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On Some Classes of 2-microhyperbolic systems
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§81. Introduction

Hereafter M denotes a real analytic manifold with a
complexification X. We study a system of microdifferential equations
" defined in a neighborhood of pOGf*MX. We assume that the
characteristic variety of M is written as

Ch(M)={pET*X; p(p)=0 )

by a homogeneous holomorphic function p defined in a neighborhood of

OO satisfying the following conditions.

(1 p is real valued on T*MX.
(2) Z={p€T*MX; p(p)=0, dp(p)=0} is a regular involutory
submanifold of T*MX of codimension d through CRY
(3) Hess(p)(p) has rank d with positivity 1.
The problem is to study the structure of #ﬁom(g (W,QM) , the

X z

sheaf of microfunction solutions of M on Z.

§2 Canonical form



To express the canonical form, we take an open subset M0 in

R?_dei and a complex neighborhood X, of M, in C:‘dxC§. Then

63

(w,z;0dw+8dz) [resp. (i,x;/-1(tdt+£dx))] denotes a point of T*X [resp.

cn—d n-d

T X1 with 6€ and £eR%7.

M and §€Cd [resp. T€R

By finding a suitable quantized contact transformation, the
problem is reduced to study the system WO defined in a neighborhood
of po=(t=0,x=0;/:Tdtn_d) whose characteristic variety is written as

Ch(M)={(w,2;6,8)eT*X; glz—z a. (w,230,8)¢.8.20 ).

2<i, j<d Y 1
Here aij's are homogeneous holomorphic functions of order 0 defined
in a neighborhood of po and satisfy the condition
(4) (aij)ZSi,de is positive definite on

— *
20—{(t,x,/-1(r,£))€TM0 XO’ E=0 ).

§3. Bisymplectic Structure due to Y. Laurent

To state the main theorem in an invariant form, we introduce the

bisymplectic structure due to Y. Laurent[L].

Let A be a complexification of X in T*X. By definition ¥ is the

union of all bicharacteristic leaves of A issued from X. In case

Z=ZO, we may identify

: s A~ d — kpn-d
(5) ZO C Z>< J-1T R (t,’rfrdt)‘
Then we can take a coordinate of T§ 20 as (t,x;/?Trdt;/TTx*dx) with
0
X*GRd.
We define a map

* * .

(6) p: T ZZ > 2 > T MX
. * < _ Lk .

and the canonical 1-form of T ZZ by wz = pva. Here mM is a

. * -
canonical 1-form of T MX. We put Qz— dwz.
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In case Z=ZO, 05 is written by coordinates as
W= r.dt..
= 2 i
; J
We set

* o * o ko S - * 5
ToeT g2 = ker (TT g —— T7T 52) — 1T
Here the morphism above in the definitidn of TrélT*ZZ is defined

naturally by QZ' We dualize the exact sequence

* = * o
relT 22—-—-————-—>TT 22

O——>T

and obtain

* Ze—T T3,

0e——T T*

rel” x
We can take a section of T:elT*EZ canonically, which is denoted by mg

and called the relative canonical l1-form of T*ZZ. We also define the
. r_

relative 2-form QZ'de”
In case X = 20’

r *
W= . X.dX..
b3 ZJ i%%;
Associated with Qg we can define an isomorpfism
r, % %G AN %
0 T e Ts™ Tre1T =

For a function f defined on an open subset of T*ZZ, we set

H 2.

r _ ,r
Hf = H2

where df is the image of df by T*T*ZZ —————ﬁT:elT*ZZ. H§ is called

¢ df )

the relative Hamiltonian vector field of f.
In case Z=ZO, it is written by coordinate as

H§ = S (81/0x%-9/0% . ~0£/9%.-8/9%x 7).
J J J J J

84. 2-microfunctions
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~

M. Kashiwara constructed the sheaf Q% of 2-microfunctions on T*ZZ

long time ago in Nice. We can study the properties of microfunctions

defined on X precisely by Q%. Explicitly, there exists the sheaf €.

T

—

of microfunctions along Z on Z and there exist the exact sequences

) 2 ~
0—¢g.. B M, ( B . ~ )—0
sls z Tx z %*EZ
and
0 2y 82, (e TF S —— 3. )
MiZ z’ z° P :
l)
Here we put £§= Q%‘z. Moreover we have the canonical spectral map

S P}

We put for ueﬁMlz,

2 _ 2
Ssz(u) = supp(sz(u))‘

o
See Kashiwara-Laurent[K-L] for details about Qi.

§5 Main Theorems

We set for a point p€X and reT*ZZ 0

g=<Hess (p) (p)H(T),H(T)>

~

where H: T*ZZ _— TZT*MX is an Hamiltonian isomorphism.

l In case m=m0,
_ L ¥2_ : b k%
l = X, > aij(t,x,i—o,t)xixj.
2<i, j<d .

