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1. Problem and Result

It has been known that the solution u(v,t,x) of the initial val-
ue problem for the incompfessible Navier-Stokes equation tends to
the (unique) solution u(0,t,x) of the initial value problém for the
incompressible Euler equation, as the viscosity coefficient v > 0
tends to zero. Moreovre it is a smooth funcyion of v € [0,1] in
some function spaces. For example, see [4], [3] and [11.

 We consider the samé problem for the ihitial boundary value

problem ( 1.B.V.P.) in the half space RS = {x % (Xys *tHX 5% )

= (x’,xn) s X >0) , n22 . There has been no result for this

n

problem, though the boundary layer originated by Prandtl in 1905

provides a good approximation method.

Lef u =t(u1,~~~,un) t(u',un) = u(v,t,x) be the velocity pf the
fluid at the time t 2 0 and the point x € Rf . The’I.B;V.P. for the
incompressible Navier-Stokes equation isvwritten as follows
(1.1)’(7) atu + u-vVu - VAu + Vvp = 0 , t S 0, x, ; R? s

(2) Veu = 0 ,
3) ul,_y =1,
4) 7vu = ul =0
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Here VE€(0,1] is the viscosity coefficient, u*vu = u181u1+-"+un8nu

- a2 e 2 -t -
vV-u = 81u1+ +8nun, Au = Slu + + anu and Vp = (Slp, ,8np

Similarly the 1.B.V.P. for the incompressible Euler equation

written as

(1.2) (7) d,u+uvu+9p=0, t>0, xeR!,
2 veu = O ’
(3) u| 0 = Y o

(4) Yy us=su| g = O

As for the initial data uO , we assume the "compatibility"
(1.3) (7 veu, = 0 ,
(2) Yu = 0

We intend to get the solution of (1.1) in the following form

(1.4) Wv,t,x) = ul(v,t,x) + gui(e,t,x) + g2u(e,t,x)

2

+ EO(S,t,x:xn/S) + Sﬁl(e,t,x:xn/s) + g Ez(s,t,x:xn/s),

~i, -
[ Ei (S,t,x:xn/S) ] Ci= 0.1,
gu, (e,t,x,xn/e)

b2

El(s,t,x:xn/s)

. ~d
( ,xn/e), un( ,xn/e)) ’

lg,t,x) + 2p2ce,t,x)

+ sSl(e,t,xjxn/s) + 8252(e,t,xjxn/8),

52<e,t,xjxn/8)

p(v,t,x) = po(v,t,x) + €p

€ =/5 € (0,11
Each term in the above expansioﬁ is detérmimedbto satisfy the
following "Navier-Stokes equatidns" (1.5)—(1;9); respectively:
1.5 9,u% + u¥vu® - vau® + v = 0 , t>0, xe€ R?

v-u

]
o

1
=

n’.
)

is



107

(1.6) 8t50’+(u°+503-v’EO’+(ug+euO ayuﬁ)@ u ’—vAE°’+E°-Vu°’= 0,
—\,O _ —1 :'\«O, —-
u (E,t,x) = -8 "V U (E,t,X) f (B, t,x 0 0dn
vzt 8 ) =8
- 1’ ’“n-1 ’
P, =0,
/'VO - “'O/ - 0
vu o suw ol = -rvu,
(1.7 atul + uO vu - vAu1-+u Vu0‘+ Vpl = 0 ,
V°u1 =0,
1 _
wlig =0
rnul = v, °
(1.8) (8,+(u +8u1+82u2)'v —varu? + u?-v®reuly +vp? = —ulvewd,
u2| =0,
(1.9) (8, +(u +su1+82u2+E°+eu1+szu y-v -va) (al+gl?) + v(pl+ep?)
+(u +su2) V(u0+8u1+82u2+50) =‘—EO-Vu1 - EO ,

it . i=1,2,

0-

=0 = O
PR TS B
0 _ [ (u Yun)anu
0

h
0., .0, 1~0  _~0 —a;lv’&Go’ ]

, (See (6.2)),
u ~Vun +(u +gu +u )-Vun
1

v-(gul+ul+gu®) =0 ,
y(guZ+ut+gn?) = -ty ul, o

By using the notations described in the next section, our result

is stated as follows:

Theorem. Let‘ube Hi’p’e

and assume the '"compatibility condition™ (1.3). Then, there exists

with £>(n-1)/2+3, p>0, 0<O<n/4 and a>o0,

a time interval [0,T], T > 0 , independent of v €(0,11, such that
(1.1) has a (unique) solution u(v,t,x) of the form (1.4) and each
term satisfies (1.5)-(1.9), respectively, and the follwing :

-3 -
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1.100  uwlw,t,x) e ¥40.0
a,B.,T
]
i t-i,p,0 _

u (g, t,x) € xa,Bi,T , 1 1,2, 0 < BO < Bl < 82 R
Ni, -

uO(e’t,X) = (E‘i (8,t9i{ ,xn) ] € xi;é’gyg'}(u), >0,
un(e,t,x ,xn) S

{-i-1,p,8

~i -
u (g,t,x ,xn) € xa/e,Bz,T s

i=1,2

In particular, egu(v,t,x:xn), 0 <j< &, is a continuous function
’f-j’p
g8 ,T

with some 8°> 0 and 8°> 0 , and uO(O,t,x) is the unique solution of

of (v,xn) € [0,11xZ(08;a)\{0}x{0} in the strong topology of K
(1-2) *

2. Notations and Function spaces

First we introduce several notations :

(-p,00" 1 (open cube) s

2.1) I(p)

D(p)

