOMEIC A OFMMARAL. #4U% t 2&5zZ8ikk&

DEBEIh 3, #¥iZ (M,e) = (R2,g0) DL &I A OFMICHTK
5 EHN

G/ [-harmonic map)



C(R",ge) = 4 2wn-2""
zm/Z

m
F(§'+l)

Wn =
THEx6h, FiC
C(R2,ge) = 4m

BB EDRD

58]
EFEHO Area(Q)E®(Q,¢) % E(Q,¢) TEEMALGAZWES I,

| (i) I-harmonic map)
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Chapter 3 Stability of several harmonic maps

v §1 T compact Kaehler £ kDM D holomorphic map i weakly stable
THhBEWIEHPLEDIPREZWL2PODEFHEZTT, TLT. FIZ nap OFF
X% P(C) THBEEIc. “weakly stable harmonic map j3
holomorphic 2»? ” L WIRMB AW TEET 3,

§ 2T 1l%. closed Riemannian manifold |2 L C. weakly stable, unstable
WS HE%EHL C. Einstein manifold, homogeneous space DHHIZ 2
OMENREIBR>TVWEIPOHERE, TholtHELEMEL WS 228N T
B

§ 1 Weak stability about holomorphic maps

VIOSREHEZLOIAKE VDT, COSKE-T. EBELIES 4
i %,

YVXROBIE. R<CALBNTW S,

“compact Kaehler ZB{&E DM ® holomorphic map & wekly stable TH 3"
ChE2EFEHOETRRZERDE DR 3,

FEPH(3.1.1) (Lichnerowicz [E.L2] Part I § 8)
(i) (weak stability)
(M,g):compact Kaehler manifold
(N,h) :XKaehler manifold
¢ :(M,g) - (N,h) helomorphic
Lo TOR. olx¥h %2 &Y homotopy class T energy minimizing
THbd. Tabb,
Véir:¢ (O smooth l-parameter family with ¢ge=¢
oL |
E(¢) S E(41) for vt
bt/ 3018

GilJil-harmonic map)
- 3 1_



(ii)(rigidity)
(D) DR E I i &
$ +:harmonic for vt
z2 6
¢ +:holomorphic for vt
2%,
EE

EM T holomorphic #4 T anti-holomorphic LT ®ED I D,
VCOEHOERMED DAL TW 3,

EM(3.1.2) ([s],[I],[ud})
(M,g):compact Kaehler manifold
(N,h):Kaehler manifold
¢ :(M,g) - (N,h) holomorphic

ke Z2ODEE,

1
fﬂ RV, V) dve = 'é’fu h(DV,DV) dve

BB, HL., VE T(s-1TN) UL DV € T(g-"INQT'K) %

V() := ¥ V-ITV
JX X

¥ :connection induced from MV
J:almost complex structure on TH or on ¢ -'IN
(BLEsSTET)

TED B

Gl I-harmonic map)
_32..
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VCOEBOTHITL R,
YoOoEMB.1.D)ED, TEBOREZ#EAEAT o IIHLT

(1) ¢ 1 weakly stable T&H 5,

(2)Ker(Js) = H®(¢ "'TN)
TN:holomorphic vector bundle of N
He(g-*TN):¢-'TN @ holomorphic section £1&

DR DIUDBIT P %o
o (1),(2) OFEH

(DESOAELOE LD B &2,
()EH.1.2) &1

Ker(J;) = (V€ T (g 'TN]DV = 0}
b, (HltX2BHEZEMIEEET R &)

V=0T V=J7V vi € T (TH)
JX X

FoT V € Ker(Js) lzxtUL
1
V- = E v - J’T' JV)

B, V e T (4 'TN) Thd, N:Kaehler ZHIK TH %256, ’
J:complex structure ¥ T &% 3D T V  » holomorphic section 2z A2
g, =D Ker(Js) 5 H (g TN ~oxipiElxl1THN, o

(5%} 1-harmonic map)
_33_
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BbH., ARICLTITE30DT. 2HTHIEN D, BRI K D

g.e.d.

