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Zeta functions and invariant hyperfunctions on

prehomogeneous vector spaces
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Introduction.

Zeta functions associated with prehomogeneous vector spaces,
which are originally introduced by Sato-Shintani [Sm-Shl], are
Dirichlet series which are absolutely convergent in a domain of
complex numbers with sufficiently large real part and which have
meromorphic extensions to the whole complex plane with finite
possible poles. These zeta functions satisfy functional equations
but may not have Euler products. These are constructed as a
Dirichlet series whose coefficients are numbers of equivalence
classes of lattice points in a vector space on which a Lie group acts
prehomogeneously ,i.e., the union of open orbits is dense in the
vector space. The precise definition and fundamental properties of
the zeta functibns of this type are given in [Sm-Sh].

Our interest on zeta functions associated with prehomogeneous
vector spaces is concentrated on the explicit computations of
functional equations and residues of the zeta functions. If we read
the paper [Sm-Sh] carefully, we can find that relatively invariant
hyperfunctions play important roles in calculation of the functional
equations and residues of zeta functions. In fact, it is proved

that the computation of the functional equation is reduced to the
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calculation of the Fourier transform of a complex power of a
‘relatively invariant polynomial. Moreover, in some important cases,
when we compute the residues, it is essential to compute the Fourier
- transforms of relatively invariant hyperfunctions whose supports are
contained in lower dimensional orbits.

However it is another problem to carry out the explicit
computations of the Fourier transforms of invariant hyperfunctions.
In [Sm-Shl, they calculate& the Fourier transforms for some examples
in an elementary way. But it is difficult to apply their method to
other examples. On the other hand, the theory of holonomic systems
and microlocal analysis provide us a strong tool for calculation.
We view relatively invariant hyperfunctions as solutions of holonomic
systems and analyze them microlocally. Then we can calculate the
Fourier transforms of them explicitly.

In this note we shall explain how relatively invariant
hyperfunctions are related to the computations of functional

equations and residues of the zeta functions.

§1. Prehomogeneous vector spaces.

The definition of pfehomogeneous vector spaces is very simplef
we say that a complex vector space VC is a prehomogeneous vector
space if a connected complex linear algebraic group Gc‘in GL(VC) has
an open dense orbit in VC' There are many kinds of such vector
spaces, which are partly classified by Sato-Kimura [Sm-Ki] and each
cf them has its own interesting properties. 'waever the condition
that (GC’VC) is a prehomogeneous vector space is too rough to give a

definition of zeta functions associated to it. ¥W¥e need some
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additional conditions to define them. In this note we assuﬁe rather .
strong conditions in order to make the explanation simpler. “F. Sato
[Sf] has given a definition of zeta functions associated to
prehomogeneous vector spaces in a more general situation.

Let VC be a finite dimensional complex vector space and let GC
be a connected complex linear algebraic group. Let p be a rational

representation of GC on VC' First we suppose that:
(1.1 VC decomposes into a finite number of Gﬁ—orbits.

Then all Gc-orbits except open ones are strictly less dimensional
than VC‘ The connectedness of GC together with the condition (1.1)
implies that there is a unique open dense orbit in~VC. This means
that the triplet (GC’O’VC) is a prehomogeneous vector space.

For a prehomogeneous vector space (GC'D’VC)’ we call the
complement of the open orbit the singular set and denote it by SC'

Orbits contained in SC is called singular orbits. The second

assumption is:
(1.2) The singular set SC is an irreducible hypersurface.

Then there is an irreducible homogeneous polynomial P(x) on VC whose
zero describes the singular set: S€={xEVC;P(x)=O}, and it is
determined up to a constant multiple. The last condition we suppose.

for complex prehomogeneous vector space is that:
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(1.3) Hessian of P(x):=det(%§f§ij)‘§ 0.

The triplets (Gé,p,VC) satisfying the above three condiiions
(1.1),(1.25 and (1.3) forms a class of regular prehomogeneous vector
spaces. For the definition of regular prehomogeneous vector space,
gee [Sm-Shl. The most important and fundamentél class of
prehomogeneous vector spaces would be the set of régular
prehomogeneous vector spaces whose group represenfation p is
irreducible. Such>prehomogeneous vector spaces are completely
classified in [Sm-Kil]l. Since many of them satisfies the condftions
(1.1),(1.2) and (1.3), the above three.conditions are not too strong
to develop the theory of zeta functions associated with
prehomoéeneous vector spaces. We can construct manyvnew zeta
functions under the above conditions.