R*1+/ T1¢o) = (27= x"+/-1y"; x"€ R™7L, y7e 1000y,

- 3(8,a) = £,(8,a)UZ,(08,a) , 0< 6 <M/4, a>0 |

Zl(e,a) { z = xn+J—1yn H Iyni s.xntane , 0 < xns al ,

{

Zz(e,a) = xn+J-1yn ; lynlls a tan@ , xnz al) ,

Zn
Q(p,0,a) = D(p)xx=(8,a) ,

Ly = R4 /=Ty e oy

Ve

L(8,a) = Ll(eja)ULz(e:a) c X(0,a) , 1671 <80,

L1(9,a) = { z = xn+J-1yn; Y= xntane , 0 £ xns al} ,
L2(9.a) ={z=x +J—1yn; Y= a tang’, X 2> a)}

Next we introduce function spaces :

(2.2) For a Banach space X with the norm | 'X , Bk([O,T]; X) is
the set of all Ck-functions from [0,T] to X with the norm
K J
1 £1 = Z sup 197f(t)ly, ¢ = .
XK1 520 oct<T * X

- 4 -
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kK .
B (AT,X)

(2.3

of

(resp.

109

[0,T] replaced by Ay= [0,11x[0,T] (resp. $(0,a)), we define

(resp. Bk(Z(G,a);X?) in a similar way .

For a Banach scale ip# (Xp; 0 <p<py) (with the norm | |

p

. . kK . k . .

Xp; we define BB([O,T},Xp) (resp. BS(AT,XP)) with the norm

k ad » : ,

F£1 = X sup I3 f(t)l _ , B =20, p,-8T 20
Por K8, T j=0 0<t<T ° pobt 0

P = sup !8 9 f(e t)l _ ) .
po)k!B)T 1+Jsk 3 . 0 Bt

For further details, see 4

(2.4)

(2.5)

(2.6)

2.7)

H/{’p > f <==> (7)) f(x +J 1y’ ) is analytic in D(p) ,

2

(2) 8% (x"+/~1y") € L°(L(y")) for v € I(p), lal<t ,

3 lflz;p = X sup Xec- +/=1y )|

lol<e y'el(p) L2 (L(¢y~ <

Hi’p)e 3 f <==> (7) f(z’,zn) is analytic inside Q(p,0,a) ,

(2) e“f(z’,zn> e 8%20,2);8°%®) for lal < ¢ ,

8 111 = 3 sup 18%¢ ¢,z 01, < =
ERSLIL PP z €2(6,a) Tn0,p
Hi’”’e’(“) 5 f (u=0) <==> (7) f € Hﬁ’p’g ,
2> 1£1 = X sup ePEn 18%8 ¢,z )1 { o,
Le 8, glce 2 exco,a) n’0,p
Kétip = n  Bjao,T1; pt-2i.p
’ isl/2
I£] = X sup 1983f(t, )l ,
L.e.8,T  ici/2 ogt<T  © -25,p-8t
-L,p _ k . w-i-k,p
Kg 3f = n BU10,13; Kyo )

k<¢



110

(2.8) Ki’g’g = n Bg(IO,T]; Hﬁ‘zJ’p’e ),
A i<i/2
I£1 = X sup 183fCt, )1, . PO
£,p,6,B,T j<t/2 0<t<T t £-2j,p-Bt,0-81t
xi’g’g = n B%(ro,11; Ki_§’$’9 ) , ([0,11 58 ) .
a k<! B
(2.9) Ki’g’g’(“)= n Blcro,ry; HTEP 0 0
B j<L/2 ,
I£1 = sup 183fct, >, .. _ PV
£,0,8,(),8,T j<8/2 O0<t<T t 8=-2j,p-Bt,0-Bt, (pu-Bt)
4,0,8, (u)_ k . wi-k,p,0, (W)
xa,B,T - n BB([O,I], Ka’B,T ) (] ( [0,1] 9 8 )

k<{

t-2k,p,0

N k .
n B ([0,11]; Ka,B,T

k<t/2

> , (CI10,11 5 v )

sL,p,0
(2.10) Xa,B,T

(2.5)°7 Hi’ > f <==> (7) f(z",z) is analytic inside Q(p,0,a) ,

2 %27,z ) € LqcLco7ar;H %Py, 1071< 8, lal< ¢,

(8) I£l = X sup 118%£¢-,2 01 . 1.q, - <=,
tpa 8.0 1g1ce 107140 n’ 0,07 L70 )
- ~£ypv9 - {"psg tvp’e
(2.6) H = H, nH T
Ml p,0 = 1ly 00 * My 5 g1
(2.7)° ki’g’g = N Bg([O,T]; ﬁi'p’a ),
A j<e/2
1£15 = X sup 183fc¢t, )1, .. P
,0.0,8. T~ 2072 ost<T * t-2j,p-8t,0-8¢
'\"C’pse - k . ~{,p,9
Xo'glp = N BUCIO,11; K2 )

| £44

3. Operators and the Stokes equations

This section consists of threé parts. First we introduce Poisson
operator N or D (resp. Pl(v)~or Pz(v)) of the Neumann of Dirichlet
Problem of the Laplace operator A (resp. the heat operator St—vA)
and other related operators.

- 6 -
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Second we construct "evolution operators" solving the equation
(1.5)=-(1.9). In pafticular; we construct the "Poisson operator"
#(v) of the Stokes equatioh, combining the operators defined above.

Finally we give the estimates for these operators in the functi-
on spaces introduced in 2,‘and the estimates of Cauchy-Kowalewski

type for the firstr-order differential operators

7. Various operators

(3.1) rf fIRn (the resfiction of the function f of Rn onto Rf).
+

ef = a "nice" extension of the function f of R? to Rn. Here
"nice" means the regularity preservjng property (cf. [51).
ef(z,zn) = f(z,zn) for xn= Reznz 0, = 0 for xn< o .

