noooodiH o

0 6850 1989 0 104-118
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I. Introduction

In a problem of the Ising spin glass on the Bethe Lattice

we encountered a nonlinear integral equation (L1], [2D

@®

S(x) = 5%{ KCx.y)[S(y>IZ dy (1.1)

-®

Kix,y) = 2ndlydcos x - 2jo(y)cos X

@
+ 2 Fy (1 o+ 4mig (x)ig () | (1.2>

where z is the natural number, and j2m(x) is the SﬁhericaL Bessel

function of order 2m.

We put

fev]

S(x) = a + bcos x + 250 c2£ j2£<x) . (1.2

Substituting (1.2> and (1.3) into (1.1); we get a system of
algebraic equations for unknowns a. b, and Cop of which the
coefficients are given by definite integral of products of Bessel
functions. Solution S{(x> can be solved &y the solution of the
simultaneous algebraic equation. We defined the following

integral I:
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i D
¢k = % J cosfx 5, GO 3, GO L3, GO dx
1 72 Ty - 1 2 v
» (1.4)

Katsura [3], and Katsura and Nishihara [4] calculated

qep) P
IJQ1 25 ﬂsand 1‘JZI 2

Katsura and Inoue [S] calculated

by using the residues and J. E. Kilpatrick.,

W (A8, 8os .. 8,)
Vi Vo ..V, 1 2 2’
= l J C(a.t) J (aty... J (a,t> t dt (1.9
0 Vl 1 v2 2 vy £

In this paper we calculate the values of foLquing
integrats I. N, V. A, and R which appeared in the spin glass

calculation as slated above by extending their method.

@®

IO = M sl oo 3, 003, 0oL, Godx
MNg...n— wl_g Ny o n,
(1.5
. fes)
N;hék> = %j sin" (x+K) n, GOn GoLLLn GOdx
1Mo---My, - M 2 r
- (1.6)
V(hl, hos s hikye Kovovnkp)
n1n2. n ,mlmz m#
® h h h,
= LJ sin l(x+l< >sin 2(x+k >...sin &(X+K >
Tl _y o1 2 A
X ] (x)] (x)...] (xon_ (xon_ (x)...n_ (x)dx
ny no ny M Mo My (1.7
17 ® )
ACL,minD E-E;J {j0<x)} sinMx cos™x dx (1.8
-
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<h> 1 0% imx
R ——[ e JCxD) G (XD ... 3. (x> dx
Ny No «oon ] _ Ny No °n,

(1.9

[l

where nm<x) is the spherical Neumann function of order m.

II. The integral for I, N, V., A, and R

jn(x> and nm(x> can be expressed in

P00 = 5% r;O [Anreix + A:re—ix] x " (2.1
m :
n o = sh gy D™ e e+ Bl eI xS 2.2
Ar‘lr‘ = an‘ ir—n_l ’ BmS = YmS :lm+s v'
y_ o= SO oor | (2.3)

nro . nitdn=-r!

* o, .
(Anr is the comprex conjugate of Anr) and

h p h-p
. _h _ s) . _h-p _15(P*200/2 5-h
sin (x+Kk> Dgo qéO u;O cps kK sin K (=15 2
hy P h-h .
X (G O Jexp(ich-2a-2udx) . (2.4)

Furthermore by using

5 { ® expCiky) o _ _Cik*!
z 4 (2-1)!

-0 Yy

it sgndkd (K=0> (2.5

where P is the principal part. Hence by using (2.1)-(2.5), we can

evaluate them.
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h P h-p v h
p20 qZ0 uZ0 r Zg cos K

L ChskO v
0 ¢=0

I =

n
z
ninNg...n, =

M3
O
5

M 3
ON

1 =0 Ty,

X 510" QO

Y. 1 Y
wgl N §{w§1<2rw+nw)+<p+2u)}
X 5 -1
(wgl rw+u—1)!
V.
mglr\w'wm1 '

X w¢(VrO) f sgndf) (2.6

P h p h-p m m m 7

Chik) 1 2 " h

N = 3 2 2 2 ) I > 2~ COs K

mlmz...m# p=0 g=0 u=0 51—0 52—0 sV—O $=0

X sin" P (01 ) (TP —f

2h+/¢
K Y 1 M
X wgl m Sw (_1>§{w;1<25w+mw+#)+(D+ZU)}
]
<w§1 Sw+u—1)!
7
w§18w+ﬂ—l :
X w¢<0,u> g sgnd(g) (2.7

