0000000000
0 6340 1987 01l 24-143

EXAMPLES OF SEMIrSTABLE'DEGENERATIONS OF KUNEV SURFACES
Sampei USUI

0. This article consists of some examples of semi-stable
degenerations of Kunev surfaces together with some remarks concerning
about a compactification of their moduli space and the Tofelli
problem.

A Kunev surface X 1is defined as a canonical surface with
2

x(@x) = 2 and (mx) = [ which has an involution o¢ such that
X/0 is a K3 surface with rational double points (RDP, for short).
Let ’R be the minimal model of a Kunev surface. Then it is known
that ? is a simply connected surface of general type with pg.: c?
= ] and its bicanonical map is a Galois cover of Pz with %al =~
(Z/Z)ez whose branch locus consists of two cubics and a line on
Pz, and that 2 has the following numerical invariants:
S D S I L S C I N AR NG SR T 2
wiry) = w2y =0, wlcry = 18.
X X ' X

S O MO SAE S S ARG S ()

nlrp? = 12,
It is also known that the moduli space M (resp. R) of surfaces
with pg = o? = ] (resp. Kunev surfaces) is irreducible and rational
(resp. irreducible). (For the above facts, see [Ca.l]l, [Ca.2],
tv.23, [(T.21, [SSUI, I[M1.)

On the Hodge theoretic view-point, surfaces with pg = cf =17

or, as its subfamily, Kunev surfaces are interesting materials.
After Kunev constructed an example of a Kunev surface as a
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counterexample to the infinitesimal Torelli theorem, the following
results are known:

(0.2) The generic infinitesimal Torelli theorem holds for
gurfaces in M ((Ca.l1l1l1).

(0.3) The period map ¢2 of surfaces in M has positive
dimensional fibers ([T.11; [U.1], [U.21; [T.1] treats only Kunev
surfacés).

(0.4 & in M is characterized by dim ¢21®2([X]) = 2, which
is the mazimal dimension of the fibers of ¢2w ([U.1.

" €0.5) The infinitesimal mized Torelli theorem holds for pairs
(X, C) of surfaces X in M and their smoolh canonical curves C
([U.31).

(0.6) The generic mized Torelli theorem holds for Kunev
surfaces ([L1, [SSU]l; there is a pornt about monodromy which is not
clear in [L1).

(0.7) There exists a Zariski open subéet U of & such that
o ‘o) = U, where © : M — I'\D is the mized period map (L[SSUI).
Hence, in order to solve the mixed Torelli problem for surfaces in M
via Kunev locus ®, it is necessary to study the following:

(0.8 A compactification of the mized period map & @: M — I'\D.

(0.9 The monodromy f» in (0.7), where we used a geomelric one.
(For a general reference of the above as well as for the terminology
such as mized period map, mized Torelli etc., see [SSUI.)

We shall report here some results in an experiment concerning
about the prblem (0.8). We shall constiruct some examples of
.semi—stable degenerations of pairs of Kunev surfaces and their

canonical curves in the sequel. The examples in 1, 2 and 3 are of
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type I with respect to the local monodromy of the pure second
cohomology. The examples in 4 and b are of type Il and type II]
respedtively.

As for the problem of a compacfification of the moduli space §
of Kunev surfaces, Horikawa and Shah constructed a compactification
of the moduli space of K3 surfaces of degree 2 as one of thé moduli
space of séxetic curves on Pz by the geometric invariant theory

(LH1, [Shl). The latter contains. a 70-dimensional subspace 3

which is a compactification of

R = {Z Cj € Sym2|0 2(3)| | = Cj has only simple singularities}/SL3.
IP .

A "compactification" of & sits over %.

We use the terminology a numerical K3 surface for a minimal

surface with pg =17, q =0 and o? = (0 (for this terminology, cf.
also [K1). Numerical K3 surfaces appeared in this article have an

elliptic fibration with one double fiber.

1. Let C] and CZ be general cubics on Pz. Denote by

éj C ﬁz the dual curve of Cj c Pz, i.e., the imagé of the Gauss

map. Then each éj has nine cusps corresponding to nine inflexes
on C; = éj has nine bitangents bi with tangent points P_, and
PiZ (1 £ 1 < 3) subjected to nine nodes of X Cj’ and we have two

stratifications of ﬁz determined by X éj and X bi:
v2 v2 v v v v
: = - i , - ., 1+ 8i ,
1.D» P (P z CJ) oz CJ (xz PJL Sing(X CJ))
o (x Slng(Cj)) o n Cj) Uz Pji)
RO | Rj I R} | R2 I Rb.
B - £ D) 1m (=D, - sing(x D)) 1l Sing(x D)

1.2 p?
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= SO | S] i SZ‘

We dendte by Y the minimal K3 surface which is obtained as the
minimal resolution of the double cover of P2 branched along X Cj'
Let o, Yy — P? be the projection and Ei (1 < i < 89) be the
exceptional curves for aj’ i.e., (-2)-curves.