= f| (ef.(1.1) (4)).

vE = £l z_=0

9.
(3.2) U (v, t,x) = (dnpt) N2 o IXIT/UTVE)p ot Kernel in R,

0
Uo(v,t)f(x)

fRn Uo(vft,x-n)f(n)dn s

‘ t
Uy (W ECE, ) fo Ugw,t s)f(s,+)ds ,

| o L,
UG, t,xT) = () (n=1)/2 ~1x717/ 4wty

Uo(v,t,x) = Uo(v,t,x ) (4nt)

v, t) and'ﬁo(v) are defined similarly as Uy(v,t) and U,(v).

2
1/2 e xn/(4nt)'

Uo

Let u(x’) (resp. u(t,x )) be a function on Rn—l(resp.to.w)an_l).
We define the Fourier transform (resp. Fourier-Laplace transform)

A¢2") (resp. U(A,E7)) of u(x’) (resp. u(t,x )) by

=(n-1)/2 I e-ixfﬁ’

(3.3) e = e wxdx” , io= /1,

(resp. W, &) =/ et dct, rdt

- 7 -
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We call the multiplier o(T)(£") in’g’cresp. O(TY(X,E7) in (EJx))
the symbol of the operator T , if there holds
(3.4) , ,(Tuﬁtﬁ’) = oM & HAE
(resp. (TW(X,£7) = o (T, EHUM,E) )
Poisson operators N, D, Pl(v) and Pz(v) are defined by the
following equations, respectiyely |
(3.5) ANu = 0 , YanNu = g (given boundary data),

ADu = 0 , 7Yu =g,

(3.6) (®,-vA)P;(wu =0, P, Wul, =0, v8P (WVu=g,
(@,-vA)P,(Wu = 0, P,(Wul,_,= 0, vP,(Vu =g
Clearly we have '
)
- - - — &
(3.2) TG, t)E) = e vtig 1=
- ' - _ - =187 %
(3.5) o(N)(E,xn) = -1/1E7| e n,
o(D)(ijxn) = e—'s IXn ,
- » — 2 — - - - /2
D=28N, SnD = 8 N=-A"N=( AN,
, -,2.1/2
(3.6)" OGP, (W) L,ET) = ~(/vslg 1 H)TH/E T /VHIEI T R,
' -,2.1/2
N CVA' L F S X B
o(Pz(v))(x,g ) = e n, Py,(v) = SnPl(v),
For later use we define the Poisson operators Pj(v), i=1,2, by
. v -,2.1/2
(3.7) 0B () (A, =(-Qwvlg 1512372 VB TR,

which is associated with the heat operator (at—vA'—Si)

We introduce two kKkinds of singular integral operators. The first

-_t

group, @, P°, N ="(N "»N _;) and A~ , are of Calderon-Zygmund

1’
type and act in the function spaces on R" and Rn_l, respectively
~t, - 2 - 2 . 0
(3.8) 0@7)(&)= ( AP S ] , P°=1-¢Q"= [ k. }
E E/IE] E“/1E|
n n
( Only here in (3.8), we adopt the Fourier transform in Rn. )

- 8 -
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(3.9) C(NI(ETY = GET/IETY , i =/-T ,
(3.10) oA = 1E7] , Al = AT+ 1
(3.11) G OLETY = 1E /(s + 187125 1/2
Qw) = N o '™N" = e (WIN'NT @, (V) =’A/—1m(v)
(3.12) g(T(WIIX,ET) = TETI/{A/Y e 1HY2 4 e,

tl(v) = (V) - T(V) = a(wTt(V)

By symbol calculus, we have equalities :

© -1 «© )
(3.13) Q =VvVA "V, V:Q =V-, VP =0,
-2
(3.14) o, ) (E7) = n 1/ 2y 24"/ 2 e mvtlEi™
-2
s, @) = vig 12 eVHETT 2 - saeny

pGO - - 2 v - -
(T, )&= n luig 12 Ge VIS TSI T12 (1L g
- - 5 - _ul/2 5
(3.15) P,(w) = ml(v)Pz(v) s Ppw) = -v e, (WIP, (V)
YU . 1) = -1/ WP w, 0% + P,
where T* means the adjoint of T, and ¥(x:xn) = f(x:-xn) for x > 0 .

For later use we define the modified operators ém and Pm by
_ 2, -t _p- _ e o
(3.8)7 0@ = [ TF F B S Jetien 12l )7, BP 13
gt ‘" & n
n n
We note that the identity 1 = Qm+ Pm gives the Helmholtz decom-
position in R". Similarly the following operators Q and P give the

same decomposition in Rf (associated with the Euler equation):

(3.16) P=rPe - VNynP”e , Q=1-P.

2. The "Stokes equations”
Define the "evolution operator”™ V(v,t) (and V(v)) by

(3.17) Vv, t) = rP7U . (v, t)e - VN?nPwUO(v,t)e (or = PrU, (v,t)e >

0 0

(VO E(E) = fé V(v,t-s)£(s, )ds ).

Then V(v,t) satisfies
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_ _ : o L -
(3.18) (at VAIV(v,t) + VNYnP StUO(v,t)e =0, t >0, x¢€ R+ ,

i
o]

V‘V(V,t)

V{v,0) = P ,

]
(e

YnV(v,tj
The evolution operator Ul(v) (resp. Uz(v)) of the Neumann (resp.
Dirichlet) problem for the heat operator at—vA is given by

(3.19) Ul(v) = rUO(v)e - Pl(v)YSnUO(v)e

(resp. U2(v)=rUO(v)e -Pz(v)?U (V)e = rUO(v)e +P1(v)Y8nUO(v)e ).

