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DERIVATIONS IN MATRIX SUBRINGS

Andrzej NOWICKI

This note is an abstract of the author's papers [1], [2] and [3].
Let R be a ring with identity and let Mn(R) denotes the ring of n X n
matrices over R, We say that a subring P of Mn(R) is special with the

relation w if P is of the form
P={AeM(R); Ay = 0, for (i,3) ¢ w },

where w is a relation (reflexive and transitive) on the set {1,...,n}.
We describe in this note all derivations, R-derivations and higher

R-derivations of the ring P.
I.DERIVATIONS AND HIGHER DERIVATIONS IN A RING

1.Derivations. Let P be a ring with identity. An additive mapping

d:P ———> P is called a derivation (or an ordinary derivation) of P if

d(xy) = d(x)y + xd(y), for any x,y € P. We denote by D(P) the set: of
all derivations of P. If d and d' are derivations of P then the ma-
pping d + d' is also a derivation of P , so D(P) is an abelian group.
Let a ¢ P and let da:P -——> P be a mapping defined by da(x) =
ax - xa, for any x € P. Then da is a derivation of P.
Let d € D(P). If there exists an element a € P such that d = da

then d is called an inner derivation (with respect to a) of P. We deno-

te by ID(P) the est of all inner derivations of P. ID(P) is a (normal)
subgroup of D(P).
We shéll say that P is an NS-ring if ID(P) = D(P), that is, a ring

P is an NS-ring if and only if every derivation of P is inmner.
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2.Higher derivations. Let P be a ring with identity and let S be
a segment of N = {0,1,... }, that is, S = N or S = {0,1,...,s} for so-
S . - . . R .
me s z 0. A.famlly d (dm)m e S of mappings dm.P -~ P is called

a derivation of order s of P (where s = sup(S) s+» ) if the following

properties are satisfied:
(1) d x+y)=4d & +dGy),

(2) d (xy) = 3 d,(x)d.(y),
m i+j=m + J

(3) dO = idP,

~ for any X,y ¢ P, m € S.

The set of derivations of order s of P, denoted by DS(P) is the
s o

group under the multiplication * defined by the formula

(d * d')m = 1 d,ed! ,
itj=m

where d,d' ¢ DS(P) and m ¢ S.
Let 6; P ——=> P be a mapping. Then 8§ is an ordinary derivation
of P if and only if (idP, §) is a derivation of order 1 of P. Therefo-

re we may identify: D(P)‘= Dl(P)'

3.Examples of higher derivations.Let P and S be as in Section 2.

Example 3.1. Let a E'P’>d0 = idP, and dm(x) = a% - am_lxa, for

m=1, x ¢ P. Thend = (dm)m e S belongs to DS(P).

Example 3.2. Let d ¢ DS(P), k€S- {0} and let & = (Gm)m e s

be the family of mappings from P to P defined by
‘ 0, ifkfm
6:
d , if m = rk.
T
Then § ¢ DS(P);

The derivation d (of order s) from Example 3.1_will be denoted

by [a,1]. The derivation & (of order s) from Example 3.2, for d = [a,l]
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will be denoted by [a,k].

4.Inner derivations. Let P and S be as in Section 2 and let a-= (am)

(where m € S) be a sequence in P. Denote by A(a) the element in DS(P)

defined by

A(é_)m= ([alsl] * [32:2] oo % [am’m])rﬁ’

for any m € S.

Definition 4.1. Let d ¢ DS(P). If there exists a sequence a = (am)

of elements of P such that d = A(a) then d is called an inner derivation

of order s of P.

Denote by»IDS(P) the set of inner derivations of order s of P.

Proposition 4.2, IDS(P) is a normal subgroup of DS(P).

