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ABSTRACT
We prove that every expansive homeomorphism
with the pseudo—orbit tracing property of
the n-torus is topologically conjugate to

a hyperbolic toral automorphism.

The strongest useful equivalence for study of the orbit
structure of homeomorphisms will be topological conjugacy.
Our investigation will be within the context of the conjugacy
problem for homeomorphisms with expansiveness and the pseudo-
orbit tracing property (abbrev. POTP). The author proved in
[11] that every compact surface which admits such homeomor-
phisms is the 2-torus and moreover that such a homeomorphism
of the 2-torus is topologically conjugate to a hyperbolic
toral automorphism. Thus it seems that the orbit structure
of homeomorphisms of the n-torus will be determined under the
assumption of expansiveness and POTP. And so it will be na-

tural to ask whether every homeomorphism with expansiveness
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and POTP of the n-torus is topologically conjugate to a hy-
perbolic toral automorphism. An answer of this problem is
given as follows.

Theoren. Let f : Tn

> T% be a homeombrphism‘of the
n-torus. If f 1is expansive and has POTP, then f 1is to-

pologically conjugate to a hyperbolic toral automorphism.

Let (X, d) be a metric space and f : X - X be a
{self-) homeomorphism. We say that f isfexpansive.if

there is ¢ > 0 (called an expansive constant) such that if

X, y € X and x = y then d(fn(x), fn(y)) > ¢ for some n

€ Z. A ‘sequence {xi}iez of X 1is a §-pseudo-orbit of f
if d(f(xi), xi+1) < 8§ for all i € Z. A point x € X g-
traces a sequence {Xi}iez of X if d(fi(x), xi) < g for
all i € Z. We say that f has POTP if for g > 0 there

is 3§ > 0 such that every §-pseudo-orbit of f is g-traced
by some point of X. , Note that if X is compact, then ex-
pansiveness and POTP are independent of the metrics compati-
ble with original topology, and preserved under topological
conjugacy. For materials on topological dymanics on compact
manifolds, the reader may refer to A. Morimoto [14].

For global analysis of our homeomorphisms; we prepare
the notion of generalized foliations on topological manifolds.

Let M be a connected topological manifold withéut

boundary and ¢ be a family of subsets of M. We say that

4 is a generalized foliation on M if the following hold ;




(1) # is a decomposition of M,
(2) each L € Z (called a leaf) is arcwise connected,

{3) if ‘X’G'M then there exist non-trivial connected

subsets Dx’ KX with Dx n KX = {x}, a connected open neigh¥
borhood N, of x in M and a homeomorphism W, + Dy x K
- NX (called a local coordinate) such that

(a) ¥ (x, x) X, , |
(b) ¥, (v, x) =y (v € D) and ¥ (x, z) = z (z € K_),
{c) for any L € ¥ there is at most countable set B ¢
KX such that Nx nL = wx(Dx x B).
Let F be a generalized foliation on M. Ifb x € L
for some L € %, then we see by (b) and (c) that DX c L.
For fixed L € F let QL be a family of subsets of L
such that for any D € QL there is an open subset O of M
such that D 1is a connected component in O n L. Then the

topology generated by QL is called a leaf topology of L.

If DX is as in (3), then DX is-open in L (with re-

spect to QL). Hence D is open in L if and only if to x

.

€ L, Dn Dx is open in Dx‘ Note that the leaf topology

has countable base.

If f : M-> M is a homeomorphism such that f(%) = Z,
then it is easily checked that f : L - L. is a homeomorphism
(with respect to QL).

Let ¥ and %’ ©be generalized foliations on M. We

say that % is transverse to %' if to x € M -there exist

non-trivial connected subsets D D.’  with DX N Dxf = {x},

x’ X

a connected open neighborhood Nx of x in M (such a



83

neighborhood Nx is called a coordinate domain) and a
homeomorphism ¢, + Dy x DX’ - Ny {in particular called ca-
nonical coordinate) such that

(a)’ o (x, x) = x,
(b)" ¢ (v, x) =y (y e D)) and ¢ (x, 2) = 2z (z € D.'),
(c)! for any L € F there is at most countable set B’
., ) o
c DX such that NX n L_— <pX(DX % B’)?
(d)’ for any L’ € %’ there is at most countable set B
? -— 1
c Dx such that Nx n L = ¢X(B g DX ).
We denote by L(x) and L’(x) the leaves of transverse
generalized foliations ¢ and &' through x respectively.