0

These operators satisfy

(3.20) (8, -vAU,(Wf = £(t,x) , t >0, x € R},

u,mfl,_, =0,

2-i

yan Uit =0, i =1,2
By replécing Uo(v) and Pi(v) withiﬂo(v)'and Pi(v), we also define
ﬁi(v), which is associated with the heat operator et—vA’—Si . Note

A1 = _ = -1 _ = - _ 3 = P |
(3.21) Sn Uz(v) = u1<v)an = {rUl(v)e Pl(v)YUO(v)e}é)n

The Poisson operator ?(v) of the original Stokes equation is

defined by solving

(3.22)  (®,-vA)w+ VP =0, t >0, x€R],
Vew =0,
Wl = 0,
yw = g(t,x )= t(gjgn)
Let w = w1 + w2 + wO , and put
1 _ : _
(3.23) woo= WNf, , fol,_, =0,
w2 = PO)f = SCP.(WE, P,AWE) , VE+f =0,
. : ; -T2 1 n n
wl = U(wvg = Y« U,(»V'a , U (18 @) , Ad =0 .

Clearly each w' satisfies the first three conditions of (3.22) and
the following "boundary conditions"

_10_
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1 _t, .- -
(3.24) yw: = “( -N fo, fo ),
.2 - t o . ’
i = Yo7, yP g,
yw® = Yo7, 1/v YP (Vg + 2v9 Uy (vyeq )

We determine q by the following condition
(3.25) Ag = 0 , rq = -vi , i.e. g = -vDf = vDv £~
Then, w satisfies (3.22), if the following equation is satisfied ;
(3.26) £7- N£, = g,
RS .-
f0+ Pz(v) DA'N-f = &, -
Here we haverused the equalities (cf. (3.15) or (3.31))
- . * - .-
2v78nU0(v)e = PQ(V) and v = AN

Hence we obtain

(3.26)7 £+ NP, (V)" DA'NTE = g’+-N;g = Mg

By symbol culculus ( and the identity : N°N'= -1 ), we have
(3.27) P,(»)*DA” = T(v), (1 - tw) 1= ey,
(3.28) (1 + N’Pz(v)*DA’Nf}'1= {1+ Nfr(v)tN’}'l =1+ Q) .

Thus (3.26) is solved by

-

(3.29) f7= {1 + Q(v)IMg ,
fo = gn - T(WIN{1 + Qv)}Mg = &, {t(y)-tlcv)}N-Mg .
Substituting (3.29) into (3.22) and rearranging the expression

of w , we obtain

(3.30) w = P(vg ?1(v)g + ?z(v)g‘+ ?O(v)g

VNg - YNT(V)N {1 + Q(v)}Mg

E - <, (VN Y72

Pz(”)( 0(v)/2 1 T (WINT/2 )‘1 + Q)IMg

+

+ PVIVIU (Ve D{1 + Q(V))}Mg

We note that the boundary layer arises only from ?z(v)g

- 11 -
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3. Estimates
Fix po> 0 and 0 < 90< n/4 . Then we have the following estimates

which hold uniformly in p and 8 with 0 £ p < o and 0 £ 8 £ 90 .

Lemma 3.1. Let v €(0,11, € = /v , £ >0 and a > 0 . Then : (7)

(3.31) rU,v,t)e = o(l) , rﬁo(v,t)e = 0(1) ,

-K/2 K/2

), A rl w, e = ot %,

(eh">*a 1l w,tre = ot™172 “k/2y 5 o,

{,0,8 Ht,p,e,(u)
a ' Ya/e

The same holds if the extension e is replaced by e

(sA’)KrUO(v,t)e = ot

uniformly in €, £ and a in the function spaces H

~4,p,0
and Ha/e .

(2) There hold the following relations

1

(3.32) ﬁlcv) = (eA7)” §2(u>m<v) = ﬁl(v,t)*t(convolution in t ) ,

2yl v, tre = By, ), 20 U, v, 08 = Pyv, )*
As operators from i P 4o Hi}g'e’(“) (resp. Hi}g:? ), |
(3.33) (eADH* B, t) = ot™1/2 “K/2y  (Lesp. 0ty k20,
P, (v, t) = 0(t™H) (resp.’oct"l/z)) , |
uniformly in € ,£ and a . From Hﬁ’p’e (resp. Hi:?’e ) to H P .
(3.3 P w,0% = 0 T2y (resp. 0?27 1712y,
vol M, , B, = 0ctTUTD/2) (regp. 0712y,
(8) As operators acting in H’t’p ,
(3.35)  (8AD e, t), AD®Ttw, 1), (AD *r w,t) = otTIZy,
0L<xk<x1,
N~ = o)
uniformly in g .
(4) As operators actipg in Hifp’e and Hﬁ}g:g ,

-0 -0

@, P, @, P"=ow

(5) As the operators acting from H’i’p to Hi’p’e ,
D=0¢l), VN&=D (N ,1) = 0¢1) .

-12_
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Lemma 3.2. Under the corresponding conditions in Lemma 3.1, we

have
(3.36) Uy = rl v, trex + u, (v, t)%,
(aA’)“&z(v,t> = ot7R/2y, 9 U, (v, 1) = ot~ /2y /
(3.37) P, (W)v= YNy _+ VNA (U, )% (BAS , (sA’)Kﬁl(v,t)= ocm(1rd/2y
FoWIv= svﬁo(v,t)*t(aAS , (SA’)KﬁO(v,t) - O(tex/z)’

£d ? (vy = —? (v)yeA™ - VP, (VIEV: (1+Q(V))O)MY ,

? (v)y= P (v)( E” 0 )MY + ﬁ (v, t)* (A7),

A  F, v, 0 = oct (1+“’/2)

Here *t means convolution in t ( on [0,t]), and §z(v) is defined by

replacing P,(v) with P

,(v) in the definition (3.29) of ?, ).