Here we give

Theorem 1. Let u be a section of %oma «m, QM) defined in a
X =

neighborhood of Py Then Ssé(u)\Z c { g=0 }. MHoreover ,ss§<u)\z id

invariant under Hg
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By Theorem 1 we can deduce a microlocal version of Holmgren's

Theorem. We set

r
g

Here exp( ng )(q) denotes the flow of Hg issued from gq. Then VY is

Y = KZ( {exp( sH )((po,t)); f(po,t)=0, s20 } ).
a boundary of a cone in the bicharacteristic leave I' of £ through po.
We take one of half-cones: Y,- We give

Theorem 2. Let u be a section of %omg (ﬂ.@M) defined in a

X
neighborhood of Py Then

supp(u) N (Y+\{DO)) = ¢

implies that p 4 supp(uw).

Here we remark that v, does not contain the inside of the cone.

Thus Theorem 2 generalizes the result of P. Laubin[Lbl.

86. Sketch of the proof.

6.1. As is mentioned in 82, it is enough to study the case W=m0.
T h | = = = =
us hereafter we put R mo , X XO, M MO, z ZO and
A=A ={(w,z;0dw+Edz) €T X; £=0 ).
6.2. 2-microlocal canonical form —Yingle eguations wilh a

conditionos on the Lower teamo
6.2.1.

In case M isvreduced to a single equation : Puz0 with p=o(P)
satisfying the conditions (1),(2) and (3), we can transform the

equation into a simple canonical form 2-microlocally if we assume W
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has Regular Singularities along A in the sense of Kashiwara-Oshima .
[K-01. |
6.2.2.

We embed A into AXA through the injection
T %—T%, (XxX)———T" (XxX). By defintion, A denotes the union of
all bicharacteristic leaves of AXA passing through A. We take a
coordinate of T*Ax as (w,z;edw;z*dz) with z*ECd. On T*AX, Y. Laurent
[L] defined the sheaf éi’m‘of 2—micr0differentiél operators of

infinite order.

Definifion 3 (Y. Laﬁrent[L]) Let Q be an opeh subset'of T*AA. Then

3, jPij(w,z;G;z*)eéi’x(Q) if and only if the following conditions (4)

and (5) are satisfied.

(4) Pij is holaomorphic on Q and'homageneous of order j with respect
to (9,2*) and of order i with respect to 2*
(5) For any compact subset K of Q@ and for any positive numbéfbs

there exists a positive number C and for any compact subset K of

£,K
there exists a positive number CK such that
| i+K, ., o, .
SuPlPi,i+k] < CS,K £ /it k! (i,k20)
K
c. K el cxrt/i (i20,k<0)
L S)K ’
: K ~=1 _:vy /e .
CS,K € CK (-i)!/k! (k=20,i<0)
cil'k (-1)! (-K)!  (i,k<0).

‘We define the sheaf 6A of 2-microdifferehtial,operators of

finite order as follows.
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Definition 4 For p:ZPijeai*“, peg?

A if and only if there exists

jO such that

Pij=0 (J>JO)
and there exists x(j) for any j€Z such that
P. .=0 (i<x{j).
1]
For any Peéz, the principal symbol of P is defined by

(P) Pi .
0do
where Jo=sup{j; for some i Pij= 0} and iO

A

In the same way, we can construct the bisymplectic structure
(QA,Q;). By coordinates, these are written as
- ro_ *
Q= Ej dﬂj»dwj and Q, = zj dzj dz ;.

x 7 . .
If a map ¢: U ————— V between open subsets of T ,A satisfies

b3
@y = |y o
then we can induce an isomorphism
% | * * 5 * *
¢ TrelT AA lV X U TrelT AA '

Moreover if

0" @[y = 2y
and ¢ preserves the bihomogeniety structure of T*AK
(w,z;G;2*)———————%(w,2;xe;kz*)
and
(w,25852" ) ————(w,2;0;22) (1eC™y,
then ¢ is called a homogeneous bicanonical transformation. Associated
with ¢, we can construct a ring isomorphism
2,x 2,

———————) .
AV A7 U

See Y. Laurent[L] for details about 2-microdifferential

d: w_l(é
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operators.
6.2.3.

By finding a suitable quantized bicanonical transformation, we
can transform the equation Pu=0 into

" RPOu = 0

defined in a neighborhood of t0=(t=0,x=9;/:TdtD_d;/:ded). Here

R is invertible at To
and

oA(PO) = zf.

We remark that

S(PY={(j,i); Pij¢0 }oc { izj, i<l }.

Next we find an invertible 2-microdifferential operator of

infinite order Q satisfying

QPO = DIQ‘
Then we can easily prove Theorem 1. See:[T3] for details.
6.3. 2=-microhyperbolicity —— general case

6.3.1.