Let N be a coordinate domain and write D(x) and D’(x)

the connected components of x in N n L(x) and N n L’'(x)

respectively. For x, y € N it is not difficult to see
that D(x) n D’{(y) 1is a single point. And so we can define
a map

Ny NxN-— N

by (x, y) +=—— D(x) h D'(y), and have then YN is continu-

ous and

?N(X’ X) = x-, YN(xr YN(Y’ z)) = YN(X’ z) ’
YN(YN(X, v), z) = wylx, z) .

If N and N are coordinate domains and if U is a
coordinate domain such that U ¢ N n N, then the following is

checked from the definition
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Y =7 = 7
u Nlyxu x|
UxU

Let f be a homeomorphism of a metric space (X, d).
For x € X, define the stable set Ws(x) and the unstable

se Wu(x) by

Wi (x) = {y € X : d(f™(x), £7(y)) » 0 as n = =},

Wix) = [y € X : d(f(x), f%(y)) » 0 as n -+ -}
and put

7% = (W9(x) & x e X} (o =ls, u).

Then 9% is a decomposition of X and f(?%) = 7%.

For the proof of Theorem we need the following two pro-

positions.
Proposition A. Let M be a closed topological mani-
fold and f : M » M be a homeomorphism. If £ is expan-

sive and has POTP, then ?? and 9? are transverse general-

ized foliations on M.

When F is a generalized foliation on M and there ex-
ists a generalized foliation transverse to %, the orien-

tability for Z will be defined.

Proposition B. Let f : M » M Dbe as in Proposition A.

If the generalized foliation ?? is orientable, then there



exists Q2 € N such that for any m > 4§ =all the fixed points

of f have the same fixed point index 1 or -1.

If we established Proposition B, then our theorem will
be obtained by using skilfully the techniques of J. Franks
[8], M. Brin and A. Manning [4] and the author [11].

For the details of this paper, the author hope to appear

elsewhere.

References

[1] N.Aoki : On homeomorphisms with pseudo-orbit tracing
property, Tokyo J. Math., 6 (1983), 329-334.

[2] R.Bowen : Equilibrium‘states and the ergodic theory of
Anosov diffeomorphisms, Lecture Notes in Math., 470 (1975),
Springer;

[3] G.Bredon : Sheaf Theory, McGraw-Hill, New York, 1967.
[4] M.Brin and A.Manning : Anosov diffeomorphisms with
pinched spectrum, Lectures Notes in Math., 898 (1981),
Springer, 48-53.

[5] R.Brown : The Lefschetz fixed- point theorem, Scott,
Foresmann and Company, 1971.

[6] A.Dold : Fixed point index and fixed point theorem for
Euclidean neighborhood retracts, Thpology, 4 (1965), 1-8.
{7] P.Durall and L.Husch : Analysis on topological manifolds,

Fund. Math., 77 (1972), 75-90.



86

[8] J.Ffanks : Anosov diffeomorphisms on tori, Trans. Amer.
Math. Soc., 145 (1969), 117-124.

f9] : Andsov diffeomorphisms, Globalvanalysis, Proc.
Sympos. Pure Math., 14 (1970), Amer. Math. Soc., 61-93.

[10] K.Hiraide : On homeomorphisms with Markov partitions,
Tokyb J. Math., 8 (1985); 219-229.

[11] : Expansive homeomorphisms with tﬁe pseudo-
orbit tracing property on compact surfaces, J. Math. Soc.
Japan, to appear.

[12] R.Mané : Expansive homeqmorphisms and topological
dimension, Trans. Amer. Math. Soc., 252 (1979), 313-319.

[13] A.Manning : There are no new Anosov diffeomorphisms on
tori, Amer. J. Math., 96 (1974), 423-428.

[14] A;Morimdto : The method of pseudo-orbit tracing and
stability of dynamical systems, Seminar Note, 39, Dept. Math.
Tokyo Univ., 1979, (in Japanese).

[156] E.H.Spanier : Algeﬁfaic topology; McGrow-Hill, NewYork,

1966 .