Lemma 3.3. Let f(z )€ H'{’p . THen,

. 9. - < -p7), > 0, <j -1.
(3.38) 'ajflt,p lflt’p/(P P p>p 0, 1 £j £ n-1

Lemma 3.4. Let f(z, z, ) € Ht P, 9, and put x(zn) = min{1, !znl}

THen there exists C(GO) > 0 , independent of a., such that
(3.39) Ix(z )o f't 0,8” < c<90>|f|£’p’g/<e-e ) , 8 > 68 20,

Ix(z )8 £l < CODIEl, g,/ 8-+ nlfl

£,p,0, (w) £,p,0, (u)"
l—x(ez )d fl{ .07 (u )< C(e )Ifl£ 0.0, (n ){1/(9 -87)+1/(u-u")}.

Remark. 1In what follows, we put U0, £)= 1 and U, (0)= 8(t)x,.

Then, rUO(v,t)e (resp. rﬁo(v)e ) is strongly continuous in (v,t) €

[0,13x00,) in HI*P*% (resp. in v in k1P O W) ang gLP0

a

4. Abstract Cauchy—Kowalewskl theorem
We give a survey on the abstract Cauchy-Kowalewsky theorem ([2]).
Let ip = {Xp; 0 <px po} be a Banach scale W1th the norm | Ip
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of Xp, i.e. Xb/D Xp and | lp/£~l Ip for 0 £ p £ p < Py - Define
X and Y by
poyBST po)BQT 4 .
o .
= M S ==
(4.1) XpO,B,T BB([O,T], Xp) f(t) <
7y £ty € B%ro, 1713 X)) for p < py-8T7, T'< T,
2> £l g = sup I£Ct)] 2 _ { =,
\ PorB  o<tsT poBt
(4.2) Y 35 f(t) <==> (7) f(t)e€ Bo(to,T’l; X)) for T'< T,
po)B’T . B . p
(2) Bflg = sup 1£()1 0BL/(py=p)) C = , @(t)=(1-tre t.
OSpspO-Bt
We also define
(4.3) Xp,B,T(R) = {f(t)e€ xp,B,T s lflp’B < R} ,
~ _ 0 .
xp,B,T = B"([0,11]; Xp,B,T) s ( [0,11 > & ),
Xp,B,T(B) : similarly ag Xp,B,T(R)
Let F(g,t,u(*)) be a mapping from [0,1IX[0,T]IX Xp 8 (R) into
N » 0)

XOIBO,t for 0 < p < p £ pO—BOt and‘O < T < TO , and satisfy
c - p— - - t — - -
(F.1) IF(e, t,u(-))-F(g,t,v( ))!p < fO Clu(s) v(s)lp(s)/(p(s) p )ds
for each u,v € Xp,B,t’ 0 < p < p(s) p-8s , B = BO, 0 <t STO,

Here C,R and RO are constants independent of €

'Consider the following equation

(4.4) udt) = F(g,t,u(-)), 0Lt <<T (L TO)

Then, we have

Theorem ACK. (Abstract Cauchy-KowalewSki theorem). Assume (F.1)
and (F.2). Then, there exist 8 > Bo and T < TO, 0<KTZ«x pO/B , such

that the equation (4.4) has a uniqﬁe’solution u(g, t) e X (R).

‘ ‘ ‘ v ‘ po’g,T
We can choose B such as

(4.5) B = max { 480/3 , 8Ce , 16Ce2R0/(R-R )}

9]
- 14 -
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Sketch of Proof. First we note
(4.6) - HuHB < lu!PO,B < (1 - B /Bre Huﬂsz , B >B8 20
By virtue ofv(F.l), we hdve
(4.7) IF(e, t,u) - F(e,t,v)l, < (2Ce/Bollu-vly , 8 2 BO ,
for eavh u,v € Xpo’B?T(R).

Choose B satisfying (4.5), and put

(4.8) u,(t) = F(g, 1,00 ,
un+1(t) = F(s,t,un(-)) , n =20 ,
_ _ o—n-1 . _ _ -n-1
B, =80 -2 >, i.e. 8 - B = B2 )
Then, u_ .€ X , ifu €X (R) and T < p./B . (4.7)
n+l p0,8n+1,T n pO,Bn,T , 0

and (4.8) imply

(4.9) Hun+1- unHan (2Ce)/B Hun— un—l"Bn?
_ oh+1 _
(4.10) Iun+1 unIOO,B < (1 Bn/B)ellum?_1 unnsn— 2 ellun+1 un"Bn
_ oD+l n _
= 2 e(2Ce/Bn) Ilu1 uOIIsn

. n -
5‘8{3 e(4Ce/B) llu1 ,u0"81
On the other hand (F.2) implies

Jlu ., £ lu,li <R., lu,- ul, £ (2Ce/B,)llu,ll
0'8, 0'p,,8, 0 T To's, 1°"%0"8

Hence, because of. the choice of B, we have

(4.11) Iun+1- unlpO,B

< 16/9 e(4Ce/8)n+1Ro ,

| < {1+ 4e(4Ce/B)}R, £ R .

up+1»po,8 0

This shows that {un} converges in ip 3 T(R) and the limit u(g, t)
. - 0 ’ 9

satisfies (4.4), if T < min{TO,po/B}. Uniqueness is easily proved.

- 15 -
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5. The first approximation uo(v,t,x)
We solve the equation (1.5) by using the "evolution operator®
V(v,t) defined by (3.17). We consider the eguation

(5.1) a° = Vv, b, - varu®-va®

= F(v,t,uo)
The solution u0 of (5.1) is clearly a solution of (1.5).