In general case, we prove Theorem 1 by employing the theory of
microlocal analysis of sheaves due to Kashiwara—Schapira[K—823.
6.3.2.

Let X be an C* manifold/and let M be a cicsed submanifold of X
in this section 6.3.2. (

D+(X) denotes the derived category of bounded below complexes of
sheaveé of modules on X. For ?GOb(D+(X)), SS(#) denotes the

microsupport of #, which is a conic closed subset in T*X.

For ?GOb(D+(X)), uM(?) denotes Sato's microlocalization of #

- 8 -
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along M, which is an object of D (T* X).

M

For a closed subset of Z, CM(Z) denotes the normal cone of Z
along M, which is a closed subset of Ty X+
We quote an important formula from Kashiwara—Schapira[K—82] as

follows.

Theorem 5 For ?GOb(D+(X)), we have

SS( uM(?) ) ¢ C ( SS(F) ).

%
T MX

Here we consider the right side as a subset of T*T*MX through

(-H): T T*x O, ¥
* M
T X

X.

(H is the Hamiltonian isomorphism.)

6.3.3.
n-d._ ~d .
We set N=(R th ) " X in X. Then we have

2 _
Qz = “E“N( OX )Ini.

Thus we can show by the theory of Kashiwara—Schapira[K—52] that
SS(RAom, (M, €2 e C . ( C ¢ Ch() ) ).
& z % %
X T 22 T NX _

By estimating the right side, we can show

SS(Rﬂomg M, €

))C{(p, TIET (T*INZ); g(p>=0, T(H (p))=0}
X p> g

2)1

z *
T 2Z\Z
where oGT*ZZ\Z and teT*T#ZZ'p. Then we can easily prove Theorem 1 by

Proposition 4.1.2 of [K—szl.

§7. Some Remarks



7.0. We -gather results for some classes-of systems of

microdifferential equations in §7.

7.1. Case I
Let ‘M be a real analytic manifold with a complexification X. Let

M be a coherent 6Xfmodu1e;defined in a neighborhood of p ef* X whose

0 M
characteristic variety is written in a neighborhood of pO as
— * . -—. o @ = — .‘ -
ch() = {pe€T X; P, = =P4.5=0s Py_; Py 0}
by homogeneous holomorphic functions pl,-~,pd_1 and pd satisfying the

following conditions.

*
(6) Pys *sPyy and p, are real valued on T MX‘

(7) dp1,°~,dpd_1 and dpd and @ (canonical 1-form of T*X) are
linearly independent at pO.

Let A1={peT*x; p == =0}, A2={pe%*x; p, = =0} and

Pa-1
A=AlnA2. Then we assume

* =Pd__2=Pd

(8) Al’ A2 and A is regular involutory submanifolds in %*X through
po’

We set zi=T*Mani (i=1,2) and Z=Z,NZ,. Then the result is

Theorem 6.

Let u be a section of %omg“(w,g ) defined in a neighborhood of

X
and let T be the bicharacteristic leaf of T through Po Then there

M
o , IR
exist a family of bicharacteéristic leaves of 21 on I': {yél)} and that
of £, on T: {Y;?‘)'} such that |

(2)

y(l) uwy. vy U {some of connected

supp(u) = \js s s s
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- ecomponents of | F\(\js 7(1) U \)S 7é2)) 1}.

‘(o£etc£ of the Aaro00f)

By finding a suitable quantized contact transformation, the
problem is reduced to studying a coherent JX module ﬂo defined in a
neighborhood of~po=(0,/rfdxn)€/:TT*MO whoée characteristic variety is
written as

o, %
(9 Chi)={(z,tdz)€T XO’ gl_, —§d_2—0, §d_1 §d

Here,MO is an open subset of Rnx andJXO»is a complex neighborhood of

M, in C“Z. Then (z,tdz) [resp. (x,/-1£dx) ] denotes a point of T X

[resp. T*M XOI with §€Cn [resp. ﬁeRn]. We set
0

20={(x,J-1gdx>e/—1T*MO; £

and take a coordinate of T*2 z

=0}.

0

1:- . ~:gd=0 }
as (x,/-1£":/=1x'™*) with

0 0
Er=(& <, E ) a x' F=x¥, % Then for a section u of
=(€441° &) and X' =(X,, 00, X0 i
Hom Mm.,€,) defined in a neighborhood of p,., we have
6X 0’"M 0
0
2 ¥_ . _ % _ %_ o _ ok __ck_
(10) SSEO(u)\ZO c {x= =X43-1=0r U { %= =Xy _9=X3=0 3
We set
"o /S '* * < . *z - * -
Fl-{(X,J—li sv/=1x' )ET ZOZO\ZO’ Xy X4-1 03}
and
., " Tk *x o L .
F,=((x,/-18 ;/-1x"')€T ZOZO\ZO, Xy =X 4-9=%4=0 )
2
Then SS< (u) [resp. 552 (u) ] is invariant under the integrable
ZO Fl ZO F2 ;

syatem (8/8X1,°-,8/8xd_1) [resp. (8/8x1,°-,8/8x 9/8xd)]. This fact

d-2’

is shown in the same way as in 86.3.