(1.3) Case tO € S] N RO: We may assume tO € bj. Let A be
a small disc with center 0 = tO intersecting transversely with
b] such that A% := a - {0} c Sy We denote by £ c A x P?  the
total space of the family of lines {Lt}tEA' We can construct a

semi-stable degeneration of pairs. of Kunev surfaces and the canonical

curves over A in the follwing way: (0) Set o = 7 X o, AXY —

AxP® and &, =AxE, (1<i<9. (i)Let B:8— AxY be
the blowing-up along a~]£ n 61. Denote by Wg the exceptional
divisor. (ii) Take the double cover 7y : %i —— % branched along
) g + g7y 6, (iii) Let & : £, — % be the contraction of
IR e> §,). (iv) Let 4 — %4 be the contraction of 6(8?)-]Wy.
(In the above notation, we use a-jﬂ etc. as the proper transforms.)

Set 2% =‘(5(aﬂy)_1£ with reduced structure) and W% = év-ng.

Then we can prove the following: (a) The projection f : (%, ﬂq) —
A is a semi—-stable degeneration of pairs (for the terminology, see

[SSU1). K, = £, + W.. (b) The pair (X ) = £ et

q q q ' "X,t
consists of a minimal Kunev surfaces and its canonical divisor which

L

is an anmple, smooth curve of genus '2.vfor t € A*. The central
fiber of f 18 as Figure 1. (¢) 4 has an isolated singular point,
raised from C] N CZ n LO' which is analytically isomorphic to the

cone over the Veronese embedding of P2 c p® by |O 2(2)|. Ki i8
P
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nef.

v

(1.4) Case t, € Rb: We may assume tO = ij. We use the

0
notation A, ¢ etc. in the same sense as. in (1.3). The

construction (0)-(iv) in (1.3) yields a family of pairs f . (4, Zi)
— A and %. We can prove the following: <(a) The ceniral fiber

XO of f 1is not a divisor with normal crossings (see Figure 2).

The total space 4 18 smootlth and K% = Z% + W,. (b) After a base

%
extension Ay, — 4, 8 F—*,t = 32, we can get a semi-stable
reduction f° @ (A7, Z%,) — 4, of F whose central fiber is as
Figure 3. (Because of the limit of pages, we omit the details of
the process of reduction and contraction.) (c) The same statement

as {(c¢) in (1.3) holds.

v

(1.5 Case tO € SZ: We may assume tO € D] n 52. We use the
notation A, £ etc. in a similar sense as in (1.3). An analoguous
construction (0)-(iv) as in (1.3) yields a family of pairs
o a, Z%) — A and % with the following properties: <(a) The
same statement as (a) in (1.3) holds. (b) The central fiber of f is
as Figure 4. (c) 4 has two Veronese cone singularities raised from
two points CI N CZ N LO‘ Ki i8 nef.

Remark. For fixed general cubics C] and CZ’ we constructed
a complete family of degenerations of Kunev surfaces over ﬁz and
described their fibers Xt’ t € ﬁz, in [U.4,13, [U.B]. We point
out here only that the stratification (1.1) controls RDP on the main
components Vt of Xt’ whereas the stratification (1.2) controls
their Kodaira dimensions. In fact, we know that the main component

Vt 8 a (singular) Kunev surface, numerical K3 surface with one

double fiber, or K3 surface according to ¢ € SO’ Sj, or SZ (for
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more general statement, see Remark in 3).

2. Next we consider the case that both cubics Ci and’
CZ degenerate -into two'pairs of: cocurrent three lines. Denote by

,Qj ‘the triple point of Cj (=1, 2). We deal with the general

situation . in this case, i.e., we assume moreover that < Cj ‘consists

of six different lines and that Qj = QZ’ Denote by éj the line

v

on Pz corresponding to the pencil of lines through Qj on Pz (7

=1, 2). Then we have a stratification of P2:
v2 _ v2 _ v v _ v v v v

= T, 0T, UT.,.

