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On Quasi-Hadamard Product of Certain p-Valent Functions

with Negative Coefficients
HAFEXRFEZB BREST  (Tadayuki Sekine)

1. INTRODUCTION

In [1], Kumar showed some results'for the quasi—Hadamard
producf of certain univalent functions with negative co-
efficients. .

In the present note, we show that Kumar’s results [1] are
generalized to the case of certain p-valent functions with
negative §oefficients.

Let A(p) be the class of analytic and p-valent function
f(z) of the form ‘ ‘

+
£(z) = P - ¥y ap+nzp n (ap+n 20, pe N)
in the unit disk U = {z:|z] < 1}.

Let T*(p,a) and C(p,a) denote the subclasses of A(p) which

1 "
satisfy Re[ E%Té§l ] > o and Re[ 1+ 52755% ] > a, for 0L a<p,
f (z
respectively.

¥*
Clearly the function in T (p,o) and C(p,a) are p-valent
starlike function and p-valent convex function of order a,

respectively.
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For these classes, Owa has obtained the following results

in [2].

3¢
LEMMA 1. A function f(z) is in the class T (p,a) if and
only if

! (p+n-a) {p-oa.
n=1
The result is sharp.

LEMMA 2. A function f(z) is in the class C(p,a) if and

only if

I(p+n)p+n-aa

< plp - a).
n=1 -

p*n

The result is sharp.

Let Ao(p) denote the class of analytic and p-valent func--
tion f(z) of the form

s +
f(z) = apzp - z1ap+nzp n (ap > 0, 254n 20, peN)

in the unit disk U.

* N
Furthermore, let To (p,a) and Co(p,a) be the subclasses of

Ao(p) as follows:

Td*(p,a) = | f(z) e Ao(p):Re {E%W%%l] >a (0 < a < p)
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and

CO(PyOL) = [f(Z) € Ao(p):Re 1 + zf (2

: > a
£ (z)

(0 a<p)-

For these classes, by Lemma 1 and Lemma 2, we easily obtain
the following theorems, respectively.

THEOREM 1. A function f(z) in the class TO*(p,a) if and
only if

1

(p+n-a)a
n=1

ptn < (p - a)ap.
THEOREM 2.

A function f(z) is in the class Co(p,a) if
and only if

n£1(p + n)(p + n - a)ap+n‘§ plp - a)ap.

We now introduce the subclass So(k,p,a) of the class
Ao(p) as follows.

A function f(z) belongs to the class So(k,p,a) if and only if

© k
P R
n=1

p](p+n-a)a <

ptn = (P = (!)api

where k is any real number.

: o
Evidently, S,(0,p,a) =T, (p,0) and Sy(1,p,0) = Cy(p,a).

From now on, let the functions of the class Ao(p) be. the
following forms:



and

gj(z) = b 2P p*n

- §b, 2P . b,
P L Ppn, 57 Py ptn,j =

respectively.

Let us define the quasi-Hadamard product fi*gj(z) of the

functions fi(z) and gj(z) by

S p+n
LZT - 4. s D L2
P, L, %p+n,iPpen, §?

fi(z)*gj(z) =a_.b

p,i

2. RESULTS

Consequently, we have the following theorems. we can
prove these theorems by using the same way as Kumar [1].

THEOREM 3. Let the functions fi(Z) belong to the classes
To*(p,ai) for\each i=1,2,3,+++,m, respectively. Then the
quasi-Hadamard broduct f1*f2*f3*°;-*fm(z) belgngs to‘the class
‘So(m—1,p,6), where B = max{a1,a2,a3,---,am}.

THEOREM 4. Let the functions fi(z) belong to the classes
Co(p,ai) for each i = 1,2,3,*++,m, respectively. Then the
quasi-Hadamard product f1*f2*f3*-~-*fm(z) belongs to the class

SO(2m-1,p,B), where 8 = max{u1,a2,a3,*--,am}.
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THEOREM 5. Let the functionsfi(z) belong to the classes
.
T, (p,ai) for each i = 1,2,3,+++.,m and for each j = 1,2,--+,q,
let the functions gj(z) belong to the classes Co(p.Bj),
respectively. Then the quasi-Hadamard product
ceek %o Ko Heeok

R P T fo*g, %8 %e, gq(z) belongs to the class
So(m+2q'11P7Y)x where v = max{oc1,az,a3,---,am,81,82,{33,---,Bq}.

THEOREM 6. Let the functions fi(z) belong to the class

Co(p,a) for each i = 1,2,3,---,m and let 0 < a £ r,, where rd

is a root of the equation (p + 1)™(p - mr) pp - )™ =0 in
the interval (O,%). Then the quasi-Hadamard product
f1*f2*f3*'--*fm(z) belongs to the class So(m-1,p,ma):

REMARK. If we put p = 1 in these theorems, we have the

Kumar’s results [1].
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