Proposition 4.3. The following properties are equivalent

(1) .P is an NS-ring,

(2) IDS(P) DS(P), for any 0 < s £,

(3) IDS(P) DS(P), for some 0 < s £ =,

5.R-derivations. Let R C P be rings with identity and let S be

a segment of N. If a derivation (of order s) d ¢ DS(P) satisfies the

condition

dm(r) =0,

for allme S - {0}, r € R, then d is called R-derivation of order s

of P, and the set of all such derivations is denoted by DE(P).

We define similary an ordinary R-derivation, an inner R-derivation,
an inner R-derivation of order s and also, we define similary the groups
D¥(P), ID"(P) and ID(P). |

The»gr;up DE(P) is a subgroup of DS(P) and the group IDi(P) is a

normal subgroup of DE(P).
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We shall say that P is an NS-ring over R if ID (P) = D (P).

Proposition 5.1. The following properties are equivalent

(1) P is an NS-ring over R,

DR(P), for any 0 < s £ «,

R
(2) IDS(P)

=
wow

€3) IDS(P) DS(P), for some 0 < s £ w,

II. SPECIAL SUBRINGS OF MATRIX RINGS

6. Notices. Let R be a ring with identity, n a fixed natural
number and w a reflexive and transitive relation on the set In =
{1,...,n}. We denote by Mn(R) the ring of n X n matrices over R and

by Z(R) the center of R. Moreover, we use the following conventios:

F(R)

the set of mappings from R to R,

‘% = the smallest equivalence relation on In containing w,

Tw = a fixed set of representatives of equivalence classes
of &,
Aij = ij-coefficient of a matrix A,

E'J = the element of the standard basis of Mn(R)’

MI;(R)M {AeM (R); Ay = 0, for (i,j) ¢ w }.

The set P = Mn(R)w is a subring of Mn(R) called a special subring

with the relation w. Every special subring contains the ring R (via

injection r +——> T, where T is the diagonal matrix whose all coeffi-

cients on the diagonal are equal tor e R).

7.Transitive mappings and regular relations. Let G be an abelian

group. A mapping f: w ———% G will be called transitive iff
f(a,ec) = £(a,b) + £(b,c),
for any ayb and byc.

If £: @ —--=> G is a transitive mapping then we denote by [f,_]

4
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(in the case G = R) the mapping from w to F(R) defined by
[f,_1(a,b)(r) = £(a,b)r - rf(a,b),

for awb and r € R. Clearly, [f, ] is transitive too.
We shall say that f is trivial if there exists a mapping

og: In ————+ G such that

f(a,b) = o(a) - a(b),

for any awb. Moreover, we shall say that f is quasi-trivial (in the
case G = R) if [f, ] is trivial.
Every trivial transitive mapping from w to R is quasi-trivial, but

the converse is not necessarily true.

Proposition 7.1. Let f: ©w ——+ R be a quasi-trivial transitive

mapping. Then there exists a unique mapping T: In -——> F(R) such that
(1) [f,_1(1,3) = t(d) - 1(§), for all iwj,
(2) 1(t) =0, for t ¢ Tw'

Moreover, 1(1),...,7(n) are inner derivations of R.

Definition 7.2. The relation w is called regular over an abelian

group G 1if every transitive mapping from w to G is trivial.

8. The graph I'(w) and homology groups. Let * be the equivalence

relation on In defined by: x ¢ y iff xwy and ywx. Denote by [x] the
equivalence class of x ¢ In with respect to *and let Ié be the set of
all equivalence classes. We define a relation w' of partial order on
I; as follows:
[x]w'[y]viff xmy.

We will denote the pair (Ig,w') by T(w) and calle it the graph of w.
Elements of Ié we calle vertices of I'(w) and pairs (a,b), where aw’b
and a # b, arrows of T'(w).