1 2

g ‘
Let Y be the minimal K3 surface which is obtained as the

minimal resolution of the double cover of P2 branched along X Cj
and let. o, : Y — P? be the projection. We denote by Ei (1 < 1
£ 3) the (-2)-curves on Y which are mapped by o, to the nine
points Ci N CZ' Notice that, beside the Ei’ Y carries two
D4—configurations of (-2)-curves over the triple points Q. of C

J J’

(2.2) Case tO € T] and the line Lt ¢ = Cj: In this case,

0
the line LtO passes one and only one of the two triple\poinfs, say
Qj. Let A be a small disc with center 0 = tO’ intersecting

transeversely with é] such that A c TO - (Z C;)V. Let ¢ c A X
Pz be the total space of the family of lines és.before. Similarly
as in.(1.3), we can construct a family_of pairs f : (%"ﬁi) — A

which is a degeneration of bairs of Kunev surfaces and the canonical
cﬁrves in the following way: (0) Set o =1 x o, A XY ——eyA X |

2 - . N - L
P“, 8, ka.x E, (,] < i ‘,9? and Qj - A x’aj (Qj) (j =1, 2).
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1

(i) Take the double cover 8 : 11 — A X Y branched along o ‘¢ +

z 6i. (ii) Let Yo %1 —— 94 be the contraction of B_j(Z &i).

(iii) Let & : £ — 94 be the contraction of YB_I

1

(2 Qj).

Set Z% = (?(aﬁ)— ¢ with reduced structure) and f :@ (%, Zq)

— A, the porojection. Then we can prove: (a) XO of the central

-1

fiber [ "(0) = (X L ) 18 irreducible. Rising from the

g =X, 0
cocurrent four lines C] + L omn PZ, XO has the singular locus

which is a rational curve consisting of double points, on which there

are four cuspidal points. The total space A is smootlth and Kq =
ﬂa which is nef. (b) After a base exitension AZ — A, 8 +— T =
32, we get a semi—stable degeneration f~ : (47, ﬁ%,) — AZ of

pairs of Kunev surfaces and the canomical curves, whose central fiber
i8 as Figure 6. (We omit the details of the process.) (¢c) Rising
from the two triple points QI and QZ’ 4 has foui compounds R.D.P.
of type D4, two of which coming from Q] clash to make up a simple
elliptic singularily of type E8 in the sense of K. Saito on the
central fiber XO with a local equation
z2 + y(x4 * yz) = 0.

(2.3) Case tO € TZ: We use the notation A, £, 6i’ 9j etc
in (2.2). An analogous construction (0)-(iii) in (2.2) yields a
family of pairs f ! (4, Zq) — A and X with the follwing
properties: <(a) A similar statement of (a) im (2.2) holds but now

the singular locus of XU congists of two copies of the rational

curves as before. (b) The same statement as (b) in (2.2) holds and
the central fiber of the semi—-stable degeneration f° : (%', ﬁﬁ’) —
AZ i8 as Figure 6. (c) A similar statement of (e¢) in (2.2) holds

but mou each pair of compounds R.D.P. of type D, on %, coming from
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Q. (§j =1, 2), clashes to make up a simple elliptic singularity of

type Fg.

3. Consider now the case that CI is degenerating into a
smooth conic @ and a line L. Assume that Q, L and a smooth
cubic CZ are in general position on P2, Let {Ct} be a family

of cubics on p? over a disc A such that CO = Q *+ L and that

Ct is smooth and intersects transversely with CZ for t € A%,
Denote by #, the total space of the family {Ct}tGA’ ¢, =46 xC,
and £ = A x L. Assume that QZ is smooth. Then we can construct
a degeneration of pairs f @ (4, Z%) — A of Kunev surfaces and
their canonical curves in an analoguous way as (0)-(iv) in (1.3).

On this stage, XO of the central fiber f—l(O) is not reduced,
hence we need a semi-stable reduction by extending the base AZ —_—
A, 8 — L = 82. Figure 7 illustrates the central fiber

1(0) of the resulting family f° : (47, Z%,) —

(X 01 LX’,O) = f
AZ. Contracting W% (3 < i< 5, 9 <i < 1171, Wé and W; (6 < i <
§) in this order, we get a simpler semi-stable degeneration

f" N (a” ’ Z%n) — AZ
-1

of Kunev surfaces. The central fiber

(Xb’ X" ;0) = f

—— 4 Dbe the contraction of W% (12 £ 1 < 17). Then Ki becomes

L (0) is as Figure 8. K%" is not nef. Let I”

nef and % has six Veronese cone singularities.
Remark (cf.[U.4,I1], [U.5]1). Recall the notation % in 0.
For any fixed ({Z Cj] € N, we define functions in t € ﬁz by

m(t) =X omin{IP, L,nC) | j =1, 2}, and
pep J

#{triple points of C. on Lt’ ji=1, 2}.