VohbOEHOBRBAAEODOBEBMALTBI S

% (3.1.3)
(M,g):compact Kaehler manifold

rd s, id:(M,g) > (M,g) {ESHEH 1k weakly stable TH %o

oD % Jacobi operator I

Jia = A — p
A :rough Laplacian

p :Ricci transformation
THhhH, CTODOLE

Ker(J iqa) = A(M)
A(M) :holomorphic vector fields on M £k

&% b

v hnli. Lichnerowicz k> THIcFEhAhTWS, (cf. [Li](5.2.89))
MR EM(3.1.2) kYT dDhiE T<HBLN D,

VHLI 1 H2FEHGB.L.DDOBA %2 DT TE <.

%(3.1.4) (0Obata [U2])
(M,g):compact Kaehler manifold
Ricn 2 a > 0

(#Jil-harmonic map)
_34_
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gLk, TDEE
A1(M,g) 2 2a A1(M,g):Laplacian ¢ non-zero F 1 HEME
B, B2 TCHESYHRATHIE., AM) # 0 &3,
it B
Af = A1, g)f
ehB f#£ 042D
V = grad f

& B <,

b:TM - T°M
$#:T°X > TH

% canonical bundle isomorphism & 9 3, (musical isomorphism ¢ 5 5

cf.[E.L2] p4); Zh HiE connection preserving %t bundle map Th %o
df = V°*

T#H B, Weitzenboeck formula (cf. [E.L2] (1.30)) &b

— trace V2df = X i-1™ (R(ei, + )df)(ei)
— trace V24df + X =1 df("R{ei, * )ei)

Adf

R,"R:curvature of T*M and TM respectively

Adf = dAf = Aadf

(i} I-harmonic map)
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TH DML ‘
— 21V°= — trace v2aV® + X i-1" V*("R(ei, * Jei)
= — (trace V2eV)? 4+ X i=1" g((”R(ea, «Jei, V)
= - (trace V2V)® + 3 i-1" g(("R(e:,V)ei, +)
= — (AV)® +Zi-1" (("R(ei,¥V)ei)?
AV = AV + p (V)
AV = A1V — p (V)

—H. %(3.1.3) &9 id:M > M »' wekly stable TH 52 5.

0 = jH <J id¥,Vodvy = J'H KAV = p(V),V>dve

.[H <A1V — 2p (V),V>dve

A

(A: - ZG)JH <V, V>dvs

V = grad f # 0 Thdh5H,
A1 — 2a 2 0

BB, TORTHETHRIET NI
.[H <Jia¥V,¥V>dve = 0

B30T, 002 Ve MM &3,

(#)I-harmonic map)



v (M,g),(N,h):compact Kaehler manifolds
¢ :(M,g) - (N,h) harmonic
COBREDODTT. §FTRHAZELHEONEALA2E X 5,

iR 1

(1) ¢» weakly stable

() ¢ix. £ @ homotopy class T energy minimizing

2O (1) X () PehrEo2ed k. TDL & 41X holomorphic X I,

anti-hlomorphic »°?
VLU, ChE—-RICIBERILREW, ZZTZ2ORME2E5 2TEL,
1  ([L.SD)

(M,8) (P1(C),ge) go:Fubini-Study metric
(N,h) = (P'(C)XP'(C),goXgo)

]

&7 5,
o :P'(C) » PI(C)
. P“(C) % round sphere & B> ZIKE D anti-podal map & ¥ ke LT
| (M) > (N.h)
¢ (x) = (x,0(x))
B, COL &
Claim ¢ :energy minimizing
(=)
p:(M,g) > (N,b)
» (x)=(x,%)
EDRIE. »IiX holomorphic ZH» 5 energy minimizing T %,
®:(N,h) -» (N,h)
@ (x,y) = (x,0(y))
g hiE, Ol isometry TH 3, £oT. ¢ = & - ¥ & energy
minimizing T » 5, : g.e.d.