Let us imbed the set of the vertices of I'(w) in an Euclidean

space of a sufficiently high dimension so that the vertices will be

¢
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linearly independent.

and a, ¢‘a.
i i+l

1 1
If ao,al,...,ak are elements of In such that.aiw ai+l

for i=0,1,...,k-1, then by (ao,al,...,ak) we denote the k-dimensional

simplex with vertices a The union of all 0,1,2 or 3-dimensional

0>t
such simplicies we will denote also by I'(w). Therefore, I'(w) is a simpli-
cial complex of dimension =< 3. |

Let Ck(w), for k=0,1,2,3, be the free abelian group whose free
generators are k~dimensional simplicies of T(Q). We have the following

standard complex of abelian groups:

: 33 82 81
0 —==> Cy(w) === C,(w) = C; () -=> Cy(w) —-—> 0

where
al(asb) = (b) - (a)’
Sz(a,b,C) = (b,c) - (a,c) + (a,b),

33(asbscsd) = (b,C,d) - (a,c,d) + (asb:d) = (a,b,c).

Then Hl(F(w)) = KerallImaz, HZ(T(w)) = Keraz/Ima3 and (by the Kunneth
forﬁulas)

H'(I'(w),0) = Hom(H, (I (w)),0),

for an arbitrary abelian group G.
III DERIVATIONS IN SPECIAL SUBRINGS

9.Examples of derivations. Let P = Mn(R) be a special subring

of Mn(R).

Example 9.1, Assume that f: @ —--+ R'is a quasi-trivial transitive
mapping and denote by Af the mapping from P to P defined by
s5B)_ =B _£(pa) + 1, (B,
Pq ' Pq f Pq

for B ¢ P, pwq, where Tf‘is the mapping t from Proposition 7.1.
Then Af is a derivation of P. Moreover Af is inner if and only if

f is trivial.
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Example 9.2. Let § = {St; t e Tw} be a set of derivations of R.

Denote by 96 the mapping from P to P defined by
0.(B =6 (B s
s ¢ )pq e ¢ pq)

for B € P,puq, where t ¢ Tm such that pdt.

Then'G)6 is a derivation of P. Moreover,e(S is inner if and only if

6t is inner for any t ¢ Tw'

10. A description of D(P). Let P = Mn(R)m be a special subring

of Mn(R). The following theorem describes all derivations of P.

Theorem 10.1. Every derivation d of P has a unique representation:

_ f
d = dA + A + 86’

where (1) dA is an inner derivation of P with respect to a matrix A € P
such that A = 0, for p=l,...,n,
PP
(2) £f: w =——> R 1is a quasi-trivial transitive mapping and Af is
the derivation from Example 9.1,

(3) § = {dt; t e Tw} is a set of derivations of R and 66 is the

derivation from Example 9.2,
The next theorem describes special subrings which are NS-rings.

Theorem 10.2. The following conditions are equivalent
(1) P is an NS-ring,

(2) R is an SN-ring and the relation Q is regular over Z(R).

11. R-derivations of Mn(R)w . Let P = Mn(R)w be a special subring

of Mn(R).

Example 11.1., Let f: w ———>.Z(R) be a transitive mapping and
. £
denote by Af the mapping from P to P defined by A (B)pq = f(p,q)qu,

£
for B € P and puq. Then Af is an R-derivation of P. Moreover A" is
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inner if and only if f is trivial.

Theorem 11.2. Any R-derivation d of P has a unique representation

: f
d = dA + A,

where (1) dA is an inner derivation of P with respect to a matrix A ¢ P
such that Aij ¢ Z(R) for i,j=1,...,n, and Aii = o for i=1l,...,n,
(2) £f: w ——= Z(R) is a transitive mapping and Af is the deri-

vation from Example 11.1.

Theorem 11.3. The following conditions are equivalent
(1) P is an NS-ring over R,

(2) w is regular over Z(R).

Corollary 11.4. If d and § are R-derivations of R then the de-

rivation d§ - &8d is inner.

Corollary 11.5. If d is an R-derivation of P then d(Z(R)) = O.

Corollary 11.6. If d is an R-derivation of P and U is an ideal

of P then D(U) U.