Consider the dual triplet (Gg,p",Ve™) with V™ fhe‘dual space
and p* the contragredient representatioh. Then the dual triplet
(Gm,p*,v€*> also satisfies the conditions (1.1),(1.2) and (1.3). We
denote by SC* the singuiar set in VC*‘ Let Q(y) be an irreduciﬁle
polynomial defining the singular set SE*' Then the degree of Q(y)
coincides with that of P(x). Since P(x) varies up to consfant
multiple by the action of GC’ there exists a rational character X of»
GC such that P(p(g)'x)=x(g)P(xi for éll gEGC. Similarly we see that
Q(p*(g)°y)=x(g)_1Q(y) for all gEGC. That is to say, P(xXx) and Q(y)
are relatively invariant polynomials corresponding to the characters
x and X!, respectively. |

Next we consider a real forms of a prehomogeneous vector space.
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Let GR be a real form of GC (as a linear algebraic group) and let VRF
be a real form of VC (as a vector space). We say that (GC’O’VC) is
a real form of (GC’D’VC) (as a prehomogeneous vector space) if

p(GR) c GL(VR). Then (GR'p*’VR*) becomes automatically a real form

of (Gm,p*,VC*). For a real form (GR’D’VR)’ we suppose that:

(1.4) we can take a relatively invariant pdlynomial P(x) as a

polynomial with real coefficients on VR'

Hen we naturally see that Q(y) can be taken as a polynomial with real
coefficients on VR*’
Let Gi be the connected component of GR containing the identity.
The real form of Gc-open orbit is given by VR—SR with SR:=SCOVR.'
Each connected component of VR_SR is a G&—orbit. Similarly VR*_SR*
) NP %, ‘ _ . *
with SR "SC nVR is the real form of the GC open orbit in VC and

each connected component of VR*-SR* is a Gi-orhit. We denote by
TR T ‘ * o *_g K o K
Vluvzu UVQ—VR SIR apd V1 UV2 v uV2 'VR SR
the connected component decompositions of VR—SlR and VR*-SR*,

respectively.

There is a relatively invariant hyperfunction supported on each

closure Vi (resp. Vj*). Namely, we put:
olSie | Py |® if x€V,
(1.5 IP(X)Ii:= 0 , i f x&Vi (i=l,-**,%)
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lQy) |8, if yevi* .
o it yev ¥ (=l
, i

(resp. |Q(y)|?:= {
for complex number s with sufficiently large real part. Then it is
a continuous function on VR (resp.. VR*) and s is a holomorphic
parameter. We can easily check the identity:

3 s+1
Qpy) |P<x)|i

b(s)'IP(x)I?

.. s+l _ . S
(resp. P(ay) lQ(x)Ii = b(s) IQ(x)Ii ),
where b(s) is a polynomial in s called the b-function. By using

this identity repeatedly, we can prove that lP(x)I? (resp.

IQ(y)l?) is extended meromorphically with respect to s to the whole
complex plane. In other words, let Q(VR) be the space of rapidly

decreasing functions on VR' Then for fEQ(VR) (resp. fEQ(VR*)),

the linear functional:

f —— | o lPeolf ax ,

(resp. f +—— I f(y)~lQ(y)|§ dy )

defines a tempered distribution with a meromorphic parameter se€C.
From the definition, lP(x)l? (resp. |Q(y)|?) is a relatively
invariant hyperfunction corresponding to the character xS,

(resp. x %),i.e., IPCo(gr ) 15=x() % 1P |§

s

(resp. IQ(O*(g)'y)|?=x(g)_ 'IQ(y)I?) for all geGﬁ. The complex

power lP(x)I? and lQ(y)|§ are called local zeta functions of
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prehomogeneous vector spaces (GR,D,VR) and (GR,p*,VE), respectively.
They will naturally appear in the definition of global zeta functions

in the next section.

§2. Zeta functions.