(#8)if-harmonic map)



AN, ¢IBWH»IZ * holomorphic (i.e. holomorphic or anti-
holomorphic) T % W,

wLlF. ge:Fubini-Study metric of P"(C) &7 %,
VEELICRREAIM S > A, REIRITILEDATW A
BiE2 ([E.L2] p69 (3.4))

(M,g):compact Kaehler manifold

¢ :(M,g) » (P"(C),ge) weakly stable harmonic map
e, 1 t holomorphic »?
VIhPERIAITEZEEDRATWEERAIZ., RKOEHIZH - .
E®  ([L.SD
(P"(C),ge) ¢ stable % minimal submanifold i complex manifold T b 3,
(BEL. 2Z2T® stable I area functional I22WTTH 5. )
VEMN ME2RLEHALD 3,
5l 2

®:P'(C)XP'(C) = P3(C) Segre imbedding

([ze,z1], [We,w1]) ¥ [Zowe,ZeW:,Zi1Wo,Z1W1]

4 3, ZhiX holomorphic TH A H. energy minimizing TH %, #ic

¢ :P1(C)YXPI(C) -» P3(C)
¢ = & - (idX )

(i#iJ{[-harmonic map)
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T hiX., o1k energy minimizing TldH B2 * holomorphic T % W,

VUL BEICIE. MEL 2¥PHENICKERXAZD, BEAL., 2|
WIZEBEZEDLTWS, BT, ThICBELZAZERZBOLET 5,

=8 ([X], [Siu])
$ :(52,8) - (P (C),gs) weakly stable harmonic map

5. 1k t holomorphic TH 3.

EE

(S2,g8) ® g IX. EE ® Riemannian metric T & W\

((8%2,8) o DEHN we‘akly stable TH B2 &*. £ holomorphic TH
%1k, conformal diffeoc TREDLLGHZWHETH D, 52 ED pmetric FE
Wiz, conformal diffeo ’C?% DESZELRERY X, )

VEDOMOEREBRBED, ROE&E%RT 3,

EH
(M,g):compact kaehler manifold
(N,h) :Riemann manifold
XL
¢ :(M,g) > (N,h) pluri-harﬁonic
o a(X,V) + a JX,JY) = 0
for YvX,Y € TzM, x € N
B L.

J:complex structure of M

Gili)Il-harmonic map)
_39_



a(X7,Y) = Vx—¢*(Y_) - ¢'(VX—Y—)
for ¥°,Y € T (TH)

P RETAB2ELRER

the connection on ¢ ~'TN induced from "V

<
W

the Levi-Civita connection of M

<
"

wpluri-harmonic map T 3 W< > OHEBEL2BRS, WHIETEBTH 3.

(1) ¢ :pluri-harmonic = ¢ :harmonic
(2)(N,h):compact Kaehler manifold
¢ :(M,g) - (N,h) holomorphic
"= ¢ :pluri-harmonic

(3)dimCH = 1 4%6lF. £T® harmonic map & pluri-harmonic TH 3.

(4)(M,g):compact kaehler manifoid
(M’,g’):compact complex manifold
(N,h) :Riemanniann manifold
¢ :(M,g) » (N,h) pluri-harmonic
p:(M’,g’) - (M,g) holomorphic

¢ o pw:(M,g’) - (N,h) pluri-harmonic

VIEL, 2HELT. Bifi. XKCHERREI>DTRENZODRXROEETSD
Do

E® (Ohnita [0h2])
(N,h) :Riemannian manifold
¢ (P"{(C),ge) - (N,h) weakly stable harmonic map