We note that V(v,t) (resp. V(v)) is strongly continuous in (v,t)

in Hi’p’e (resp. in v in Ki’p’e ), by virtue of Remark in 3 .
Fix p, and 8, so that p,> 0 and 0 < 6,< n/4 , and put
(5.2) G(u) = u-vVu , u € ﬁﬁ'p’9= {ue Hi’p’e; y.u=0},

L =2 (n-1)/2 +1 , 0 < p £ Po 0 < 8 < 90 , a>0 .
By virtue of Sobolev embedding theorem, Lemma3.3 and 3.4, we obtain
the uniform estimates (in p, 6 and v €(0,11 »:
(5-3) lG(u)J{,p:e/S Clu't’p:e’{Iu't’p,e:/(p_p )+Iu|£,p:9/(9-e )),
"G(u)_G(V)I{’p:94S C('uI{,p:9,+IVI£,p:el)x

X{lU‘Vlt,p’e’/(P‘P ) + IU‘Vlt,pIG/(9°Q )},

4,p,80
a 0’

The constant C is independent of p , p, 8°, 8, a > 0 and v . Thus

u,v € H , 0<p<pc< Pys 0 < 0°< 0 <06, 0<v<1.

the mapping F(v,t,u(:)) = V(v,t)uO - V(v)G(u) appearing in (5.1)

°of,p,0
Ha

satisfies the conditions (F.1) and (F.2) in with arbitrary

T0 > 0 . Hence, applying Theorem ACK , we have

Theorem 5.1. Let £ = (n-1)/2 +3, 0 < p £ Pyr 0< 6 < 90< n/4

and a > 0 . Assume uO € Hi’p’e

exist T > 0 and BO> 0 such that (5.1) has a unique solution uo(v,t)

£,0,8  Uhich is defined from Ht*P»®
a’BO’ a

and the condition (1.3). Then, there

€ X T in the same way as in 2
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6. The first boundary layer ﬁo(s,t,x:xnle)
Let g ='/§ € [0,1]. In order to solve (1.6), we change variables

as follows

(6.1) X, - BX, , Sn - an/s s
'\,0, - "'0/ - '\’O "'O .
u (a,t,x,xn/s) - u (S,t,x,xn), un( ,xn/e) - un( ,xn)/s s
0. ) ,
uo(v,t,x) - [ uO (v,t,?,sxn) ] = uo(s t,x, x )
un(v,t,x,exn)/e

Then, the equation (1.6) is rewriten as

6.2) 9, 3% +@% A% v @4 u0-97%0 07 -va 700270 +30% v = o,
‘ ~""n o n ""n’"n e
~0 - —1 :NO/ = O ,:NO, ,'
u (e,t,x) = -8 _"veu T (g,t,x) = fxnv u' (e, t,x",n ddn_,
'\'O -
l4=0 = 0>
~~0 - ~0. — -=0 - 0
Yu =u | _,=-vu =-vu
n
We put
6.3 7= T,anv%- By, |
~0 _ _ 0. - _golj ~0- - = .. 0-
u = 8 v = an Uz(v)v v + Pl(v)yv u
1_-~0- = 0

= —{rUO(v)e- Pl(V)YUO(v)e}Sn Vev + Pl(v)vu (See (3.21))

Then, the last three conditions of (6.2) are automatically satisfied.

Substituting (6.3) into (6.2), we have an equation for vo'.
~Q - =0- ~0-, . o-& ~0-_  =0,~0__~0 - ~0-
(6.4) 'v + (u +u )V Uz(v)v f(un+gn yun)anuz(v)v
' ~0-_- ~0 ~0 -0-
+lu v+ (up ?un)an}u
=0- ~0-, _- -0 ~0 __~0 5 -0 _
{((u” +u” )V + (u_ + u Yun)an}Pz(v)? u =0

Note ( See (3.15).)

~0 ‘\'0 = :“' -
(6.5) u —Yu IO u (S,t,x,ﬁn)dﬁn .
(6.6) B, ()7 ° = B, (»Y (Y, buy - vimu®-va?y
Pz(v)v Viv,t) = Pz(v)yUo(v,t){P .+ N Pn}e
_ _5 -1/2 %* *V . . ©
= -P (v (P, )% + P, v, )™ 1 (774 NPDre

_17_
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From (3.33) and (3.34), it follows Pl(v)v‘l/zp (v,t) = 0C1) , and

2
- -0 {,p,0 . .
Pz(v)y u’ € xw . Hence, only the underlined terms contain the

. . . ~0- . '
first derivatives of v in linear order, and other terms are con-

. .. ~0- . {-1,p,0
tinuous in.v in Ka/S

we can apply Theorem ACK inorder to solve (6.4) . Since (6.4) has a

{-1,p,0, (W)
a/S,Bl,T1

Thus, by virtue of Lemma 3.3 and 3.4,

with some 81 > B, and 0 < T1 <T,

unique solution 797€ % 0

we have

Theorem 6.1. Uhder the assumptions of Theorem 5.1, the "Navier-

: - . ~0 . {-1,p,6, ()
Stokes equation™ (6.2) has a solution u (&,t,X,x ) € xa/s.B T ’

1’71

.where B8,.< 8, and 0 < T, < T

0 1 1

7. The second approximationuul(s,t,x)

We solve the equation (1.7) in thrée steps. (7) First we solve

(7.1) etu + uO-Vu - vVAu + vp=0, t>0, x € Rf .

veu = 0 ,
u|t=0 = v
Ynu =0

0 s

We write the solution u of (7.1) as u = V(v, t;u)v which is the

0 ’
definition of the "evolution operator" V(v,t;uo) . Since (7.1) is
linear, it is easy to solve it in a framework of Theorem ACK . How-
ever, we sketch briefly how to construct V(v,t;uo) in order to gét

better estimates (cf. [1]).

