goooboooogn
0 6860 19890 96-117
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T3 7IEBZMREDOERNK

HELEKXE BAH HEZ (Yasuyuki Tsukui)

§ 0.

Y57 %AWTERUE2ERET I L3R FETCTHE2DhATW S, 20
MTrS 7P EESRAEZBZRTZIVWSO0Of2MBIZEAL. 20 D1
DTHLEBEEDR BT 3 (Frame OWH ) %#2KT4Mic. 3RTAME
TRAEYL, FYIT7OMNEAMALTIEXIFOKRELRE T 5.

§1,. DS~-~-diagram

2%GTHK D2 OBAAM 1D IS Cell BHULTHISRNVEHIT 3, %
DIFRNVIZH->TERDADE I LHAME (2%hkTERIE) 218 5,

BROZLEZIRATEFRTHALIDI, S3KTEEG-bAI)DOERTH 5 2R
JTEK M I connected 3-regular planar oriented graph G=(V,E) # X, *#
N6 OFE/A. BOK), BIIRNNVENITD. EFEL4A4K 38, 2HEHIERE
REBULISRLVERF>ZLe T 3, 20 3-ball OBATOERLIRNINDDBOD
B-#¥3RTHERELZ -BICED B LIETTIC Dehn-Seifert Itk > T
HMEhTWEN, ZOBRAPLO3IRAEREOTHAR, ZORKE, HATH
BHRICREIhTWE3dDbDTH S, 2138342 KB T 5 DS-diagram T H 3,
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§ 2, Crystalization
G=(V,E) % loop #¥ 2%\ (n+l)-regular (n+l)-edge-coloued graph,
c:E~>{1,2,...,n+1}] % % (Dedge-colouring <‘:'§‘Zaov WEGIEEWT colour
i %505 5L0WMN AL BTHBLT B,
NXTHEAZHEAOBEEZTHABELT. ThoBkOoERAIRRLI»SENn+ 10
ES5 4252 TEL, 220nRkuiH¥kA B#% colour i OEAORMNAD
(n-1)BERKT. BEROFESE2EGDLET. A-#W|TZ [H3],

1/ 1
A B //// 2
. . 2 A < B
2 \ '
~ -
3 3

53
CHhEGOTRTOLLEDHARMLTHES L nKESEHE P (G, c)
@5, P(G,c) R—BIEERBIEEE 20 $RTOnKTHSRE
M iz LT, P(G,c)=M" 4230957 G vt%d) edg’e‘—collouring c
| WEET S, 2D G % M @ cristalization w5, —#icid P(G,c)
HERBLEZNPLEIPIR G OMEPLBHETE TS W, |
Crystahzatwn (Dﬁ}fnbat 0)+ﬁibi<‘: Italy é#l»uk;ﬂéﬁéﬂc_ﬁﬂnén
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T&TC. MM ELEDOY 57 — Combinatorial Map O EZE L Mb->-TEEL T
%T“\%o

§3. Frame
X # Polyhedron 721 BH5DL & #X T X 0HERDTOBEFEAEZR
EixF&bL., | X]=U/{p: peX] I underlying space % R 7,

Definition 1. G&=(V,E,f) %% generalized graph T % & i3
© a) V,E I finite sets T. VNE:=¢
b) f:E » {X:XcV] map, 2L Ve€E i LT 05#f(e)S2

Ese M hoop o f(e)=¢
loop = = {v}]
pure edge < ='{u,v} u# v u,vey

Q (

hoop

/’\1000
N

|

x4

ZO%IE. TRT loop L O generalized graph DA A E X B2 L L ¥ 3,
¥ G=(V,E,f) OobbDhiz 6=(V,E) T Led 3,

Definition 2. ¢:6 - Cu={1,2,...,k} #» generalized graph G=(V,E,f) @
edge-colouring T % &Il map c:E - C, ¢ e~e’(edg'e—adjacent) 6
WX c(e)#c(e’) 2MATREZ WD, ‘