= ¢ :pluri-harmonic

\(ﬁyu4mnmnn:mm)
-40-



VEDERDOBEDDHBDTDH %o

% (Bando,Ohnita[0h2])
¢ :(Pr(C),ge) = (P"(C),ge) weakly stable harmonic map

= ¢ :* holomorphic

81
A CTHEOSHIE BEROTEHCH S (P(C),ge) % rank 2 2 OXNKEH
Bz hE V., (F2BERMAIIZS>TWB. )

FE2
BH., ACHEORIEDWT. KEH pininal isometric immersion DHE I
FHNEKRE2T/BB A TW A,

(jifiJ1[-harmonic map)
-4 1_

S




§ 2 Weak stability about Einstein manifolds

v D8 T3, closed Riemannian manifold lzxt U T. weakly stable,
unstable 2 Wo &4 F%EL C. Einstein manifold, homogeneous space O
BALEIOBANE I R>TWEILPORRE, ZThoHELEMEZWLSD
PEENT B

vl T (M,g):closed Riemann Z#k 9 3%,
id:(M,g) —» (M,g) identity map
& harmonic map TH D. % @ Jacobi operator i
Jia = A — p:T(TH) - T (TH)
T#H -7 (see Chapter 3 §1 p34), KOEHER. RFERICL %o

iE
) (M,g):weakly stable
e id:(M,g) - (M,g) identity map %% harmonic map & UL T
weakly stable T » 3,
(2) (H,g):unstable
o (M,g) » wekly stable T#H W,
;a::
()M := the isometry classes of all compact Riemannian manifolds
()ms := {[(M,8)] € M | (H,g):weakly stable]
()M := ([(M,6)] € M | (K, :unstable]
vzt

M = Ms U Mv (disjoint union)
TH 3. KOMBMBIEOWTEET 5,

| ()1 -harmonic map)
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23
Ms & Mv ZREY Lo

V4 ETR, CORBRELTOPoTWEEL2RRBZ L

(1) ERED Mo B M OHFLLZHUHICELERETH 5.
(B x1E. C-topology WRALTHEATH 5. )
(ii) {[(H,e)] € M | (M,g):Kaehler! C 7>
(Chapter 3 8§83 OEH®(3.1.1) 2R &)
(iii) {[(M,g)] € M | Ricn £ 0] C Ms
(Chiz. Ji«s OBIDVHLN)

vLBL, M ERTHERLZOREBLWOT, HH% Einstein manifold T
BBLTHEZ2E2ATHD. TOBE. ROBER¥HLORATW 3,

ﬁiﬂﬁ (R.T.Smith [Sm 21)

(M,g):compact Einstein manifold with Einstein constant «

(i.e. p = ag)
TDEE XOG), (L)PKILT 3,
(i) (¥,g):weakly stable

& A:1(M,g) 2 2a

At1(M,g):the first non-zero eigenvalue of Laplacian

(ii) Null(id) = dim Ker(J iq)
= dim i(M,g) + n(2a)
i(M,g) = {x € T (TM) | Killing vector field |
p(2a) := dinm {f € M) | Af = 2af ]

VHBZEHIZOWTHEH., Koz erAohTw B,

(i} I-harmonic map)
_43_




@& ([oh1],[U1])

(M,g):connected and simply connected

compact Riemannian symmetric space

O LA (M,g) 1 . Iz Einstein TH B, D& i,

B D Lo

(M,g):unstable © (H,g) BEXDODWINLTDH 5.

E¥ (Ohnita [0h1])

(1)sn (n
(2)6Go.a(H) = Sp(p+a)/Sp(p) X Sp(a)
(p 2 g

(3)P2(Cay) = F«/Spin(9)

(4)Ee/F4

(5)8U(2p+2) /Sp(p+1) (p
(6)SU(p+1) (p
(Msp(p) (p

(M,g):isotropy irreducible compact symmetric space
L, COLE KO3DIBHEETD %0

(i) (M,g):unstable

(ii) ¥ (N,h):Riemannian manifold

v ¢ :(M,g) - (N,h):non-constant harmonic map

ERFOoTERE A,

# 13 unstable THh 3.

(iii) ¥ (M’ ,g’):Riemannian manifold

v :(M,g’) > (M,g):non-constant harmonic map

AFoTCE&FEEL &, vl unstable ThH 5,

VEBZBICEODPHEEA2DITTE <

(ﬁﬁ)”—harmonic map)