First we consider the transport equation

(7.2) atv + WYV = 0 (w =.euQ) , t>s , x € R, v|t=s = v,
We assume w(s,x) and VO(X) € Hz’prS’G—BS(Rn) (k = 2-1) , which is

defined in a similar way as in (2.5) with Q(p,8,a) replaced by
Qcp,0,a)up,0,a72) , B(p,0,a) = (X% )3 (X]-% )€ Q(p,0,a))

_18_
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I1f w = w(xXx) does not depend on t, A = -w-V generates a (time-local)

semigroup etA in Kk’p’e(Rn), since etA
a,8,T
k,p,8

converges on [0,T] strongly in Ka 8.1 * Because, with the termi-

=1 + tA + (tA)2/2! +

nologies of 4 , the estimate : lAf!p/ < lelp/(p—p’), implies

Lctar sl < tjcjlflp(Bt/j)_j < (C/B)jjjlflp

-1/2 e—JjJ+1/2

p-8t

Hence, Stirling's formula : j! = (2n) {1 + o(1)}, gives

our conclusion with 8 =2 2Ce . If w = w(g,t,x) € Xﬁ’g’gT , Cauchy's
£ 0’

connected segment method can be applied to prove that -w-V generates
evolution operator T(t,s;w) such that v = T(t,s;w)v0 is the uhique

solution of (7.2) . Second we put

(7.3) Vo v, t,s5w) PmUo(v,t—s)T(t,s;w) ,

A . t
Vv, t,s5W) Vovst,siw) + fs v

0
I1f we choose Rl(t,s) = Rl(v,t,s;w) satisfying

(v,t,r;w)Rl(v,r,s;w)dr

t ' -
(7.4) R, (t,s) - fs Ry(t,T)R (r,s)dr = R (t,s) ,
Ro(t,s) = RO(v,t,s;w) = [P Uo(v,t—s), w(g,t,)-v1 ,
then, we obtain the evolution operator of the linear N-S equation

(7.5) Btvl +vw'-VV1 - vAV1 +Q R1 =0, t >s ,
V-Vl = 0 ,
| Vilieg = F
Since R .(v,t,s;w) = O(l) in Xk’p’e R, 8 > 8 the Volterra
0 ?» Ly a,B,T ] 0 ’

equation (7.4) is solved by succesive approximation .

Next we put

(7.6)  V(w,t,s;u’) = er(v,t,s;euo)e - VNYﬁVI(v,t,s;euo)
+ f;{rvl(v,t,r;uo)e - VNanl(v,t,r;euo)}S(v,r,s;uO)dr ,
(7.7) S(t,s) - f; S, (t,r)S(r,8)ds = S, (t,s) ,

. L0 0o 0
§,(t,8)=8, (v, t,8;u )=(lu" (1) V]VIN + gn(t)SHVN}ynvl(t,s)
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In the same way as above, (7.7) has a unique solution S(v,t,s;uo)

k,p,0
a,B,T °

V(v,t,s;uo) of (7.1)

which is O(1) in X Thus, we have the evolution operator

(2) The Poisson operator 2 = Q(U;uo) of the equation (7.1) is

given by solving

7.8) ayv+uvv-vav+vp=0,t>0, xeR",
Vv = 0,
v|t=0 =0 ,
vv=eg Czgl,_,=0)

We put

(7.9)  v(t) = WNg + [§ Vv, t,s5u"21(s, )ds

then, v(t) satisfies the last three conditions of (7.9) . The first

equation will be satisfied, if f is determined by

(7.10) f(t) + [uo(t)-V,V]Ng =0, [uO-V,V]N = 0(1)
9w;u®) is defined by v(t) = 2w;u®yg , which is 0C1) from KptaP
to Kﬁ:g:g., if k< { and 8 2 BO

(3) The solution u1 of the equation (1.7) is described as
(7.11) W) = -5 v, tsiu®ul e veisas - awsu®y 707
Since thjs is a linear Voltrra equation in Xi:é;?%? , We have a

unique solution ul(S,t,x) in the same space . thus, we have

Theorem 7.1. Under the assumptions of Theorem 5.1 the "N-S

t‘l,p,e t_lyp9e

n X
a,Bl,T1 a,Z,Bl,T

equation” (1.7) has a solution ul(e,t,x) € X
1

8. The complemntary terms
We are at the final stage, though we can continue our procedure
which was used to get ﬁo and ul. It provides an asymptotic solution
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of (1.1). In order to solve (1.8) and (1.9), we put

(8.1) (7). u?® = rP”UO(v)ev2 - {?1(v>+?o(v)>yP”UO(v)e(v2+ /ey

* {?l(v)+?0(v)}g/e ,

(2) uleghls rP”UO(v)e($1+sAi$2> - ?2(v)yP”U0(v>e(sv2+ b
< ,'\.2
- P(v)¥yP Uo(v)esAlv + ?2(v)g ,

8 g = -t ul,o) € xé‘f%’p , (and gg € xé"g’e

1’71 1’71

Then, all conditions of (1.8)-(1.9) are satisfied except for the

)

first two equations . Later we will show that we may assume
(8.2) wfee, 0 = falte, o, e, txn
ilee, t,xx /ey = P@ (e, txx /), Sﬁi(s,t,x:xn/e)) ,
~2 - _ ot ~2- - ~2 -
u (S,t,x,xn/e) = "(u (8,ttx,xn/8), un(e,t,x,xn/s))

We make the change of the variables

- - b, on = _t,_- :
(8.3) (x,xn) —_ (x,EXn) , vV = (V,an) — vV = (V,an/s) .
Q" — &= T(vPe 32/8® 319, PT = FT=1 - 37,
i, - i~ _ =i -
u (x,xn) — u (x,exn) = u (x,xn) ,
~i - '\'i - — Ni
u (x,xn/s) — u (x,xn) =

Then, we have (See (3.8). )

wo (TR e (B (e e
R § -'RTOT 0 0
o (RTY(E) = ( sz’inlcszlﬁ’|2+€i )) = so(§°)(€>£’/5n ,
058y = g2/ 187 1% )
o (T ) (E) = sziﬁ’lz/(82|€’|2+€i ) = ea(tN’ﬁ°)(g)|5’|/§;1,
(7" (E) = eo(ﬁth’)(ﬁ)li’l/«i;l‘,
i.e. R”=eA8NO Y, 1T = eaNRTEN, @7 o= eABTNOCD,
-0 -0 - OO QO t -_C0 _ 1

, 80, T, W= YNy W:)= eA’E”a; ) = 0(1), o = 0(1).
Substitute (8.1) into (1.8), and drop the boundary layers and
potential parts. Then, we obtain an equation for v2
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(8.5)  vi(t)+ (u’+ gul+ g2u%)-vrp” U, (W)ev?