n(t)
J
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Notice that if Cj has a triple point then Cj consists of three
distinct lines with a common point. These functions define two

stratifications of ﬁzz

P2 = Sy, 1S, 1S,, wvhere S, = {t € p2 | m

p? = TO u T] u TZ’ where Tn = {t € p

Notice that codim Sm =m, codim TO = (0, and codim Tn =n if T

min{2, m(t)}}.
nlt)}. |

B
I

n

is non-empty (n = 1, 2). We can construct a complete family of
degenerations of Kunev surfaces 7: 90— ﬁz and we can prove:

(3.1) The main component V, of the fiber ¥ 1t) is a
(singular) Kunev surface, numerical K3 surface wilh one double fiber,
K3 surface, elliptic surface with Py = a4~ 1, or abelian surface
according to t € 50 N TO’ S], SZ’ SO N T], or TZ‘

3.2 If t ¢ SO N TO’ the main component Vt i8 an elliptic
surface. Vt has constant J-invariant if and only if t € Tj n TZ'
If this is the case, the K3 surface Y is a Kummer surface
associated to a decomposable abelian surface Dj X DZ’ where Dj ig
an elliptic curve (j =1, 2).

Combining with the Clemens-Schmid exact sequence ([Cl1), (3.1) yields
a uniform explanation of the appearance of positive dimensional
fibers of the period map of Kunev surfaces and elliptic surfaces with
pg =] and q = 0, 1:

Q.3 50 N TO’ SI’ and SO N Tj appear as positive
dimensional fibers of the period map of the pure second cohomology of
Kunev surfaces, numerical K3 surfaces with one double fiber, and

g
surfaces and elliptic surfaces with pg =q =1, these phenomea were

elliptic surfaces with p_ = q = | respectively. (For Kunev

pdinted out separately in [T.1], [U.1], [U.2] and [Sal.)

- 9 -



4. Next we consider the case that Cj is approaching CZ’
Let CZ be a smooth cubic and L a line on P2. vAssume that CZ
and L intersect transversely. Let {Ct} be a smooth family of
cubics on P2 over a disec A such that CO = CZ and that Ct
intersects transversely with CZ for t € A*. Denote by ﬂj the
total space of the family {Ct}tEA’ €, = & X C, and £ = A X L.
Then, as before, we can construct a degeneration of pairs
f 4, K%) —— A of Kunev surfaces and their canonical curves. on
this stage, XO of the central fiber f-I(O) is not reduced, hence
we need a semi-stahlg reduction by extending the base AZ — A,
g +— L = SZ.- The resulting family f° : (A7, ﬁg,) —_*.Ag has the
central fiber illustrated as Figure 9. Contracting W; (2 £ 1 < 7)

we get a nef terminal model_ { which has six Veronese cone

singularities.

5. We consider here the case that CZ and CZ are
degenerating into the same set of three distinct lines X Mi' Let
L be a line on Pz. Assume that X Mi + L. has no triple points.

Let {C] t} and {CZ t} be two families of cubics on P2 over a

disc A such that CZ,O = CZ,O =2 Mi and that Ci,t and CZ,t
are smooth and intersect transversely for { € A*. Denote by QI
and ili
by QZ the total space of the famélles {CZ,t}tGA and
v‘{CZ,t}teA respectively and £ = A X L. We also assume that Qj (f
=1, 2) are 'smooth. Then, as before, we can construct a

degeneration of pairs f : (4, ﬁa) — A of Kunev surfaces and their

-1

Canonical curves. Since XO of the central fiber f “(0) 1is not

...10..
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reduced, we should perform a semi-stable reduction by extending the

base AZ — A, 8 +— 't = 32. The resulting family f° : (X7, ﬁ%,)
—_ AZ has the central fiber illustrated as Figure 10. Let 4" —
4 be the contraction of W, (19 < i< 24). Then Kz = £z, which

is nef, and % has six Veronese cone singularities.
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Figure 1

K

a

vV :

= £

a

_..1 _ _
x T Vg
homotopic K3 surface
v = zatv Doan eLLiptic‘qurve

o — ~ 2
W o= WEI ~ P% £

K

alwa D a line

IFigure 2
-1 _ -
I (0).— (XO’ LX.O)' XO =y + Wm
KEI = 21 + wa
V ¢ a homotopic K3 surface
- Y
W .= wa ~ P
Figure 3
f"l(o) = (x!, L ) xt=vr o+t
B > Txh0? -0 17k

o !
Kx/— le"' X Wk

v .

k

a numerical K3 surface with one double

fiber

W! = F, : a rational ruled surface (1 < k < 3)

