goooboooogn
0 609 0O 1987? 52-60

[

Note on Hecke operators and cohomology of groups

M. Furusawa, M. Tezuka and N. Yagita
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Introduction.

In this note we study the action of Hecke operators on
1-dimensial cohomology group of the modular group G=PSL2(Z) with
the coefficient module W, the even degree parts of the polynomial
algebra z[x,y]l, or its reduction modulo a prime power L ,

w/Q =(z/2 2)I[x,y]. The cohomology group H'(G;W/e) is a module
over HO(G;W4)=(W/L)G, the invariants of W/g. The ring (W/L)G

is known by Dickson [1 ]. We notice the relation between the
above module structure and the action of Hecke operators. Then
we obtain some congruences for the eigenvalues of Hecke operators

on modular forms.

Theorem. Let)&_be the eigen value of the Hecke operator Tp

in MkO(G) ; the sét of all cusp forms of weight k. Then

(1) ‘XSEO mod 5 if k 8, 10, 14 mod 20
(2) A750‘mod 7 if k = 10, 14 mod 42

(3) All;O mod 11 if k=14 mod 110.

We wish to thank S. Mizumoto for many useful conversations

and suggestions.
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§ 1. Hecke operators and the Eichler-Shimura isomorphism.

Let G=PSL2(Z) be the modular group and V=Z[x,yl, Ixl=]ly\=1,
be the polynomial algebra over Z. If we denote the positive
even degree parts of V by W, G acts on W from the left. For
any G-module E, the Eichler cohomology group H%(G;E) is definéd
to be the kernel of the restriction map j*: Hl(G;E)—7~Hl(Gv3;E),
here G, denotes the subgroup of G generated by ( % i
From Lemma 2.2 in [9 1 or [3], in the case where E=Wﬁ9R,;the
positive degree parts of W®R, the above map j* is epic. Therefore
(1.1) Hl(G;W®R)_;’\_:_HP1(G;W® R)® Hl(GN;WQR).
Let us denote by Mk(G) (resp. MkO(G)) the set of all automorphic
(resp. cusp) forms of weght k with respect to G. Now we recail
the actions of Hecke operators on cohomology groups and automorphic
forms. Let o be an element of M2+(Z) =(A€M2(Z)l detA)0 §. Then
the double coset GdG decomposes into a disjoint union of finite

number of left G cosets, GdG= lligl an. For g¢G, let o ;979 Ky «

with some 1{i*<{d and some 95 € G. Then for any G-module E, the
Hecke operator’%; on Hl(G;E) is defined by
' e _ da 1,..
(1.2) Tyulg) = 2, ;_; o&,,ulgy) for ue€ 27 (G;E).
The Hecke operator Ty on Mk(G) is defined by

_ k-1 k . -k for feM, (G).
(1.3) Tof(2) fdeto( Zi=l £ (ol 2) 3 (X, ,2) k

* *
H j . =C. . L=
ere j(di,z) clz+dl for dl (c. d.)'
, i 7i
Then there exists an R-linear isomorphism called the Eichler-
Shimura isomorphism,

1.e)  9:m %0 & B GWER),

which commﬁtes with Hecke operators (Shimura [10]).
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In (1.4) Wk denotes the k-degree parts of W. Let Ek be

the Eisenstein series E, (z)= 1 3, _*_i_~—i
25(k) (m,n)#(0,0) (mz+n)

Proposition 1.5. The map ¢ in (1.4) is extendable to

an R-linear isomorphism

#: 140, (G@ RE, 2= B (GWOR),

which commutes with Hecke operators.

Proof. From the proof of Proposion 8.5 in Shimura [10],

0 .
we can extend to M k+2(G)@ R-Ek+2 by defining

- C s g(z,) .
Y(f ) (g) = ijzo x]yk J sz 0 Re (fzldz) for fe&M (G),
0

k+2
~and the 3’ commutes with Hecke operators. From (1.1), it is

easily seen that the extended ¢y is an isomorphism, if

.k 11 fi”l K
(1.6) the coefficient of X in 9(Ek+2)[0 1 =i Re(Ek+2z )dz%=0.