Definition 3.
“R(k)={G: Gbi‘ k-regular k-edge-colourable generaliz‘ed graph]
"kR(k)BG,Ac:E(G) - Cx % edge-colouring t?'%o ICcCy I2oWn T,
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Ex=c~*(X), Gx=(V,Ex,fl| Ex), ix =E-¢ (X)), Gx =(V,Ex,f| Ex7)
v, i

X={i} D& Gx & G, Gx~ % G:~

¥={i,j] D& & 6Gx % 6.5, 6Gx~ % ij“ ki g,

........................ Qoo O S
~ a, ~ 4 ~\
¢/ ~
— » v { —e v { —
: 5 Z
| 3 < e, l i d
- N, -
- ~ . : -
........................ ol & N e memm— ey
G
G’ Gf Gs
H

I ’ “b,=8, 0,212, b,(G) =4,
--------- 2 55 b (H) =6

Definition 4. "R(k)® 6, c:E(G) -» C« % edge-colouring & 9 % & X,
bi=2 {#Gx: #X=i}.

bo=#V(G) (even), b,=#E(G), ba= 2B TH K S cycles OB K.

b6 GROED

[&: hoop i& bz ® count T (k-1)=x-2C .-y B¥ X 5 h 5,
[ "RMA)>36=(g ,{e}) 2L T, ba(B)=3, b3(6)=3=5C 2, bs(6)=1=5C;

Definition 5. "R(k)® G, c:E(6) = C. % edge-colouring & 9 % & &,
PO(B,c)= 1 V() I, p'(E,ed=lGl=1V(®)IUIE®I,
P2(G,c)=]1 6|1z b, D _facycles 2813 TH SN 3 2-polyhedron.
BL. P(G,0) A EEXA(DL, | |
VICC,(#X=i) VH:6xDHES IHOoWT P'(H,c| H)=S'(i-sphere) O K.
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P'*1(G,c) = P'(G,c) Iz b (i+1)-ball % Pi(H,c| H) I TN -1}
T/ 5B Polyhedron.
¥(G,c)=P(G,c)=P*"*(G,¢c): (k-1)-manifold.

[ 6:(¢,{el)e R4 iTH LT, P°(G,c)=¢, P (6,c)=lel,
[ P2(G,c)=2 2 {p',p?,p?} (21X suspension, [p*,p2,p>} 1T 8% 353 &)
[ P3(G,c)=8"? ‘ |

iz k=3 DL %it. R(3)26 & Vc:E(B) - Cs k22w T P2(G,c) XM
HMEQRTERE)E 2S5, 7. baz3 O (G,c) % frame(2-frame) LI
Fo T D& E bo>2 %265 frame |t multi-edge ZFF 7~ 2 W,

Definition 6. graph G:=(Vi,Es),G2=(V2,E2) XL T,
f:6G, = Gz » map ThH 3
&
1. f:V,UE, » V,UE; » map T f| V.:V, » V,, f| E,:E, » Ea » map,
2. f A adjacency #R#T 5 ( e~ {u,vi>f(e)~{f(u),f(v)] in G2)

Definition 7. "R(k)26G,,c,:E(G,) > Cx % edge-colouring & 9 5 (j=1,2).

map f:6. - G2 A% colouring preserving_‘bﬁlé bl N
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Co DEM 0:C > C BMEELT. 0Ci0af DL EEW S,
E(6) — > £(6,)
I
c. 2> C.

