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SAETK - B # M| # 2 (Takayuki Furuta)

A capital letter means a bounded linear operator on a Hilbert

space. An operator T is said to be positive in case (Tx,x) 20 for
every x in a Hilbert space. What functions preserve the ordering of

positive operators? In other words, what must f satisfy so that
A2B20 implies f(A) 2f(B)?

A function f is said to be operator monotone if a real valued
continuous function f satisfies the property stated above. This
problem was first studied by K. Lowner, who had given a complete
description of operator monotone functions. Also he had shown the

following Theorem A.

Theorem A [9][10]. If A2Bz0, then A®2B% for each ae[0,1].

The following result is well known.

Theorem B. A 2B z0 does not always ensure AP 2 BP for any p>1.

The purpose of this speech is to show "operator inequalities
preserving order in some sense" on A and B in case A2Bz20. Our

central results are as follows.

Theorem 1 [3]. If Az2Bz20, then for each rzo0
+
(1) (BrApBr)l/q 2B(p 2r)/a

(11) a(p+2r)/q 2(Ar'BpAr)l/q

hold for each p and q such that p20, g21 and (1+2r)qg 2p+2r.
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Corollary 1 [3]. If A2Bz20, then for each rz20

(1) (BrApBr)l/pZB(p+2r)/p

(11) A(p+2r)/p r)l/p

> (ATRPa

hold for each pz1.

Corollary 2 [3]. If Az2B=20, then (BA2B)3/u 2B3 and A32 (AB2A)3/u.

Corollary 3 [3]. If A2Bz20, then (BAQB)1/2 2B2 and A2 2 (AB2A)1/2.
Remark 1. Theorem 1 yvields Theorem A when we put r =0 in Theorem 1.

Corollary 3 is just an affirmative answer to a conjecture in métrix

case [1]. Theorem 1 asserts that although AP 2 BP for any-p >1 does not

always hold even if Az2Bz20, £(AP) 2 £(BP) and g(AP) 2 g(BP) hold where

£(x) = (B¥x8T)1/9 and g(¥) = (ATvaAT")Y? for r20, p20, q21 and

(1+2r)q 2 p+2r. (see Figure)
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In order to give a proof to Theorem 1, we show the following

Lemma 1.

Lemma 1. If X20 and ||Y|| =1, then

/a

(i) Y*XYZ(Y*XGY)l for any a such that 12a21/2

(11) (v*xY)% 2 v*x®y for any o such that 12a20.

Proof. T‘=Xa/2Y =UH be the polar decomposition of T, that is,

U is the partial isometry and H is the positive operator such that

H=(T*T)2/°, Then

a/2X(1—a)Xa/2 l-o

(1) Y#XY = Y¥X Y = HU*X™ UH
and
(2) H® = HU*UH = Y¥x%Y

because U*¥U is the initial projection. By the hypothesis ||Y| =1,

we have

a/2 2

(3) X% 2 x&/2yyex®/2 - ygys

The hypothesis 12a21/2 ensures 12 (l-a)/a 20, so that (3) implies

the following (4) by Theorem A

() xi-o =(Xa)(l—a)/a )(l—a)/a -2 (1-0)/ayy

2 (UH U
By (1), (4) and (2), we have

(5) Y¥XY 2z HU*¥UH U¥UH =H

2(1l-a)/a 2/a =(Y*XaY)1/a,
so that we have (i). Using (i) and by induction we have

(Y*XY)alazo ceOn 5 ykx®1%2.. . %0y

for any Oys Q""" » ap such that 1 2zay 21/2 for all integer k, so we

have (ii).
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We give a simple proof to (ii) shown in [6].

Proof of Theorem 1. In the case 12p20, A2Bz20 ensures AP 2 gP
by Theorem A, so the result 1s obvious. We have only to show the

following for each r20, p21 and g = (p+2r)/(1+2r):

(6) (BTaPBT) 1/ y glter

since (i) of Theorem 1 for values q larger than (p+2r)/(1+2r) follows
by Theorem A. If AzBz20, then A+e 2B+e for any € >0, so B+e and A+e
are both invertible, therefore we may assume that A and B are

invertible. In the case 1/22rz20, A2Bz20 ensures A2I’2B2r by

Theorem A, so BPA-2rBr'sl, namely HA-rBrH £1. Put g-=(p+2r)/(1+2r) 21.