We can prove that (1.6)>0 by direct computations for k=2 and 4,

. ta 2Rn
and by showing that |Bk|/2k(k—l)> P n=1 S k(n)/e for ngé6,

k

where By is the k-th Bernoulli number and <Sk(n)= PN d

din

Q.E.D.

We are indebted to S.Mizumoto for the proof of ([.6).



§2. Cohomology and congruence.

In this section we obtain some results about congruence
properties of eigenvalues of Hecke operators on modular forms
by studying the cohomology of G. The following two propositions

are simple but fundamental. For a prime{ let W4 be WAW.

Proposition 2.1. If there is a ) e€Z/mZ such that’T;x=xx
for any x € Hl(G;Wk/QJ , thenfor any eigen

value Ay of Ty in Mk+2(G), a conguence M, = X\ ( mod{) holds.

Proof. We have an exact sequence
1 L 1 1 -
H™ (G;W) —> H (G;W) —> H  (G;W/2) .
From the assumption, we have %;x =)X (mod ¢ Hl(G;W)) for any
erl(G;W). Hence the proposition follows from Proposition 1.5.

Q.E.D.

By the cup product, Hl(G;W/Q) is an HO(G;W/p_-)=(W/'Q)G module.
The action of (W/p_.)G is defined by (wu) (g)=w-.uf(g) for we(W/Q)G,

11eZ1(G;W/L) and geG.

Proposition 2.2. Let we(W/z)G and 0(6M2+(Z) . If there

is a )\ ¢ Z/¢%Z such that A w=)\w, then ‘E;wu =,xWExu for any

uent (G;u/p) .

Proof. By the definition (1.2),
T wu(g) = Zoli* (wu) (g;)

=Zo(i*w o 4ulg,) .

Since di*=gi—%(ge GdG, di*w;Aw holds from the assumption. Terefore

T wu(g) = AwZd ulg;) = AT u(g) . 0.E.D.



Next we consider the invariant (WVQ)G for a prime number { .
We define two elements El and E2 in v=2[x,y] by
El?xyg—xgy ( when =2, El=(xy2—x2y)2) and
E2=X9(£—1)+X(9;1)(Qfl)y(l—1)+.” +y2(2;1).
Then the classical result of Dickson []1 ], 7 says that

(W/L)G=&/QZ)[E1,E2] and moreover W/ is a free Z/QZ[Ei,Ez]—module.

It is wellknown that G=ﬁSL2(Z) is the free prodﬁct 2/ 22X 2/3%2.
bHere Z2/2Z (resp. Z/3Z) is generated bY'(=(glié) (resp.6'=(_i é))LWJ,
Therefore, about the classifying space we have

BG o~ BZ/22V BZ/37Z
where V denotes the one point unibﬂ.' For any G-module E, we
have the Mayer-Vietories exact sequence

. i
(2.3) E2/2%g g2/32, g §>H1(G;E)——3}H1(Z/2Z;E)® ul (2/32) — 0

Proposition 2.4. The Z/@Z[El,Ezl—module Hl{G;W/C) is
generated by generators of degree equal or less than 12-1

( 6 for § =2).

Proof. The free Z/QZ[El,E2]—module W/Q -is. generated by

the degree equal or less than

|Ey| +IE,|-2 = 2°-1 (=6 for {=2).

2/27 z/32,

Hence so is the quotiént module: (WA )/((W/A) + (W)
We also prove Hl(Z/2;W/2) (resp. Hl(z/3;W/3)) is. generated by
elements degree £6 (resp. 8 ) from the explicit computation

of the cohomology.( seel7]J). : Q.E.D.
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Theorem 2.5. Assume NE =E (resp. dE, —HlE for some H,; e-Z/,Q. Z)

i
~I

and there is a A€ 2/f82 such that To(x-)\x (resp. T, x=0) for

any xeHT(G:Ww</g) with 0¢k¢f?-1 ( when £=2, 0¢k<6). Then for

any eigen ValuéS’Adof Ty in MK+2” with any K2 0, the congruence

Ag =X modf (resp. Ay =0 modl) holds.