_44_

isotropy irreducible

v

v

v

v v

(M,g) e LkHy

3)

1)

2)

2)
2)



H#E 4
isotropy irreducible compact homogeneous Riemannian manifolds #%
stable 2% D & unstable RHOITHY L,

HEE

Z O % Riemannian manifold {& Wolf ko TRLKRSEIATW %,
(cf. [W1],[wW2])

ME40ZBHEO R . symmetric TlX%& W unstable manifold R D7 5
hhid, XEAEHWE R S,

Wisotropy ®HE A reducible D& Hl2ld. KD Ziller L2 EENEH 2 E
ZFEBLTBZ S5, (cf. [I])

“ 3 g:84n+*3 = Sp(n+1)/Sp(n) L@ homogeneous F H
such that
(i) S4n*3® k@ canonical metric & isometric T L W,
(ii)id:(8*"*%,g) - (S4"*%,g) unstable”

(Matsuzawa I L B4R ([M]) ##->T. Z® Einstein F EH' unstable T
HBIBZELHBEMLDON B, )

M85 (Lawson-Simons [L.S])
(M,g):compact Riemannian manifold

1 " . i
y < "g £ 1 (i.e. H.4 pinched)

% 5

q

(M’,g’), Y (N,h) :Riemann manifolds
v :(M,g’) > (M,g):non-constant harmonic map
v ¢:(M,g) » (N,h):non-constant harmonic map

2F-oTEA2ELE. pR oIk unstable TH 3 »,

(fijI|-barmonic map)




j£E The Sphere Theorem &V, FMIBES D REA2MET (M, 8) ©
universal covering &iﬁﬁbz homeo T % 5, (The Sphere Theorem 2 T
1. [K1] Theorem 2.8.5 Z A &ko )

YyohicH 2385 EEIE Auinov,Kawai,Howard Hi2 ko TH/LGRTW 3,
(cf.[A], [How], [K])

vEiglc, #E®O J.L.Kazdan KROBRZMEL LTRANRTEL

i

M:compact manifold

3 gi1,g2:Riemannian metrics on M
such that (M,g1):stable
(M,gz2):unstable
e RBE5% K BHFEET EZN?
¥+ % bbb, unstable, stable DR IE diffec TREN?

(i) I}-harmonic map)
_45_
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Chapter 4 Constructions and classification problems of

harmonic mappings

YCDETIE. harmonic map ZHEWUWICHEHK T 52 &%, harmonic nmap %
parametrize $§5 2 L ICBIL THEET 3,

§1 Eigenmaps into spheres

W harmonic map OHEREICEA L TEANLR2ORKOER T H 5.

EH¥ (Eells-Sampson [E.S])
(M,g),(N,h):compact Riemann nanifold#
NKE S0
&k, TOEE
Y p»:M > N smooth map
3 ¢:(M,g) > (N,h) harmonic map
such that (i) ¢ € [yp] ([p]l:v» #%#&% homotopy class)
(ii) ¢ &, [#] T energy minimizing

VHLBEFEXAEZMIILREND., EHEHDZSDOFHEP VR S
VN,b) OHMEOFZFHPEVWESG, ROLS2MEND 3,

FE7 ([Y2] No.112)

(S",g) :standard unit sphere

7 i(8") = [8",8"]:8" ® i-th homotopy B
93, ZDLE 7i(8") ODER%E

¢ :S" - S" harmonic

THRETEIZIEHTE DD

(i#fi)I|-harmonic map)
_47..