The definition of the a zeta function associated with a
prehomogeneous vector space is a little complicated. We need some
preliminaries. Let (GC’p’VC) be a prehomogeneous vector space
satisfying the conditions (1.1),(1.2),(1.3). Let (GR’p’VR) be a
fixed real form of (Gc,p,vc) satisfying the condition (1.4).

Consider a Q-form of (GR’p’VR) where @ is the rational number field.
Namely, let G® and V®ibe Q-forms of GR and VR’ respectively,
satisfying p(GQ)CGL(VQ). We put G§:={geGi;x(g)=l} and suppose that
Gé is a unimodular group. Let L be a Z-lattice in V® and let I be a
discrete subgroup in G&nGQ. We suppose that L is [-invariant ,i.e.,
p()-L=L. For a rapidly decreasing function £(x) on VR’ we consider
the integral:

- Cwl . S
Z, (f,L,8):= I erLnVif(p(g) X)'x(g)” dg,

geGi/F
where dg is a Haar measure on Gi and seC. We suppose that the
integral Zi(f,L,s) is absolutely convergent for any feg(VR) if the
real part of s is sufficiently large. When f is a positive function,
and the real part of s is sufficiently large, the integral Zi(f,L,s)

is rewritten as:
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Zi(f,L,S) = gi(s’L).Iv f(X)'IP(X)IS_(n/d)

1

dx , (i=l,-++,0)

: . + . -8 .
with &i(s,L).-Exeani/w Vol(Gp /T >+ |P(x)| 7.  Here, d is the

homogeneous degree of P(xX); n is the dimension of VR; ~ is the
equivalence relation by T'; Gﬁx and Fx are isotropy subgroups at x of
Gi and I', respectively; Vol(Géx/FX) means the volume of the
fundamental domain G&xlrx' The assumption of the convergence of
Zi(f,L;s) implies the convergence of the Dirichlet series &i(s,L) for
any s€C with sufficiently large real part. In the dual
prehomogeneous vector space (GR,p*,VR*), we can define the same
integral:

S

* * * -
Zi(f,L s8) = f zyeL*nV* fp () y)-x(g dg,

gGGR/F i

=& (S’L*).Iv* fyle 157D gy e, L0
j |

with the Dirichlet series: sj*(s,L*):=2 Vol(Gﬁy/Fy)~lQ(y)|_s

yGL*nV?/N
,» where L* is the dual lattice of L. We also suppose that

Z?(f,L*,s) is absolutely convergenf for all fey(Vﬁ) if the real part
of s is sufficiently large. Then the Dirichlet series i?(s,L*) is

also convérgent when the real part of s is sufficiently large.

Theorem 2.1, (Sato-Shintani [Sm-Shl)

(1) The Dirichlet series &, (s,L) (i=1,---,0) and &?(S,L*)
(j=1,--~,£) can be extended to.thé uhoLe‘cbmpLem plane as meromorphic
functions and sdtisfy:thevfunoiional equation of the form: £ (s,L) =

n .0 * ioiml e i
2j=1 ;8 ﬁj(d s,L"). Here ¢y () (i,j=1, ,4) are meromorphic

_78_
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functions in s.
(2) The locations of poles of Ei(s,L) and i?(s,L*) are contained

in the set {kK;b(-k)=0}. Here b(s) is the b-function of P(x).

It has been proved by Sato-Shintani [Sm-Sh] that the explicit
determinations of Cij(S) (i,j=1,°++,2) are reduced to the
computation of the Fourier transforms of |P(X)l? (i=l,+*+,2). The

Fourier transform of |P(X)|? is written as a linear combination of
-s-(d/n)
J

problem is to compute the coefficients. Sato-Shintani [Sm-Sh]l

lQ(y) | (j=1,-++,2) with meromorphic coefficients in s. The
computed them in a typical example in an elementary way which is not
applicable to other examples. At the present time, the most
powerful way of the computation would be the method using holonomic
systems and micro-local anal&sis. Kashiwara-Miwa [Ka-Mi] explained
the method of microlocal analysis precisely and [Mrll,[Mr3] gave some
examples of explicit computations by means of microlocal analysis.

