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On Legendre’s theorem related to Diophantine approximation

Shunji TTO ( Tsuda College )

PPR% 1RO XS )
§1 Tntfodunt%on

Tt is well known that the Requeuﬁe of nnnvergents P, / a,of a,
which is induced by a continued faction expansion,provides "good"
approximation of q.

More exactly we have’the following theorem.

Theorem ( LégpndrP ). let a he a hositive 1vra110na1 number

:f a szmwle fvacf:on r/a, q>0.safzsf1es fhe tnequalitv

|o- 2] <+ &

then theve’exi§ts n such that
(pn.qn)~<p,q)
and the constant 1/2 is best Doss:ble
We call thP best p0q51b19 constant 1/2 LegendréfcnnstaﬁtyH

associated with a simple continued fraction expension or

Legendre constant related to the principle convergents.

By the way we know other continued fraction expensions, for
example nearest integer continued faction expansion, g-continued
fraction expansion. and so forth. And each expansion provides a

"good" approximation of «.



'

Tt is the main purpnseyoé thié paper to discuss how we are able
t.o dicide the lLegendre constant tor each continued faction
expansion.

Tn this paper, we give the proot in the case of the simpie
continued fraction expansion, but it is easy to see that the
mithod of the proof is universal and it is able to Be extended
to other expansions. The central idea consists in constructing a
kind of decomposition of integer lattice, which will be called cone
decomposition associated with a simple continued fraction expansion,
and main tool is the natural extension of the simp]é continued
fraction expansion transformation, which is bhasic cbnnept in
ergodic theory.

Tn the final section, we give lLegendre constants for several

kinds of continued fraction expansions.
§2 On the simple continued fraction expansion

Let X=[0,1] and an integer valued function a(a) on X bhe
a(a)=[1/al, and define a map T on X and digits a_(n21) by
I N |
Ta = = ala) v (2.1)

and

a, = a (a) = al ™M la) , nzil,

n

then, by using the algorithm (X,T), we have a simple continued

fraction expansion of geX inductively:
' 1 _ 1
ap *Ta 7 4y 1
1 ag +e |

a (2.2)
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Put

An 9n-1 ] - [ ay 1 ]
Pn Pn-1 1 [V

99 -7 ;'( 10 ]
Pg P_q o 1r;

and define a linear transformetion ék from (xk, yk) plane

a1y ‘
.[ n (nz1)
1 ()

and

to ( X1 yk_1) plane by

, 1
o) [ *n-1 ] = [ n ] [ *n ] L (2.3)
Yn-1 1 0 Yo , !

then we see inductively the following fundamental pronerties.

Fundamental property 1.1. Let us denote an=Tna, then for each

irrational qel[0,1),

P * Pp_i9y

1) a =
A ¥ An_q9y
- 1
2) @ @y e,y =
Gy * Yp-19n
and
3) a’XO-YO=(-1)na a1az"'an_1(aﬁ¥n-yn) .

Define a map ¢n+1,k from ( Xn+1' Y+t ) plane to ( xn} Yn ) plane by

X k 1 X
$n+1,k N ntl (2.4)
’ ¥n Voo Yn+1
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and define a cone LO and a lattice cone fo in R2 by

Loz{x(é)+y({):x,yz 0}

and
fo=(£(5)+m(%):{,meN} ,
and also define a cone L{n,k) and a lattice cone £{(n,k) on
(xo,yo)—plane by |
Li{n,k)= go goo--ceg o ¢ 17 (Tg)
and | | |
£(n,k)= ¢y dgo - opped iy k(%))

then we: have the following formula

a,- Y (Unoq)
£(n, k)-{{{k( ] {“ ‘]}+muk+n[q“]+[q" ‘]}:(,mem
Pnj) \Pn-1 Pn Pn-1

(see figdre(l)) .
Using the above notation, we get the'geometrica1 lemma.
Lemma 2.1. let {0 be a line {, : a'xg~ y5 = 0

then we have

1) Lin,k) N {o= ¢ , ik oAy
2) L(n sans1) O {0

3) L(nian,g) = z o n+1, k )

and

4) n (M Bne)

Définifién 2.1.‘ for eanh 1rraf1nnal eae {0, 1),

fn has a fnl]nw1ng dponmpoq1f1nn Zb a )

o

Zola)= X zsﬂ n, k)
n=0 k=
k#&"TH]
and we call fo(a) a cone decomposition associated with the

simple continued fraction expansion of «.