By (ii) in Lemma 1, we have

- +2p - - + -
(BrApBr)l/q =(BrA r,p 2rA rBr)l/q,ZBrA rA(p 2r)/qA rgr
= s¥aB” 2 81727,
+
Put A =(BPApBr)l/q and By =gt Er. Then this inequality A, EBl means

that (6) holds for 1/22r 20. Repeating (6) again for 1/22r, 20 and
p, 21
byt l/q 1+2r
(Bl A11B11) 1 ZBl 1
for q, =(p,+2r,)/(1+2r,); that is,

{B(l+2r)rl(BrApBr)pl/qB(1+2r)rx}l/ (l+2r)(l+2rl)'

928
Put p, =q21. Then we have

{B(1+2r)r1+r pBr+(l+2r)rl}1/q1 2B(1+2r)(l+2r1)

(7) A

Put r, = (1+2r)r,+r. Then q, ?(p1+2r1)/(l+2r1) =(p+2r2)/(1+2r2)
since p, =q and (1+2r)(1+2r,) =1+2r,. Consequently (7) means that (6)
holds for r,e [0, 3/2] since r, fle[05l/2] and repeating this method,

(6) holds for each rz0 and (i) is shown.
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2

0. Then by (i),
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for each rz0,

-r_-p,- -(p+
(A"TB7Pa r)l/q 2 A (p+er)/q holds for each p and q such that p20, gz21

and (1+2r)q zpt+2r.

Alternative proof of Theorem 1 [5].

result is obvious by Theorem A.

Taking inverses gives (ii).

In the case 1 2pz0, the

We have only to consider p 21 and

q ={(p+2r)/(1+2r) since (i) of Theorem 1 for values q larger than

(p+2r)/(1+2r) follows by Theorem A.
invertible without loss of genefality.

defined by XmY =X

l/2f(X

-1

/2YX—1/2 1/2

)X

We may assume that A and B are
The operator mean XmY is

for invertible positive X and

Y where f is an operator monotone function and f£(t) =1lmt {8]. 1In the

case 1/2

and f(t)

(8)

2

rz

1mt

0,

A°T 2 B

1/q

2

B—2

r

r
m

holds by Theorem

AP 2 a7°

'maP =a 2B =B~

A, then for q = (p+2r)/(1+2r)

21ﬂme.

We have only to show the following (9) for s =2r+l/2, qy = (p+2s)/(1+2s)
¢ =¢/9 |

and fl(t) =1m

(9)

1

because (9) means that (8) holds for 3/22s 20 since 1/22r 20 and

repeating this method,

(8) holds for each rz0. Proof of (9) is an

immediate consequence of (8) as follows.

B

-2s

P _
mlA B

[B—(2r+l)

ml(BrApBr)]B‘

r

2 B7"L(B"APB") " 0 (BAPBT) 18T by (8)

- 7T (pTaPpT) (+1-0,)/A9, 577

=B—r(BrApBr>l/qB—r

2B

by (8)

since g+1 =2q,

whence (9) is shown, so the proof is complete.

We remark that there are given proofs via operator means of Theorem 1

for p =

=2, r=1land p=2, gq=4/3, r=11in [7].

-5-
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Theorem 2 [2]. Let A, B and C be nonnegative Hermitian matrices

such that C2A and Cz2B. There exist A, B and C such that

/zce (a2+p2)yL/2

does not always hold.

There 1s a counterexample in Theorem 2, but we have the following

results related to Theorem 2 by using Theorem 1.

Corollary U4 [4]. If C2A20 and C2Bz20, then for each rz0

2p(l+2r)/(p+2r)cl+2r (1+2r)/(p+2r)

> (cF(a+B)PcT}

hold for each pz1.

Corollary 5 [4]. If C2A20 and C2B 20, then

202 2{C(A+B)20}1/2.

As an application of (1) in Lemma 1, we show the following

results because ”BrA—Iﬂ £1 and 1 2 (p-s+2r)/(p+2r) 21/2 hold.

Theorem 3 [4]. If Az2Bz20, then for each r such that 1/2zrz0

(1) BrApBr'Z(BrAp—sBr)(p+2r)/(p—s+2r)

(ii) (APBP-SAP)(p+2r)/(p—s+2r) > ATEPAT

hold for each p and s such that pz2s 20 and p+2r 2 2s.

Corollary 6 [4]. If A2Bz20, then for each r such that 1/22r 20
(1) BrApBr'Z(BrABr)(p+2r)/(1+2r)

r)(p+2r)/(l+2r)

(i) (ATBA 2 ATBPAT

hold for each p with 2(1+r) z2p=z1.
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Corollary 7 [4]. If AzBzO0, then for each r such that 1/2zr z0

(1) BTAPRT & (BTAP/27TpT)2

(APBp/2-rAr)2 2Ar’BpAr'

(ii)

hold for each pz2r z0.

At the end of my speech, we show an elementary proof to

Corollary 3 without use of Corollary 1.

A proof to Corollary 3. For any re[0,1/2] we have

rAl-rAZrAl—rBr)l/Q

(8"a%B") % = (B
2(Br’Al-I’BQr*Al—rBr')1/2::BI’Al—r'Br’ZBl+r Ce (%))
Put r=1/2 in (¥), so C E(Bl/2A2B1/2)1/2 283/2 =Dz0.

Then applying (*¥) to € and D and put r=1/3, (D1/302D1/3)1/2 ZDu/3

that is, (BA28)1/2 2B2, the second inequality follows by the first

bl

one.
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