1

Lyrn V' : an elliptic eurve

Figure 4
ey _ -
f 0 = (XO. LX.O)' XO =V + 2z wi
Ka = za + 3 wi
V : a K3 surface
KV = ﬁalv ¢ a (-1)-curve
W, o= P2 (1 =1, 2
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Figure 5

coming from C

K___./\___\

1

‘v'

coming

from C2

F—--—--——*/-)--—-'/---','
E 4 3
-
LX' (g ’ .
’// ¥ ’

rlo) = x), Dy gls Xp= V' 4 W K= Lot W'
V' : an elliptic surface with pg =q =1, with two singular fibers of type I;
and with four sections each of which is an elliptic curve with self-intersection
-1
W' : One description is as follows. We start with a configuration below of two

Y 2 ~ [} ! ~ !
cubics D, and D, on P° such that D, =7V'n W' and D, ~.tx,a W',

- 13 -



where Ao 18 a common inflex on DV and D, with intersection multiplicity

L
I(A 0; DV N DL) = 3; there is unique abelian group structure on DV and DL
guch that 4, is the zero element; A, (0 < k < 3) are the four 2-torsion
points both on D, and on D, with respect to the above abelian group

structures and I(A,, D, n DL} =2 (12kz3). Blow-up twice at each of

4

the four common points D, nD;, we get W',

V'A W' =Dy Lyt n V' and Ly'aW' = D are elliptic curves.

Figure 6

coming from C1

V’
coming
from 02
/"‘1
“?;7
7
-1 :
' = ! 1 = ! ’ r - ’
() = (Xo, LX,’O), Xp=V'+ W+ Wy Ky, Ly + X wj
V! : blowing-up one point on a decomposable abelian surface D, x Dy, where Dj

is an elliptic curve (j = 1, 2)
WJ'- (§ =1, 2) : a rational surface like W' 1in Figure 5
V' A WJ’. and ‘t.%"‘ WJ’. are elliptie curves (j = 1, 2)

xj{’n V' : a (-1)-curve
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Figure 7

3 copies .
3 copies

(come from L ntCZ)

(come from L r\Cl)

, 17 - _ 5 11 17,y

V' : a K3 surface bloun-up two points (come from Q n L)

=V +3Z

W} ! One description is 14 times blown—-ups of FI in the following
. ¢
way. - LN LX»""W;//{ .

AL
\ [

Ll el Ul Bl B

F , VAW W
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Wé . One description is siz times blowun-ups of Pl-bundie of degree

7 over a curve of genus 3 in the following way.

.—____.
-7 : -
b.u. b.u. . Wg’
7
L L 4
' . , : o p2
W > F, (3 1 < 6), W, =F, (6<ix<8 12 < i< 17), W: =P
(9 <i <11
Figure 8
6 coptes (come from L n CZ)
VII
W17
"1
1
" - " 17 7] — 17
V' : a minimal K3 surface

w; ! One description is

\\\U\-Z//A

—_—l el —}|—

W';.' ~P? (12 < i< 17), Lyn , ¢ a curve of genus 2
50
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Figure 9

3 copties (come from L r\Cz) 9 copies (from 01 "02)
———— B - (“‘/h—_—\

Lyi,0 -1
3
-1 B
-1 _
3
-1
bl oy 19,y _ 19 ...
V; ! a rational surface. One degcription is six times bloun-ups
of Fj in the following way. (i = 1, 2). ) 7{;n;7/
Del Pezzo surface Lv, AV,
1 of degree 3 w;?\IT’ Kyonts W

N

F
i
TR
,3//‘7/4 _,.%
-

L |~
W} ! One description i8 15 times bolun-ups of an elliptic ruled
surface of degree 6 in the following way.
.V;/n W;I
9 copies 3 coptes| 9 copies

W;:zﬂ’z (14 < i < 19)
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XI
V'

wl
WI

Figure 10
3 .
o e \»t AN
112 | I
w! ™~ 4
19
W' -4 1\\\\\_ -2
- ~. RN 0
0’2' 214 -2 0 W!
= - 2
72 { )
' r 1/ W
Wpe I S\l a1
-| f—[ W!
v! 1 o[-z f
1 2 Z ’4 -2 .—1
-1 a 2 4]
-2
L )
X',0
rational
e ,_./
A o 3 -
{ i
2 IH i
{ -2
14
VZ f =2
72 -
~ 0
-2
Wéa rational
4
W24 ‘
2 6 24..,, 24 .,
= + + = +

: a rational surface which is the minimal resolution of the double

cover of P2 branched along 2 Mﬂ + L

! a rational surface (cf. the above drawing) (1 < i < 3)

14

F, (44586, w;gpz (19 < i < 24)
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