(2.5)

(2.6)
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Our goal in this section is to prove the T.egendre constant is
equal to 1/2. For this purpose, it is sufficient to see

. 1
inf inf q Qqa - p = .
RS 369 | -
q,p q :T’
(qip)=t M n)

and, by a cone decomposgition (2.6),it is equivalent to

inf inf inf

@ [aa-r]
a€X n k:k¢$a

n+1 %(" k)

. (qn+1’pn+l)
The following lemma is eas1ly obtained from geometric consideration.

l.emma 2.2. for each irrational qe(0,1),

) qlae-pl 2 %, 1 |a-X, -¥
(pra) €£(n k) n kl'v nk 0 k|
OT Xn,k+1|% Xn k+1 ¥, k+1]

where (x {,yn {) is given by
Gt el
Yo, ¢ Pn’ Pho1

2) min Comin fdfﬂqai—]p |
kik#a 4 (p,q)ef(n @] B

and moreover

= min a-*X
t=1,a,,1-1.a8,,1+1

By the way, from the fundamental properties (1),(2) and (3)

-y
nt e

we have the following
Lemma 2.3. for each irrational a,

{{fqn 1]'1 -apf | B
Xn'f a-xn,{‘yn'{l= X qn-] ’ : o
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Remark 2.1. we know from the definition of a continued fraction

expansion that

1) 1F aney = 1 then (xn %0 ,1)= (Tne1 +Pnst)
2) if An+t = 2 then (Yn,T’yn,1): Yn,an+1—l ’yn,an+‘—1)
3) ‘ 1 if 18tsa. \
sign(1—qn-{):[ _ nti
-1 if {2

n+1+]
Using L.emma 2.3 and the Remark 2.1, we define the constants

as follows:

Cl(Q)ZI min a (2.7)
n al"\‘l"l#1 14 n—]~a
n .
q
‘n+1
(e 22 0= (nar) o)
02(0):: min 0 h ’]
ta > n—
n+2 1+qn can
(a +1)+<—l—“—+—1 ( a +1 )
n+l a, a(An4q )-1
C3(a):= min
n 1+qn-1
—-a,
In

and

cala):i= min c:(a)

0 iz1,2,3. 1 ’

and

CO = m].n Cn(a)

G€[011) B
Then we have from Lemma 2.2 and 2.3

Proposition 2.1. Tf there exists a simple fraction p/q

such that

q|aa-p|<eq
then there exists n satisfying (qn,pn):(q,p) and the constant ©n
is best possible, that is, constant ¢ is the Legendre constant

associated with the simple continued fraction.
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To calculate the value of the constant e p We use the Folinwing
transformation (X,T), which is called a natural extension of a simple
continued fraction ﬁ]gorithm (*,T).

Let X=[0,1)x[0,1) and definé thé'map’f on X

by T(a,B)z(Ta, a—%ﬁ ], then we obtain the fundamental T.emma.
! (The proof is found in [3].)

Fundamental Lemma 2.5. For any irrational qel0,1),

U, - , :
Tn(a,O):(an, qn 1] . {2.8)
- in
‘ Coq._
Therefore the value of f(an, aﬂ—]] is equal to f(Tn(a,O)) for
n

any function f on Y.

Theorem ( Legendre )
The value of the constant ¢ is equal to 1/2.
Proof. Tt is not difficult tb gsee that
01(0) < 02(0) < 03(0)
Therefore we try to calculate the constant 4= min 01(0).

From the formula (2.7) and fundamental lemma 2.5, we see

cyla) = min  f(T'(a,0)) 2 min fx, v)
n:a #1 T {x,y)e X
n+l : C k<12
where f(x,y)= 1+ +x;-x

Now it is easy to see that

. . 1 1
cy2 Mmin f(x,yv)z min{f(0,0),f(0,1),fl+,0],f|s,11}}
o Lo o))
X - -

= £(3.0) = 5 .
The opposite inequality, that is, the constant % i8 best possible,

is concluded from the property the closure of the orbits

{T"(a,0):n21} is equal to X for almost all q«.
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§3 results

'fn section 2, we had a method to find the lLegendre constant.
This method is summarized as fn]]oﬁsg
1-st step': to find the algorithm (transformation)
(X,T) related ﬁo tﬁe given diophantine apérnximation,
2-nd step ! to decide the cone decomposition (2.6) associated with
the élgorithm, | | |

3-rd step : to obtain the formula(2.7) in order to calculate

the constant co,

4-th step : to eonstrﬁct the natural extension (X,T) of the
algorithm (¥X,T), and to decide the statement of
fundamental lqmma(2.8) |

5-th step f to calculate the coqstant E; integrating/the results
of 3-rd and 4-th steps.

In this section, we will see onjéeveral examples that the method

is "universal" for "any" one dimentional diophantine approximation.