0

2

-t u%guly v, VI{NY_+N#, (VIEA  +E# (v)sA’)PmUO(v)ev

~tcu®seuly v, viny T, vaaTen’a 15!

€03 e ey

-tcu’sguty v, v1 N4, §?2f§@ N T vLen” G170)+a%eA s 15
—eu’-v V(Ny_+NA (VIgAT+e4, (EAI BT () e(ev? ]y
—[(u0+8u1)-v,V]{Nﬁl(v)+sk0(v)}A g —8u2-V{VNﬁ1(v)+gvﬁ0(v)}8A’g
+ uz'V(uO+8u1) = fl = -ul-Vu1 , .

where only the underlined terms contain the first derivatives of

v2 and 31 in linear order. Note

(8.6) g’ = -y ul = —y’vcv,t,s;uo)*sul-VuO + (—N’)yﬁg ,

EA Y VO, t,s5u) = occt-s)"12)

~0 _ = - _ 5 = = a=lg:n0-_ 3 -0
vus = vl e - Byonrljwmers vy P vy u ((6.3)).

This and (3.36) of Lemma 3.2 imply that the last term containing g
t-2.p,0
a,Bl,T1
Taking (8.1)-(2) and (8.4) into account, we set for 31 and 52
1- 1- 2

on the left hand side of (8.5) is in X

(8.1 (&) 1

rﬁo(v)eg -3 (v)’y?mﬁo(v)e(SG - ?2(v)7g ,
= erli (Vv eA 8" AR (v)W:eGI )

- e, (») AvB7T, (v)e(8v2+ ¥ - e, () Ag ,

eA"d" ~137
O

(4]
=
1

1
= ruo(v){(,w )+ B eh] v 2, -?(v)rﬁ“ﬁo(v)egiif.

Substitute (8.1) into (1.9) and change the variables by (8.3) ( and

by (8.1) (2)) . Then, we obtain the«equations for Vl and 32 :

(8.7)(7) ;1 + {u0 v+ u0 v + u 8 +8(u +8u2+ u1+8u2) V}rU (v)evl'

- (@i v e +eu2+61+9u2) Y%, () yP U,(vreeev’s ¥

-1 1

- {(u /8 tup +u )8 +(8u +Su

+ (u +8u1+8u2+ u0+8u +82u2) -V ? (v) g

ilcv (@P+eul+e?u?s ﬁ ) + gulc Vu0 + (ﬁi +u1+u )8 _u u

’EO/_ ( 0 v + u a )ﬁl/ ’

0-

+
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- TEU g 22+0%+eut+%0%) - ¥ ﬁ (v eA yP U

oooooooooo

oooooooooooo

=1,.2=-2 ~0_ _~1 _2~

+ (u +Eu +g7 U +u

+ (3legn? )'3(5

-~2 +{i-10-€’+u0 -1

-1, .2

~1

+{(gnign)8n/8 +U°7V7)

Here the underlined terms contain the

in linear order.

(ul ”I:E;,Hz) € X
(eul,sﬁl’eﬁl,sﬁz) €

lyvly?";’;z) €

{-1,p,8 £{-2

B,T X K

-(8.8)

x k71

t-2

(8.8 (v

letter K

( ¢ is defind from L as in 2 ).

1 ~1-~1 ~2

(8.9) W = (v ,V ,vn,v ) .

Then,

(8.10) w = G(E,t,w()) ,

. . {-1,p,0
in the function space La,B,T
0 ¢ TK T1 Thus,

and we obtain

‘v +u08 +8(u +Eu

ooooo

2~2 2 ~1

+Eu +& u ) vﬁ

..1 2..
+8un +g7u

—-(u +gu +g u2+ﬁo+eu1+82u ).V ﬁ

ooooooooooooooooooooo

We note that the (8.

» 0,6, (W)
a’g,
,0,9,(M)
a/€,
’099’(u)
a’/g,

(or in
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u2+ulegy?) - 2R N COYN evl

oooooooooooooo

(VYI(Ev +v™)

..... O
(v)naA g

) = EO - 3955,
n

2
2 . _~0
n+8n

1

‘v +u 8 +8(u +8u2+u +eu2) -VyrP U (vYeA’ v

-----------------------

oo.o—

......

L@ +8u1+82u2 0)

* 8 e nooc_

~2

first derivatives of 31 and v

8) results from (8.9)

£-2 ’ p’e
a/e,B,T
{-1,p,0
a/g,B8,T
~{-2,p,0
a/g,B,T

8T X K

8T X K

x K

HO-HO-ED

v w e e w

8,T

(or L ) is replaced by X ( £ ).

We put

the equations (8.5) and (8.7) (7),(2),(8) are written as

-(,"1,0,9

za,B’T ) , with 8 > Bl and

we can apply Theorem ACK in order to solve (8;9);

Theorem 8.1. Under the assumptions of Theorem 5.1 the "Navier-
Stokes equation” (1.8)-(1.9) has a (unique) solution (ul, Ul+gd?)
with o= Y173y such that (u?,31:31,3%)e x‘ 2,p,0 o 4i-2,0, 9 L2

n n 82’T2 a/g, B 2
~8-2,p,0 £-3,p,0 .
xa/s,Bz,sz xa/S,Bz,Tz with Bl< 82 and 0 < T2 < T1 .
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