(g.e.d.)
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7.2. (Case 1/)
Let M be a real analytic manifold with a complexification X. Let
M be a coherent &X module defined in a neighborhood of oOGT*MX whose

characteristic variety is written in a neighborhooed of p,. as

0
(11) Ch (M) ={peT*X; p=0)
by a homogeneous holomorphic function p satisfying the following

conditions.

(12> p is real valued on T*MX.

(13) » Z=(p€%*MX; p(p)=0, dp(p>=0} is a regular involutory
submanfold of codimension 2 in T*MX through pO.

(14> Hess (p) (p) has rank 1 if p€Zx.

We set for a point p€XZ and reT*ZZ o

(15) g=<Hess (p) (p)H(T),H(T)>
where H: T*EZ 2, TZT*MX is Hamiltonian isomorphism. Then we have

Propostion 7.

The function g is divided into
cy e 2
g—gl 82

with g #0 on T'gINE.

z

By the decomposition above, we have

Theorem 8.
Let u be a section of %omg (m,QM) defined in a neighborhood of
X ‘ )
p.. Then

2 -
SSS(WNZ  © (8,=0}.
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Moreover SS%(u)\Z 18 inrvariant under HZ
2

(sketeh of the proof)
By finding a suitable quantized contact transformation, the
problem is reduced to studying the system WO defined in a

neighborhood of pO=(O,J—1dxn)eJ—1T*MO whose characteristic variety is

written as
(16) Ch(R)=((z,tdz)eT™X ; ¢t - alz,£9E) = 0).
0 ’ O 1 1 . 2 |
Here MO is an open subset of Rnx and XO is a complex neighborhood of

: ¥
My in X,. Then (z,%dz) [resp. (x,/-1£dx)] denotes a point of T°X,

%

[resp. T M X0 Al J—lT*MOJ. Moreover a(z,%') is a homogeneous

0

holomorphic function of order (-1) with §'=(§2,"‘,§n)-

In this case,
Z=((x,/~TEdx)€/~TT ™M 5 £, =£,=0 ).

~ — — k% )
When we take a coordinate of T*ZZ as (x,/—l&";J—l(xl,xz)) with

€"=(€3,'-,€n), we can take g, as xT. Then in the same way as in 8§6.3
we have
. 2 ~
Sb(R%omgx(m,Qz) T*ZZ\Z)

> *
c {(O,t)GT*(T*ZZ\Z); Xj(0)=0, and r(Hr(xl)) Y.
~ ~ . 2
Here pGT*ZZ\Z and tET*(T*ZZ\E). In the same way as in 86.3, SSZ(U)

is invariant under 8/8x1 for any section of Jfom(g (m,@M).
X
(¢g.e.d.)
\

We can easily show that ¥ is foliated by the projection of the

integral curves of H; in {g2=0}. More precisely, for p€Z

2
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L _ P o Y. ol -0
v(p)-nz({exp(Hgo)(p,r), gz(p,r) 0, s€R 1)

mz.TZES———aZ)

is a smooth curve in the bicharacteristic leaf I' of Z. Here we give

Theorem 9.

For any section U of Hon

P (M,QM) defined in a neighborhood of
z ‘

X _
Pys supp{u)nZ propagates along the family of integral curves

{Y(p);pEZ}.

Remark 10, Theorem 9 itself can be proved by the microlocal

version of‘Holmgren's theorem due to J.M. Bony[B1]l.
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On some  clennen Qj > - mim‘y p«kv"l«'c | 7‘-'*@*5
Bugt 32 F BT (Nebuhi Tose)

M QBB HAE X T 1 aBEEHe 73, 2=

B, TN oE Sea B R E T hE sycten of miowdithedtel
epotins o7 2\ 3 o B SHAE S, o £ B FR sES
PR

k() = 1 9T ; f(g’)-ﬂj
t% i 3tax®33., A, Pm‘m:a%ﬁzs‘}kﬁg t o
€7 3,
") 'PcIT:xL%%‘Z@
Q) Z={9eT¥xX; =2, drp=sy 3 TiX $4L7,
4 2 },Q_‘]Q’eé%)“i 99%*5’&;53 ta R,
(3) fteso Cpd Q> 13 9620\&3‘ rank 4 2" postivity 4 %
. |
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BEH 4« L 2HE c2h s HAS.