Example 1. an approximation of x from below.

P .
As an approximation of o from below: q-—>0 we know the following
a

a]gorithmﬂ(see[ZJ)‘a

Algorithﬁ: put
X:[Q,IJ
b(a);[%J‘ (éma}lest’integer greater than é ) .
T(a)=b(a)-L

and

b, (a)=b(T1 1y,

”

then the algorithm (X,T,b) induces an approximation qP of «
n



where (qﬁ ,pﬁ) is defined by ' ’ :
q, -9/ -1y (hy, -1 b -1 :
n “n 11..171 2 N n | (n21)
Py, “Pp-1 \l ojj1- o 1 0 -
Cone decomposition : put
X | -1y (%
. n-1j_|"n n
yn-—l ’ yn,
(x -1) (x \
1
S i [ I
n+l,k: Yn 1 0 Ynei

KB(n’k):zélqsz' ° '¢n¢‘n+1,k(fo) '

and

where ,
fo={l(é)+m(%)tl.meN} )

then we have a cone decomposition

oo 0o o
fB(G)z § = fB(n:k)
n=0 k)bn+1

of the domain {(x,¥):ax-y>0,x>0} .

Formula of Legendre constant :

lecl 41 On-af
. v . n+l Bn+l q,
Tln ?(qa—p) 2 min 7 (3.1)
q,p): n Q-
(q.p)=1 (H “‘.‘:an]
qa-p>0 a,
(a,p)#(ag »pp)
Natural extension: put X={0,11x(0,1]

and define a map T on X by T(a,ﬂ):(Ta,sl—ﬁ);then (Y,To is

a natural eXtension of (X,T) and the following formula holds:

a, -
™ (a,m:[T“a. —'}—‘)
qn L]
‘Result: using formula (3.1) and natural extension, the value

of Legendre constant cg on the algorithm is calculated as

1+%+%y :
( m%nxf—T¢§§—— and its vale is equal to 1, that is, we have the
X,y)€ ; . .
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following result:
if 0<q(qa-p)<1 (q,pl=1 and q>0
then there exists n such that

(ta,p)=(q,,p,)-

Example 2. Nearest integer and g-continued fraction expansion.
The nearest integer continued fraction expansion and singular
continued fraction expansion are the special cases of g-continued
fraction expanéions defined as follow. (see[4])

Algorithm: for %§a§l, put Xa:=[a;1,a];

a({x):=[ 1 1 |+1—a ]

X
e(x)::( for x=20

-1 for x<0
o1
Tax.-!§i~a(x)
and
.- n-1
an(x).-a(Ta x)

€

R0z (M7l

then the algorithm (Xa,Ta,a,e) (%éaél) induces an

L P (a) - : , ;
approx¥mation Eﬂwg of x where (qn(a),pn(a)) is defined by
qn(a)nqn_l(a) ,a]kl o a, |
pPpla) po_qy(a)] ley 0f e, 0f.
Cone decomposition : put

et ()]
n, : N
* Yn-1) (&n ©
n+l,k* =
¥n €n+19) (Yn+1

£o(nik):=81:89, -1 8ndns1, k%0, 2n41)

and

where fo € is given by {1(5)+m(;) ll,meN} for g=+1,

then we have a cone decomposition

10
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of the domain {(x,y):-x<y<x,x>0}

Formula of l.egendre constant

In-1(q)
(14 ner G222 (12 00 )

n{a)

min qlqx-p| 2 min
(q,p)t(q,g)zl
qa>

a
n: ‘n-1{a)
"+_—*.q
un+1’] qn(a) n

(a,p)#(g,(a),p,(a))

Natural extension: put

.= 1-2 2q U (1-2 2q-1 1
Roi=lam1,15290x[0,6%] ¥ (g2 F2h)x[0.3]

1

U[zf;L,a]x[O,g] {in the case of %§q<g)
and X :=[a-1, 1221x[0,4] Y (122 oJx[0,1]

{in the case of g<a<l)

where g is given by g:igll s

and define a map Ta on Ya by

- 1
Ta(ny)- (Tax’_a]+"y) ’
then (XQ,TG) is a natural extension of (Xa’Ta) and the following

formula holds:

Tan(a,O)z(Tgx,qg;1)

Result:
The value of Legendre constant c(q) associated with'afcéntinued
farction expansion is culculated as:
min _ f (x,y) if }sasg

(x,y)exa

and min fi(x.Y) if gca<l
(X)Y)GYQ

and x(a%T

+ 1¥x

where fi(x,y)z 1 Xy ’

and c(a) is given by

11



cla)=| Mintl-a,—$z5) if 1/25 a sg

—tr— it a5 a5

In particular the both Legendre constants associated with
Nearest integer continued fraction expanion and singular continued
fraction expansion, which correspond respectively to the expansion

2

of the value a=% and g=g,are the same and equal to g°.