VELZROIIZHEADIBZFER LN B,

ME8 (Eells)
(8',8) »5 (8",8) NDALTOD harmonic map 2 oY Lo

VHEETIZEALTE., kKO R.T. Snith OER» B %,

“n £ 7 426 7w.(S") OEEDORTIE. harmonic map THRET HEW
T&5%, ”

FIfE 7. 81z attack 93121k, RO R, essential TH 3,

E¥ (Takahashi [T],[T.D])

(M’,g’):Riemann manifold -

(S",g):standard sphere in R"*!
& LT, i:(8",g) » R""!' % %@ imbedding &7 %,
Z D F ,

vg:(M,g’) » (S",g) smooth map
Ay RV

O(x) = i 6(x) = (e (x),DP1(x),+,Dn(x))
e B

¢ :harmonic

f=

AD: = 2e(gp)Di i=0,1,-,n
fHEL A :Laplacian of (M’,g’)

¥ ¢ »% harmonic THAHI L LAMBMTH HKDOK

T(g9) = 0
28I hIE. EHOAMB LI S,

(i#fi)Il-harmonic map)



VZOEHREID, ¢:(0,g°) > (S",g) harmonic 5 x6hAEEE KROD2
DDOBAELTTIFIBILPELERFD,

(i) e(¢):constant on M’

(ii) e(¢ ):non-constant on M’
PFTzo/—-FrTl. Q) OBGEE2E R 5,
((ii)) OB/, [Snl] CHRIBERY B 3, )
(i) ## 7 ¢ harmonic map ¢ :(M’,g’) - (5",g) % eigenmap & FES,
COReR. AQEAEME 20(9) OEBMMTS 5. BERKOEHEIMSRT
Wh, (EHERHTCAEEL TEOBRIEEL R )

EH (do Carmo - Wallach [D.W], D’Ambra - G.Toth [T.D])
(M’,g’):isotropy irreducible compact oriented
homogeneous Riemannian manifold

(S™,g):n-dimensional standard sphere

DR
(1)gp :(X’,g’) » (8",g) harmonic with constant energy
density (i.e. e(¢) = constant on N’)
Z5iE. (M,g’) @ Laplacian DH B3EHME A« lcx L T,
2e(g) = Ax

TH 5.

@DA:AOBHE %21-2BET 5,
DL E,

[ :(M,8°) » (S,g) | full, harmonic, 2e(¢) = 2L«
nBAK }

1 finite dimensional vector space ® compact convex body
L« T parametrize ¥ Hh %,
(n L CEREERER &)

(i1 }-harmonic map)
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VEOEHEOD (2) THTEEAEEDER%2T 5,

E#E
¢ :M’ -> S" smooth ¥ full TH 3
f=1
S’ :hypersphere of (5",¢g)
(i.e. totally geodesic (n — 1)-dimesional sphere)
T.
¢ (M) C §°
23 S BEELEWN,
EE

M’ = G/K, A«:as in the theorem
Yk = (fe M) | Af = A}

eg‘éo ( dim Vk < oo TﬁéZEGZiEEEﬁ'Jio )

ve € V«x such that

§:Vve = Vo for ¥s € K
fvel =1
BL
s've(x) = ve(sx) for Vx € ,vs € G
I I :L2-norm

(COREZ voe BRTHEET 5. )

B3 ve ZEELT. KDL KEET 5
S2(Vx):symmetric square of V«
ve?:symmetric square of va
We := {c € S2(V«) | ¢ L g've? for Y g € G
Le := {c € W< | ¢+ I 2 0}

(#5)!|-harmonic map)
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I & 52(V«):identity element
L:L2-norm ICBd B ER
(Le 1 We @ convex body Iz o TE D, din ¥« < © TH 3. )

71’):1)‘.‘/\}- LT, YO¥E Ax:k-th eigenvalue of A (k 2 1)
HRHLUT dim Wk > 0 2R23H EWO5MER ANFROMNELEEL (H
RHIFRETH 5.