Proof. Any element feHl(G;W/ﬁ) can be written as f=Zaifl

here aé€ Z/QZ[El,Ezl and \fi\g !Lz-l. . Then from the assumption
and Proposition 2.2,
T = Za,Tuf, = Za M, =Af.
So the assersion follows from Propositiion 2.1. Q.E.D.
Let p be a prime nuinber.{ Let us write T°L=Tp for °§=(é g)
It is immediate that |
Q(Ei' = E; if p=1 mod X or if p=-1 mod £ and i=2
AE, = -E; if p=-1 modQ .
Therefore if p=Ylmod ¢ and "i‘;x=(l+p)x in Hl(G;Wk/}Z) for kg(}_z-l,
then ,\p=(1+p) modL hold in M (G) for all positive degree weigt s.
It is known by Hatada U4J ( Heberland [2 ] , Papier (5 ],
[ ¢ J) that for f<& 7 the above congruence hold. However

a4
it seems difficult that one check Tpx=(l+p)x for 25 now.

Recall Y= (0 l)’ Gy= {¥> and j : GS G is the inclusion

map. The cohomology of G, is easily computed

Lemma 2.6. HY(Gu;VA) % (V/&)/Im(¥-1)
a z/0z V1o (24l %, .., x¥ 2 Y@ 22 1y1 x4
where V=x'\?—-xyf”l and Z/}?Z{a,‘b,..-} is the 2Z/g -module generated by

a,b,...
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i . 0
It is easily seen that GaG=TfGai, ai=(é ;) for 0<igp-1 , ap:(g 1
Lemna 2.7. §¥(T f)=(ag+pa )3"¢ in u'(6,iW/&) for pent(ciu/m).

Proof. Direct computation shows that an=l-a for 0£jsp-2,

J+1

d?_{X=Déo and abr=wpap. Therefore we have

~ _ p—2
Tof W)= 252035415 (1) +ags () +a p ()

aoy(r)+ap(1+6+...+zp“l)?(3)
-1 1
aof (M +pa F 0+ 385 (8- 1) a9y,

: J
] J_4P
since a _y°’= .
px ¥ ap Q.E.D.

Corollary 2.8. (i) If p=+1 mod L , then jX(Tpg)=(1+p)j%3L
(ii) If p=0 mod L , then jﬁTp?)=j*(9) for j“"(fj’)=vsxl and j*(T§§)=O

for j*(?)e—ldeal Y.

Theorem 2.9. Let {-1¢k< £°-1 and M, J(G)=0. Then the

eigenvalue )P=0 mod § for the Hecke action Tp in M 0(G) where

s+2
s=k mod 2 (9-1).

Proof. Consider the maps

1

1 r 1 i*
H(G;W) — H (G;WR ) — H (G W/L)/(Ideal y).

From corollary 2.8, Hl(G;WS/Q) decomposes as Keri®@E with Ex~72/ .
Let us take Hl(G;W)=KE>E with r(K)=Kerd?and r(E)=E/. Hence
E2a Z because for the Eisenseries, the Hecke action operates

TQ(E and from Proposition 1.5, E®R&R. Since K®R~~

s+2)=Es+2
HPl(G;WS)m R and E is torsion free, K is closed under Tﬂ.

By the assumption Mk+20(G)=0, Kk is torsion . The ¢-torsion

in Hl(G;W) is isomorphic to HO(G;W+/2)=ZAL[E1,E2]+ from the exact

sequence
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L
10 c;w) - u%(aw/p) 2, wlem s wliem

0

and HO(G;W) =W . Therefore Kk=Z/1{Elm} where we only need to

consider the |-torsion since the lowest dimensional lz—torsion
element is Efﬂ
Let feKeri¥., since l—l(k(ﬁz-l and s=k mod R{¢-1). we can
take
T .

f =E, £,+E,9, |fﬂ =k, ryl.
Note that olEl=xQ(2y)-(Qy)lX=0 in W/ and Proposition 2.2,
~r g . m
T2E1g=( mEl)T¢g=0. Since fl=,\r8(El Y, A2,

Yo _ o m, _ m, r—

B,"f)= Bprs(e™ = B TE,TThg(E,)

~ s ~ . % . .
Hence T,L(E2 fl)=0. Therefore TQ(Kerl )=0. Since K is closed
under "'fz , "‘I"l(K)=0 mod § (K). Since KmRe._—le(G;W)OR , we have

the theorem. ' ‘ Q.E.D.

The fact M_,,%(G)=0 for s+2¢14 and 412 implies the

theorem in the introduction.
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