12. An example of non-inner R-derivation. For n £ 3 every rela-
tion w (reflexive and transitive) on In is regular over any group.
Therefore (by Theorem 11.3), in this case any special sﬁbring of Mn(R)
has only inner'R-derivations. FOr n=4 it is not true. Let QO be the

relation on I, = {1,2,3,4} defined by the graph

that is, wy = {(1,1),(2,2),(3,3),(4,4),(1,3),(1,4),(2,3),(2,4) } .

Denote by 54(R) the special subring of MA(R) with the relation 0g
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Then we have

RORR

S4(R) = ORRR

: OORDO
00O0OR .

Consider the mapping d: S4(R) —— 54(R) defined by

%13 *14
22 %23 *24

11 °

X

0 X 0 ) =
. _

13

33

0 X4

o O o M
o O o o
o O O O
O O O M
o O O ©

Then d is an R-derivation of 54(R) and d is not inner.
In [1] there is a description of the group DR(S4(R)). Note one of the

properties of R-derivations of the ring S4(R).

Corollary 12.1. If dl and d, are R-derivations of S4(R) then the

2

composition dle is also R-derivation of S4(R)f

13. A description of regular relationms. Let P = Mn(R)w be a special

subring of Mn(R).

We know, by Theorem 10.2, that P is an NS-ring if and only if R is
an NS-ring and the relation w is regular over Z(R). We know also, by The-
orem 11.3, that P is an NS-ring over R if and only if the relation  is
regular over Z(R).

In this section we give some suffiecient and necessary conditions
for the relation y to be regular over an abelian group.

We may reduce our consideration to the case where u is connected
(that is, for any a,b g'In there exist elements al,...,a‘ € In- such

r

that a = a b = a_ and a.pa.

1 r i77i+1 Or{ai+ﬂﬂai’ for i=1,...,r-1), because

it is easy to show the following

Proposition 13.1. Let G be an abelian group. The relation w is re-

gular over G if and only if every connected component of w is regular

over G.
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The next proposition says that we may also reduce our consideration

to the case where  is a partial order.

Propositidn 13.2.  is regular over G if and only if u'(see Section 8)

" is regular over G.
Now we may give a deScription of regular relations.

Theorem 13.3. Assume that ( is a connected partiél order. The fol-
lowing properties are equivalent:

(1) w is regular over some non-zero group,

(2) u is regular over every torsion-free group,

(3) w is regular over some torsion-free group,

(4)  is regular over Z,

(5) Hl(P(w)) is finite,

(6) Hl(r(a),G) = 0, for any torsion-free group G.

Theorem 13.4. Assume that y is connected partial order. The fol-
lowing properties are equivalent:

(1) w is regular over any group,

(2) w is regular over Q/Z,

(3) H (I'W) =0,

(4) HI(F(w),G) = 0, for any group G.

Theorem 13.5. Assume that g is connected partial'order, such that
the order of the group Hl(F(w)) is equal to m > 1, Let G be an abelian
group. The following properties are equivalent:

(1) w is regular over G,

(2). G is an m—térsion—freebgroup,

3 wlw, ¢ =o.

Corollary 13.6. Let P = Mn(R)m be a special subring of Mn(R). The

/0
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following properties are equivalent
(1) Every R-derivation of P is innmer,
(2) The relation w is regular over Z(R),

(3) H(C@W),z®) = 0.

14, Examples. Let P = Mn(R)w where
a) n = 3, or

b) th

(0]

graph T(w) is a tree, or

c) the graph I'(w) is a conne (that is, there exists b ¢ In
such that bwa or awb for any a e In), in particular P = Mn(R) is the
ring of n x n matricesbover_R, or P is the ring of triangular n X n
matrices over R.
Then every R-derivation (or every drivation, if every derivation of R

is inner) of P is inner.

By Theorem 13.5 it follows that there exist relations w which
are regular over some groups and which are not regular over another
groups. In the paper [l] there is an example of such a relation w
(for n=17) that if R is 2-torsion~free ring then P = Mn(R)w is an
NS-ring over R, and if char(R) = 2 then P = Mn(R)Q is not an NS-ring

over R.