( EEED, dim W« > 0 THEhE. TFHORERMWET 2(9) = A« &
%5 full harmonic map }& L« # {0] T vparametrize X, infinitesi-
mally rigid TiR% W, )

(cf. [U5])

(j#liJl[~-harmonic map)
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8§ 2 Non-linear ¢ -models

vdin ¥ = 2 OB & D harmonic map DFEHFILO>WVWTIE. KOEEBIBRLADL
nTV\éo

£ (Sacks - Uhlenbeck [S.U])

(M,g):closed Riemannian manifold, dim M = 2
(N,h) :Riemannian manifeld, m2(N) = (0}
935, TOW

Yy :M > N smooth map
¢ :(M,g) > (N,h) harmonic
such that
(i) ¢ € [v] ((vl:v%2&T homotopy class)
(iwi) $1x. [#] T energy minimizing

v T (M,g) = (S2,g):standard 2-sphere & L T# X %,

(i)Calabi constructions 52 -» g§n

wlalabi OFEHABN TS -HIc. notation 2RO T B <,
%9

I, = 80(2p+1)/U(p)
B Ielk. C2°'' WO pIKIE isotropic subspaces 2ED KT EM &

A—#&N 3, 2LT Is 1212 hermite ¥HZM & L TOD metric # AR T
o TWE & I, I2id compact Kaehler manifold OHEN XA 5,

()i [-harmonic map)
_52_
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z:1, = 82 = S50(2p+l) / SO(2p)

. BRZAAHE
UCp) > S0(2p) X + v =TV = 2 "

X,Y € ¥(n,R)

PEFEIXNIHEZEL T 5,
=~ h it Riemannian submersion &% o> Tw3d, (cf. [N])

(M’,g’):Riemanniann manifold & L A & &
vw:(MW,g’) > I, » horizontal ThH 5.

= . . (T,X) c H for x € ¥’

¥ (x)

fH L. H.:Horizontal space of Riewmannian subersion =

fory € 1.,

L &H 5,

EH (Calabi [C1], [C2])
¢ :(S2,g) » (8",g):full harmonic
ZOLE KD2OPWIAUT B,
(i) n = 2p (i.e. n:even)
(ii) * v :(8%2,g) -» I, holomorphic horizontal map
such that ¢ = = -y

Wi IO W Tk, [L] Proposition 1.2, Theorem 3.8 % R &,

() 1-harmonic map)
..53_
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YROMBEZBIFTTEZ S

RS9 (Verdier [V])
S2 w5 Io ANOLTO holomorphic horizontal map # K& K.

(ii)Twistor constructions 82 = P"(C)

YoRRHELTR. 8212950 TE<. BATWAEHOH., BHOD4A
HWEEET, BO3ANRMEETDH 5.

SE¥  (Din-Zakrewski, Glasev-Stora,Burns-Eells-Wood [E.W])
RKO2O00KAOMIcR 1M1 HEHH B,
(¢ 1(52,8) » (P"(C),ge) full, harmonic)
o [(f,r)] f:82 -» P(C) full, holomorphic
0 £ r £ n integer}
(ge:Fubini-Study metric)

(iii)Chiral fields S2 - U(n)

v U(n) := X € ¥(n,C)H)I| XX = I}
LT, U(n) EkiZ

<¥,Y> := Trace (X-*7 )
for X,Y € u(n) = ¥ € Mn,C)| X + X = 0}
SO FEHRIXINI3HEMAZEL metric h( , ) ZAhTHEL,

ge = dx? + dy? metric on R?2
Q@ C R? bounded

(7##JI[-harmonic map)
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T B, 2D & ¢ :(Q,ge) > (U(n),h) @ energy &

