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Asymptotic behaviour of words partition function

LB R BB R

(Ryuji Kaneiwa)

Let n be a non-negative integer and r be a positive integer.
We denote by w(n|r) the number of partitibns into some words
using any n letters in the aléhébet that consists of r letters.

EXAMPLE. Let n=3‘aﬁd‘r=é(a1phabet‘= {a,b}); Thué we have
w(3]2)=20 partitions:" ' " o

aaa, aab, aba, ébb, baa, bab, bba, bbb,

aa a, ab a, ba a, bb a, aavby, ab b, ba b, bb b,

a.aa, aab, abb, bbb.

We have
o n t
, A : r+s.-1
(1) “w(njr) = Yoo - T [ st ].
sl,sz,... 2 0 t=1 t
n=lsl+2$2+...

By a combinatorial lemma (see ‘Proposition in [1]), we have

(20 ] wa@ln) x = T a-x"7", x| < 1/r.

‘n=0 m=1

Therefore we have, by taking the logarithmic derivative of (2),

n-1 )
(3) new(n|r) = § w(m|r) o(n-m|r),
m=0
where o (n|r) = zdln d-rd. Thus we may write
. n
winlr) = == 7 w1,
[ ’
77 m=0
with non-negative integers Wn me Particularly we have Wn 0. " 1
‘ ’ it ‘ 007
(if n = 0), = 0(if n > 0); Wn 1 = (n - 1)!(for any n > 0) and
14 .
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W= ) ni/s teees 1.
Sl’s2"" > 0

n=1sl+252+---

By Fad di Bruno's formula, we have

o W
, X n,n _n
W P l,_ X gnZO ni - , -
p(n) = w(n|l) = 2 % W_ _/n! is well known as the partition
, m=0 'n,m

function. From now on, we consider w(n|r) for any real r > 1.

We may define w(n|r) by (1) for such r. Then (2),(3) are valid
also in this case. Let f(x]|r) = zn:O w(n|r) x". We have

© -mk T ©
rm 2 = X == Z
1 k=1 k=1 " e -r

i
k

n
I 8

log f(e” "|r)
m

k-1 \ e—T

T 1
(5) -1 = -
k=1 k L=0 e Tf a
. 27mi/k
( Ck— e

(Re T > log r > 0),
k,l '

. r-l/k ). From this, we have the

where ak,z = oy

following
LEMMA. If r > 1, the function log f(e—TIr) is regular for

Re 1t > 0 except v = (log r - 2n8i)/k (k=1,2,...;4 € Z), where

there are simple poles of the function with respective residues

1/x2.

Our purpose is to get asymptotic expressions for w(n|r) with

fixed r > 1. We are able to gét'following theoremsé

THEOREM 1. For any r > 1,

e2/1? D g ‘ 1 . Nil -% —%
w(nlr) = — {exp ————:————~}{l + u (r) n +0 (n )},
2/7e n3/4 h=2 h(cP7 1o 1) va1 ¥ r,N

where {uvir)} is a sequence of functions of r only.



THEOREM 2. For any r < 1,

n/N ez/ﬁ/N n374

win|r)y = )} R_+ O_ _(r )y
ko1 k r,N

k-1
where Rk = 22=0 Rk,z r
_ .n/k _-%n _V(rik,%) v . -v-1
Ry o =°F L, e vZO U, (rik,2) (kv/n) 1v+152/5/k),
Vo (rik,2) = - = + 1

7k h/k=1_ -hi
°x

Uv(r;k,z) are the coefficients in the Taylor expansion

)
hz1,h#k  h(r -1) '

v

T U (rik,8) T,

He~18

1
exp (- ;5— - Vo(r;k,l))f(aklz e r) =
T v=0

and Iv(x) are modified Bessel functions.

Concerning this theorem, we have an equality as the following

THEOREM 3. If r > e%/3

o

’ then the series‘zk Rk converges

1
to w(n|r).

I wish to publish the proof of‘these theorems on another day.

On the leading coefficierit'wn n/n'of the polynomial w(n|r) in r,

14

We have the following

THEOREM 4.

- _ v+l

_ o =1/2 2

Woon/nt=e I byn  ° I .,(2/n)
v=0 :
2/n ¢ N-1 @ -% -
= *——9—371 {l + 1 u, n 2 + Op(n )1,
2/men v=1 "

where the numbers bv are the coefficients in the Taylor expansion

1
e'- 1

) = 2 b Tv-r
v=0 "

(SR
+

exp (- % +
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d r iven by = I -1/4)¥
an un are given by un vAu=n;v,uz0 (-1/4)

(V+11U)bv With
T (v+u+i) (4v2-12) (4v2-32) <00 (4v2=(2u=-1)2)

(\)IU) =’ ! I’(V-U+21‘_) : ! 4p

The numbers W have been treated by Motzkin[2] with his

14

. n+
notation ! .

REMARK. i)The functions U = U (rik,2) (v = 0,1,...) in
Theorem 2 are explicitly given by.v

v v
Vil v, 2.0

(6) | U, = ] Teees !
‘ v \5:1\)1*‘2\)2"‘"' vi® va:©
where
. 5 .
_ v+l v-1 * .
(7) Vv = T;:ITT k + Vv(r:krl)l
Y mn/k = 1) ~mh2
* 1 m v-1 k
V. == ¥ (-1)" m! S(v,m) } h* 7 T — ——
vooovEgg hzijhgk (PR T L ThELgmiL
with Bernoulli numbers B, = 11m(;/(et—1))(v) and Stirling

t+0
numbers S(v,m) = ((et—l)m/m!)(V)[t=o of the second kind. ii) The'-

functions un(r) (n = 0,1,...) in Theorem 1 are given by
(8) Cu o= (=1/4)" (v+1l,u) U (r;1,0).
. v+p=n;v,p20 ‘

iii} The numbers bv in Theorem 4 are given byJ

AY v
(9) b = ) (Bo/21) "1 (Bg/31) " 2eunun ,

' ".I..
v v=1lv+2vy+ees Vit ove!
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