IV HIGHER DERIVATIONS IN SPECIAL SUBRINGS

15. An example of higher derivations. Let P = Mn(R)w be a special

subring of Mn(R), S a segment of N, ,and let d = {d(t)

; teT } bea fa-
® . .
mily of derivations of order s ( where s = sup(S)) of the ring R.

Denote by p(d) the sequence (dm) o of mappings from P to P

e S
defined by
. = S (u))
dm(A)ij = dm (Aij),
form ¢S, Ag P, where v: In ---2 T, is the mapping: (p) = t iff

pwt.
s



Then 0(d) is a derivation of order s of P. If d # O then the deri-
vation 0(d) is not an R-derivation.
In the next sections of this note we shall interesting only in

R-derivations of order s of P.

16. Transitive mappings of order s. A sequence f = (fm)

me S

of mappings fm:w ———+ Z(R) is called a transitive mapping of order s
(from W to R) if the following properties are satisfied:

¢D) fo(p,q) =1, for all puwq,

(2) fm(p,r) z fi(p,q)fj(q,r), for all m € S and pwq and quw r.

i+j=m

If £ = (fm)m is a transitive mapping of order s then

e S

£,(psr) = £,(p>q) + fl(q,r),

for any pwquwr so, fl:w ———> Z(R) is a transitive mapping in the sense

of Section 7.

17. R-derivations of order s. In this section we give a descrip-

tion of the group Dz(P).

Example 17.1. Let f = (fm)m e s be a transitive mapping of order s

from  w to Z(R). Denote by Af the sequence (A;)m

Ai: P ——— P defined by the following formula:

e S of mappings

£y -
B = £ (B s

for all A ¢ P and pugqg.

Then Af is an R-derivation of order s of P.

Theorem 17.2. Every R-derivation d of order s of P has a unique
representation:
f
d = A(A) * A,

where

(2
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(m)

(1) A= (A ) is a sequence of matrices

me 'S - {0}
A(m) e Pt”\Mn(Z(R)) such that Aé?) = 0, for i=Il,...,n, and A(A) is
the inner derivation of order s with respect to A;

(2) £ is . a transitive mapping of order s from w to R and Af

is the R-derivation from Example 17.1.

Corollary 17.3. If d e DE(P) and U is an ideal of P then

dm(U)C: U, for all m ¢ S.

Corollary 17.4. If d ¢ Dg(P), then d_(Z(R)) = 0, for all me&S - {0}.

Corollary 17.5. Assume that égre do not exist three defferent

elements a,b,c ¢ I such that awbwc. Let d = (d ) be a sequence

n m'm £ S
of mappings from P to P such that dO = idP. Then d is an R-derivation
of order s of P if and only if every mapping dm (for'm e S - {0}) is an

ordinary R=ederivation of P.

18. Integrable derivations. Let $ = {0,1,...,8} , where s < =,

Assume that S' is a segment of N such that S S'. We say that an

R-derivation d ¢ DE(P) is s'-integrable (where s' = sup(S') = =)
if there exists an R-derivation d' = (dr;l)m c s’ of order s' of P
such that d'' = d_, for all m ¢ S.
m m
In the paper [3] there are some necessary conditions for any
R-derivation of order s of P tddes'—integrable, and there is an example
of non-integrable R-derivation (In this example n=17 and R = 22).

In this paper there are also proofs of the following two partial results:
Theofem 18.1. Let s < s' = B. If HZ(F(m)) =0 and»Hl(F(w)) is

a free abelian group then every R-derivation of order s of P is s'-

integrable.

Theorem 18.2. Assume that the homology group Hl(F(w)) is free

abelian. Then

/3
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(1) Every R-derivation of order s < 3 of P is 3-integrable.

(2) If R is thorsion-free then every R-derivation of order < 5 of P
is 5-integrable.

(3) 1If R is 6-torsion-free then every R-derivation of order < 7 of P

is 7-integrable.
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