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On a sufficient condition for p-valently starlikeness

By Mamoru NUNOKAWA (Gunma Univ. ) (BE K « B&E B JiE)

Let A(p) be the class of functions of the form

n=p+1
which are regular in D = {z | lzl< I}.

A function f(z) in A(p) is said to be p-valently starlike iff

zf' (z)

Re-——-ﬂ;)——>0 inD.

We denote by S(p) the subclass of A(p) consisting of functions which are

p-valently starlike in D.

THEOREM. Let f(z)e€ A(p) and assume that

(l)‘ | 1 arg —fié%%-l < ;%— (4 ' inD
4

and

(2) (lmf'—p'f}—)(nme‘i(’z)fo
¥4

for ze D(P) = {‘z | 1zi<1, z# 0 and ( arg z - ¢ )( arg z - P -TT) #£0 }
where andpare real numbers, 0<& £ ) and 0§‘(5<Tl’ .

Then we have

zf!' (2) ™ .
| arg —_—?Y;T—_'I < -5 of inD
and therefore f(z) is p-valently starlike in D or f(z)é& S(p).

PROOF. Applying the same metod as in the proof of Ruscheweyh [ 1. p.142],

we have

f(z) - f'(tz) dt
PG T, e



p-1 1 . e o
'Trrg P z€0

0 (tz)p-‘
and it follows that
_] fl 1]
(3) arg tP —_n_i£§%T = ar ——i—i£§%T
(tz)" (tz)

From the assumption (1) and (2), and from (3), if we have

i
0 < arg ——j——%%—- < —%L-u

>
r4

then the integral

1 '
g tp-! f (tzil dt
0 (tz)P

lies in the same convex sector { z 1 0<arg z< Jg—« and by the same reason

as the above, if we have

f(z)

0 > arg —
2P !

STy
> 7~ &
then we have

1 |
0>arg(g tp_]-——i—(—%dt)>-—g—b(.
0 (tz)P

Therefore we have

£ .
larg——z?-(S—)|<—T—2T—(x in D.

This shows that f(z) is p-valently starlike in D.
From the THEOREM , we easily have the following corollaries:
COROLLARY 1. Let f(z)€ A(p) and assume that 0<X < 1 and

f|({l_ Pe a X in D
zp-] 2

I arg

and F‘(z)/zp_I is typically real in D.
Then f(z) belongs to S(p) and

zf' (z2)

f(z

| arg 1< ;g; X in D.



COROLLARY 2. Let f(z)€ A(p) and assume that Re(f'(z)/zp_‘)>0 in D and
f'(z)/zp_l is typically real in D. Then f(z) belongs to S(p) or

zf ' (2)

Re - f(z

> 0 in D.

COROLLARY 3. Let f(z)e€ A(1) and assume that f'(z) is typically real in D

and satisfies

| arg f'(z) I<%O( in D.
Then f(z) is univalently starlike and
zf' (2) Nis .
| arg ) I<—2-—D( in D
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