(where if 4 is odd. the integral for N = 0, because N is the

odd function)

v(hl'hZ""’hR:Kl’KZ’"'KK>

nlnz. . .ny:mlmz...mu
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h h h p p p h.-p, hs -p
T éé P Zg Tp éé q éé q gz "'q~§é & §é 3 502"
1 2 A 1 2 A 17 "2
h,-p n n n m m m v+u
A ZA 1 2 ] 1 2 U
z z 20 * p & 2 S5 ... 2 b3
u&—O rl—O r2—0 r =0 sl—O 52—0 sﬂ 0 ¢=0

A p h,-p, ~ h, p, h,=q
X 0, cos ¢ Ke sih ¢ e Ke [Dg)[qZ)( 5C 9

[0
v I :
hetviu (3, ro+ 2y s, Tvru-1!

M >

£=1

2
1 A Y, J7

« (_l)g{sgl(os+2ue)+w§1(nw+2rw)+n§1(mnfsn+#)}
y,

C 2. r +
W=l w N

IM%

s_ +y+u-1)
n U

X Wy @ 1 SEIE (2.8

2 m n I e e (=1 M/2FUtY
ACLm.n) =29 yEg wgo'(u](v}cw} ghrmen

(2-1)1
¥ ™41 ggnem - (2.9>

(where if m is odd, A(L,m.n) = .0, because A(L,m.n) is the odd

function>
n n n y
md 1 2 , -y
R = Z PI 2~ 42n 2
Ny Ny ... n, — r,50 r%0 r,50 ¢=0
] Yoy
wgl (2rw+nw)/2 wgl Mo
X (=1 y w¢(v,0>
C 2, r +y-1>!
w=l w
]
wgl rw tv.-l
X 7T sgn(TO 2.1

where f=(h+y)-2¢q+u+@d), g=Ch+u)-2(g+u+¢>, @E(nilhn+v+u>

—2{nil<qn+un)+¢}, T=2+m+n)-2¢u+v+w), and T=m+v-2¢. N¢<u,u) is as

._\5—



follows.
wo(u,u) =1 (2.1
. B, retn.+1 “ s_+m
_ _ & & _ non
N1<yfg) = fgl -1 + ngl -1 (2.12)
WyCv.p> (6 = 2.....v> is defined by the sum of.{vzﬂ) products
ratn +1 SC+mC
of ¢ pieces of (~1) (A=1,...,v) and (-1) . (=1, ...u).
Example. v =3, u=2, ¢ =4
(r.+rotrot+s. d+(n, +tnotn,+m, D +3
W32 = -1 P23l s
(rytrotretsoo+in tng tng+my ) +3
+ (=1>
(r1+r2+sl+52>+(n1+n2+ml+m2>+2
+ (-1
’ (r1+r3+51+52)+<n1+n3+m1+m2)+2
+ (-1
N (_1>(r2+r3+sl+52)+(n2+n3+m1+m2>+2
- (2.13>.
Wy(v.0> C W 0.u> > is defined only of (-1 oy™s
Values of I and N for 2 £ v (g £ 6, n, (m#) =0, 2, and O
€ h £ 4 are shown as tables in Appendix. Values of V for A =1, v
=1, 2, u=1., 0 < n, £ 3, m}u = 0, and 0 £ hR £ 1 are also in
Appendix.
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Appendix | Tables of the integral of products of

Bessel functions

Here tables for I in Tabtes 1.1-1.3, N in Tables 2.1-2.3, V

in Tables 3.1-3.2 are shown.
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Table 1.1» The integr‘a’L for I (h=0,1, v=2,...,6, nVéO.2.
K=m/2) '
NiNaNzNgNgNg N 0 L
0 0 1 +
02 0 0
2 2 %? ’é%T
000 -%? %?
002 ~%;; 0
022 1%2; 0
222 75%; -%%;
0000 %%— é%%
0002 <7 T
0022 T%E? 13220
0222 0 1?320
2222 <85 Z58450
00000 %%%} éi
00002 qﬁ%&y j%zr
00022 7g§§§6— 0
00222 i e
02222 "TEE%%EET ?Eﬁfﬁf
22222 75%%%%35- ‘“T%%%%Eﬁf
000000 o S5t
000002 -3%§— 75%%?
000022 5 S LErIen
000222 =555 - TTeo300"
002222 Eﬁiif ——;5§§%a;
022222 ‘T§§%¥iﬁr 64%%25?3800
222222 iz - Shite835600