On the other hand, the explicit computation of the residues (or
the principal parts) of the poles of zeta functions is far more
difficult. We may say that there is no routine way to compute them
yet. However if we read the paper [Sm-Sh] carefully, we realize
that invariant hyperfunctions supported in the singular set would be
important for the calculations. In some important examples, we
observe that some orbits in the singular set admit Gﬁ—invariant
measure on them. They are extended uniquely as a relatively
invariant tempered distributions. Indeed, [Sm-Sh] has computed the
residues of example by reducing the problem to the calculation of the

Fourier transforms of the relatively invariant measures on the orbité
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in the singular set. Consequently we may Say that the calculhs4of
relatively invariant hyperfunctiohs isvessential also in the
calculation of the residues. |

In [Mrll and [Mf3], we have proved for four exampies that any
orbit invthe singular set has a Gﬁ-invariant measure on‘it and
compute the Fourier transforms of it by microlocal ahalysis.
Moreover we can prove remarkablé properties of relatively invarignt
distributions supported on the singular set by means of the theory of
holonomic systems. In the next section we shall state some theorems

on invariant distributions on prehomogeneous vector spaces.

§3. Singular invariant\hyherfunctions.

Let (GC’p’VC) be a prehombgeneous vector space satisfying the
conditions (1.1),(1.2) and (1.3), and let (GR,p,VR) be a fixed real
form of (GC’p’YC) satysfying thg condition (1.4). We shall use the
same notations in the pfeceding éections. In this section, we

suppose that:
(3.1) Any Gc—orbit in SC is a Gé—orbit where Gé:={gEG€;x(g)=1}.

Sihce G§:=G£0Gé; the condition (3.1) implies that any G&-orbit in SR
is a Gi—orbit. We call a Gi-orbit in SR‘a real singular orbit.
The realbsinguiér set SR decomposes into a finite number of Gi—orbits
from the assumption (1.1).

The main theme bfvthis SeCtion is‘G§4invariant‘hypeffunctions
whose support is contaiﬁed inkSR. wé’éall'sueh functions singular

hyperfunctions. But explicit construction of singular hyperfunction

_.10..



is difficult in general. We shall try to construct them from the
complex powers of relatively invariant polynomials P(x).

We have introduced G&—invariant hyperfunctions IP(x)I? . The
hyperfunctions IP(x)I? , which are tempered distributions, are
relatively invariant with respect to the action of Gi corresponding
to the character xs, They depend on s€( meromorphically. Let sO
be a point in € at which lP(x)l? has a pole of order md. Then we
have the Laurent expansion:

(3.2) PG| = 3,7 ALK (x)-(s—so)k ,

k=-m0 i s

where A.k (x) (k=-m
is
0
They are not relatively invariant any longer except for Aiks (x).
0
If k is a negative integer, then the support of Aiks (x) is contained
0

in the singular set SR' It is natural that we expect that any

,~m.+1,-++) are tempered distribution on VR'

0 0

singular G&—invariant tempered distribution would be written as a

linear combination of Aiks (X). In fact, we have the following
o
theorem.
Theorem 3.1
We suppose the conditions (1.1)~(1.4) and (3.1). Then any

Gé-invariant singular hyperfunctions on VR‘is written as a linear
combinations of the coefficients of the Laurent exzpansions of IP(x)I?
(i=1,---,4) of negative order if any relatively invariant

hyperfunction is written as a linear combination of IP(x)I?
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(i=1,';‘,.Q.).‘

The proof is given in [Mr2]. The condition that any relatively
invariant hyperfunction is written as a linear combination of !P(X)l?
(i=1l,+++,%) can be proved in éome caées by microlocal analysis. It
a singular invariant tempered distribution is written as a linear
combination of Laurent coefficients of |P(X)|? , then the Fourier
transform of the tempered distribution is computed from the data of
the Fourier transform of lP(x)l? (i=i,'°°,£). For‘example, thg

Fourier transform of Aiks (X) defined in (3.2) is obtained by
0

computing the Laurent expansion of the Fourier transform of IP(X)I?‘
at $=8,. Therefore the problem that we have to solve is to compute
the explicit presentation of a singular hyperfunction by Laurent
expansions of IP(X)I?. In order to carry out this computation, we
need more precise information about the microlocal structure of
IP(X)I?. It would be possible after establishing the theory 6£ real
principal symbols of régular holonomic microfunction the aufhor is

now studying.
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