E($,0) = j] {l e 2y |¢-*g—$ Iz}dxdy

HL 8¢/ 0x RBadsmoBICHaILEDD
l |l 1 h TZE%% norn

rEEh3, ZOKXRIVB-RFZHFELT,

¢ :(Q,ge) = (U(n),h) smooth
#% harmonic map T & 5,

_a_(¢_1_u) + “a—(¢“‘g‘3) 0 onQ (¥

nwHoerors, XOWHEIE (S2,8) »5 U(),h) ~® harmonic map
OaBIx. (R2,ge) 5 (U(n),h) ~ D harmonic map OoBIcREXIN A
HARLTWS, M IcIE.  Sacks-Uhlenbeck D HE ( [S.U] Theorem 3.6)

o AAR- T

#
v ¢:(R2,ge) - (U(n),h) smooth

. (MEWEL
E(¢ .R?2) < =

ThHhhiE., ¢k (82,2) 6 (U(n),h) A® harmonic map ~, (82,8)»5H
(R2,ge)NDUBEHEZBLT. —BlclhREh D, #FI

¢ :(S2,g) » (U(n),h) harmonic
BEZBhERIC

(#8)I-harmonic map)
_55_
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u:(R?%,ge) = (S2,g) inverse of stereographic projection
FhiX., wld conformal Z» 56

¢ o u#:(R?,g0) = (U(n),h) harmonic
&= 5,

vz2otT

_ o, 0 ¢ _ 49
Ax“’slax’ﬂy—”say (%)

& BiFiE. Ax , Ay & u(n)-valued function on Q & & 3,
ZFLT. () BRoweis,

-a

9 - »
ax Mt B3y A =0 @ (%)

y

Biz. COBMBFEAXOCODBESTREEMNI

_a_ -——a-— r - %
A + = Rk
0 x y 0y AX LAX ’AY ] 0 ( )

BB, COLE XROZeXa»B. (cf. [Yo] §61)

v Ax , v Ay :u(n)-valued functions on Q satisfying (&%), (k)

o, EEIERXHGNE (xe,ye) € Q, Ue € Q IZHLT,
| ¢ :(Q,ge) > (U(n),h) harmonic
such that
¢ (xe,ye) = Ue

WHEIEL T, Ay o Ay B SITED (K) TEINZ,

(jifi)1-harmonic map)
' -56-
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B> TRIEIX (o), (o) @AY A Ay Rz icwmEBINE

vo2oOT, AER (), (o) ORMEBEHKRIZOWTAEANRE S,
QE® uln) 1 XWAER A= Adyx + Ady 25 %, QLOHHWEZRI b
WH E= Q X C" %282 %. 2T E LRI 28R

i.e. v,0 = 6 + Ao

for ¢ € T (E), X € T(TQ)

#5 2%, AL, A(X)oc &, T() = QLOC"HCHELE taxnlL
A(Y) 2#59&LT 6 ICEHESVEDBOTH .

XTC, & % (Q,80) OFRMY (i.e. dual of exterior derivative) & 7§
haf’

(%) @ A =0

& ZI 2T W ZSo
A, vVIicxdd b curvature R %

R [v v .l for ¥,Y € I'(1Q)

LY - VK, vl 0 Vy

LEELEEE,

(x%x%) © R = 0
i.e. VERFHLZER
(#£-> T, B % Yang-Mills #HTH 5. )

EhoTwa, (WIOhBEERFETHEIDOON S, )

(i#fiJ1}-harmonic map)
_57_
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FE
(wxww)%ﬁk?Ax,% EWHE T chiral field ¢ BIFATWEHDT
zéocmﬁ&A{Ay%érﬁwﬁﬁzam,k%ﬁﬂmﬁ%t%bn&

CHIZBL T, K.Uhlenbeck OBBI BTV ITY IV HBY, FEELR2IZIE
BRINTWE W,

VEHEBICHEAHLTEZ S

EE‘I 0
(S82,g) »5H. Hermite #HZH (N,h) ~ ¢ harmonic map OEHR ¥,
(D, okdke. (N,h) OFH % Twistor ZEHEAZED.  Twistor

construction ¥ £, )

EE

COMBIZBELTIE, (Nh) PERISIACVERBOBAICIE, Burstall
D H (cf. [B]) % 5. %7, Eells-Salamon O@Hm X (cf. [E.Sal]) &
Eizk 5.

(i) 1-harmonic map)
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