Example 3 Mediant convergent transformation.

Algorithm: put X:=[0,1],

. x'=[ =5 if xe[0,3]
a

1-x ; 1
= I xelgy]]

0 . if xe[0,3]
g{x):= i 1
and e, (x):ze (T 1x),
v
then the algorithm (X,T,e¢) induces the approximation Gﬂ , which
n

is a mediant or a principle convergent of x, as fol;ows {seell]):

let matrixes AO and A1 be
' 11 11
Ap= and A,= .
0 (o 1) ! (1 o)

r 8
[ n "]::AE Ag. " A,
t, u, 1 *2 n

and put

then (vn ,wn) is given by
wnztn+un ’ vnzrn+sn .

Cone decomposition: put
b'e X
Yn-1 n{Yn

£o=11(g)+m(7) 11, men)

and

then

12



f0=¢€1(fo) U ¢_(Zb)
. &
where Ek:l-ak. Therefore we have a following cone deomposition

of ZO for each x;
[~}

Ea=Z ¢ ¢ <--¢ ¢_ &

0 k=1 8} 82 £k_] Ek 0

Formula of Legendre constant:

v1+2rn _ L ‘ 2+'rn’ ’
I; rn+sn)(2-3xn) min( rn+sn](3xn—1l
! r

T

min qlqe-p| 2 min|{min

n. n n: n .
(q?;?:(q,p)=1 xn<% rn+sn(1 xn)+xn Xn>% rn+sn(] xn)+xn
p/q is not principle ' :
nor midiant. '
Natural extension: - put X:=[0,1]1x{0,1]}

and define a map T on X by
T(x.y)::[ (Feerdy)  if xetonp
| (L) if xel}, 1] R
then (X,T) is a natural extension of (X,T) and the fllowing

v
formula holds,

: r
™ (x 1)=(T x, —2 ]
7 S n™’ ro+s |
Result. The Legendre constant cM(assoCiated with mediant

convergent transformation is calculated as

min ( min f(x,y) , min g(x,y) )
(x,7)€[0,5)x[0,1]  (x,¥)el+,1)x[0,1]
where f(x,y)=(1;?¥}§?;3x) and g(X1Y)=(2;¥%ii§;;)

and its value is equal to 1.
So,we obtain the well known result: (q,p) is mediant or principle

convergent if q|qe-pl<1l, (q,p)=1,9>0.

13
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Example 4. Even partial quotients transformation

Algorithm: put X=[0,1)

a(x) be the nearest even integer of %
a(x)=sign(%—a(x))

Tx:!%—a(x)’
an(x)=a(Tn°1x)

and en(X)=e(Tn-1X) )

then the algrithm (X,T,a,eg) induces an approximafionvof x by

suchvthat,fwnﬁvn)z(odd,odd), where (w, v, ) is defined by

: If'n Sn al 51 8.2 82 an fn :
th yn|" 1 o {|1 o 1 0 .

and wn-rnisn ’ vn-tniun.

Cone decomposition : put
o b))
N n-1, 170 J¥n
M) .[Xn .:[Zk £n+1]r(n+1]
Lk yR) Tl o Tn+1
and

£o=102zp+1) () +2a (1) 2p (1) +20+1) (1) 2a, pem)
(=t(m,n) Im,» 0dd,m20 and |n|sm}) v |

then fo has a cone decomposition for each xeX

£z 3 3 #.(n,k)
0 n=0 ks#a E

n+1

where

Le(n k) =gy ¢y by dniy, k(€p)

14
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Formula of Legendre constant:

min qlax-p| 0
(?,p?; : 0<Tnx<% [ iﬂ'T“x]
, = ’ r
<3,E>=<odd,odd) n
(q.p)#(r st tu)

Natural extension : put Y::[O,])x[—1,1) and define a map on ¥ hy

81~
T(x,y)= TX’ETT? '

Then (X,T) is a natural extension of (X,T) and the following

formula holds

Tnz(x,O)z[Tnx,fﬂ)

n

Result: Using the above formula and the natural extension,

The Legendre constant Cg associated with even partial quotient,

is calculated as

; (3+y) (1-3x)
min
(X!Y)GX 1 I+y-x
and 0<x<5

59

and its value is equal to 1, that is, we have the following result:

if QIqx—p|<1, (q,p)=1, q,p:odd then there exists n such that

(1]

(21
[31

[4]

(0,p)=(fpts,,t s, )
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