m?~




TablLe 1.2 The integral for I (h=2.3, v=2,...,6, ny= v 2.,
' K=m/2) ~
N NNz, Ngnyg 2 3
T 3
00 2 2
02 0 0
1 21
22 10 350
7 3
000 + 2
' 1
00 2 s 0
1
022 e 0
811 3
222 35840 140
B 35
0000 = 5=
000 2 - —
120 540
1 31
0022 %20 5880
%
0222 0 Ty
53 6707
2222 7200 1126400
51 17
00000 2 &
00002 2 -
1280 540
41 |
00022 a2 0
53 1
00222 162400 5800
381 1
022272 ~ 21539200 45200
11210223 1871
222272 5740134400 1051050
23 1761
000000 £2 oL
1 109
000002 168 56880
1 103
000022 5520 1720320
1 919
000222 13200 ~ 31539200
1 189269
002222 - 15015 ~ 1548046080
1091 296347
022222 ~ 33063000 24440806400
025900 103013 22493878367
178678500 82452662272000

—/0»
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Table 1.3 The integral for I (h=4,

=2, ...

n

h

r\)oooooomooooomoooomooomoo;-a

 M N N O O O O N NN O O O N NNOIONNN O

NN N N O O O N N N N O O N N.N N O

NN ONN N O O N N NN N O

N N N N N N O

~ alw o ofuw| &
N~ O '

[ .
- N W
[}

1280
1307
71680

M| '
b—’_&\i—lu&lb—*
o

0o

-L\C)‘-IZ\
o

: ??oo
995
3072
113

30720

123

573440

1621

5734400
5933

~ 7756940800

222940799

137763225600
101
320

1848000
17669

36652000

-1l -

!61

n =0.2,
v

kK=m/2)



Table 2.1 The integral for N (h=0,1, x=2,...:6, m =0,2,
K=m/2)

m1m2m3m4msm6 h 0 1
00 - -2
02 0 2z
0000 2 %%}
0002 -5 - 2=
0022 % 35
0222 0 - 2325
2222 - 6= 545000
000000 -2 - 224
00000 2 1= 2 2t
000022 - 480 - 252
000222 £580 TY85555
002222 - 5507 S 255025800
0222272 Zobto T58ese5500
222222 o - Zeazesses0a00

\/2_
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TablLe 2.2 The infegraL‘for N (h=2,3, y=2.,...6. mu=0.2.
K=m/2)

mymomgm,mgmg N 2 3
02 3 <
0000 2. 433
000 < 20
coz 5 i
022 = -
2220 = s
000000 -2 L1492
000002 282 3?33
s00022 -z sz
000332 = Zel
oozzzz | -3 g
o2reez | | S
222225 g | -zempme

V13-




Table 2.3 The integral for N (h=4, u=2,.

K=m/2)

m

3MgMgMe

N O O O O O O N O O O O N O O

m2m
0
2
2
0
0
0
2
2
0
0
0
0
0
2
2

NI N N O O O O N NN O O
N N N N O O O N N N N O

NN N N N O O
N N N N N N O

134641

1944800

- -

.!61‘
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Table 3.1 The integralL for V (A=1, y,u=l. ny=0. 1, 2. 3,
mu=0, hK=0,l)
h1 0
. = = = = It
nysmy k =0 K = 5 K 0 K 5
1
0 O 0 0 5 Q
-1
1 0 0 0 0 7
2 0 0 0 0 0
1
0 0 0 0 18

TabLe 3.2 The integral for V (A=1, v=2, wu=1, nv=0, 1. 2.

3, mu=0. h&=0. k=0 or m/2)

nlnz:m1 hl 0
00 O 0
-1

0‘1 0 z
02 O 0
03 O 0
11 0 0
-

L2 0 740
13 0 0
22 0 0
19

23 0 1120
33 0 0

1§ -