Definition 8. "R(k)>G colouring;unique (almost colouriné:_qn_i_qu_g)

& FAB2O® 6 D colourings c¢i1,c2:E - Cx 2/ LTH

jdentity map i:6 — G » colouring-preserving T&H 3,

(£ V=iv % % colouring-preserving isomorphism f:.6 - & MELET3)

[simple graph lc® L T aimost colou:ring—unique & éolouring—uique Dl > §

-89 5]

. -

colouring unique almost colouring unique

colouring admissible 4- and 6-colouring admissible
(b,-admissible)

B7

Definition 9. R(kK)>6 O¥ AR 2> colourings ¢.,¢c2:E - Cix oL
3 colouring—preservingk isomorphism £f:6 =-> G WEHET Z & %, 6 1T

colouring-admissible T % 3 & W 5,
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Definition 10. "R(k)2 G A by-,-admissible(kSLbi-1) TH 3 & i,
bu-1(6,c1)=bx-1(6,c2)=bx-1 & 3 edge-colourings c,,c2:E(6) - Cx it
s LT colouring-preserving isomorphism f:(G,c,) = (G,cz) DHEHET S,

Proposition 3-1. "R(3)2>6G & edge-colouring c¢:E(G) - Cs 2o W T,
BAdhm P2(G6,c) @ Eular ¥ x II.
X = bo - b:s + bz = ba - bo/2

Proposition 3-2. {FEOBAMMmE F }:V%L’C\ "R(3)>¢6 & edge—colourying
CZE(G) -> C3 i)iﬁﬁbr PZ(G’C)zF’ b2=3-
Proof. F ¢ triangulation S ¥ h 3,

§4, 2 -frame

MUMF 2RAEBRUZ2RBIDIVISTOBELRTWIZ 5, RB)3G6 ¥HE2
bhhid, AMBEIZEIC»PSBRETESL. £0D orientability BRE IR T
Wb, L2LWEEXTORATHBRTEEZEDIIC. colouring 2k > T b2 BE
T2 57F3PLRBRERBEI-—BIZRIRESL W,

Proposition 4-1. "R(3)3 G ' colouring-admissible % 5 X,
P2(6,c)=P2(G) . bbb IVI70HICL> THHMENE X 5.

EZT. $TROMEIO>WTERTH & I,
[F&E 11 "RB)DG ix2WT. P*(G,c:)=P*(6,c2) 2H W

(6,c.)=(G,ca) (colouring preserving isomorphic) ?

COMEHAEERO RO AL SREEZRT IS I 700D
bo-admissibility L WHOMEBYH I REOEAHLEABLTHPDIRDT W,



L2L. cRERBRROES ZREAM B 5.

(1-2)-cvcles;
(2-3)-cycles;
(3-1)-cycles;

bz =5

bz =h

(1-2)-cycles:
(2-3)-cvcles:
(3-1)-cycles;

B 8 S5-admissible T4 Wl

(1-2)-cycles D EX:4,16

(1-2)-cycles = 2, (2-3)-cycles = (3-1)-cycles = 3

B9

(1-2)-cycles D EX:10,10
(i-j)-cycles DBHP—BLTLRABTZWH

3
1
1

2
2
1

103
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CORBTIZ b2>3 2 DT Proposition 3-2. ¥ bbb R% frame 12 KR
LELEZEORBEL.2F R 5,

[ME 21 "RA)26 IZD2WT,

b2(6,c1)=b2(G,c2)=3 , P?(G,c1)=P2(G,c2) & HIE (G,c)=(G,c2) ?

ChEZHLTHBRODEIIERAXRODPD. SREOAHEMEAZMBICT ST
DEBTRRIDZCLIZEBETH 5 5,

non-admissible frame (non-bipartite)

BHM10



§ 5, 2-frame ® reduction.
T UI9VDERELERIEHABTAMEOEINEZRTE Z 5,
5-1. Graph O sum
“R(k) 2 6,62, » connected & F 5. ¢.:E(G,) = Ci«, c2:E(G2) > Cu
vi€V(G,),v2€V(Gz) E LT, (G1,c1) & (Gz,c2) @ (v1,Vv2) TO sum
(G,c) = (G862, ci¥cz) = (Gi,c1) ¥ (Gz,c2) / (va,v3)
. ROBPTRINBEIILCERT %

\ / o o
e"‘""""‘;““_‘-\ "/'_l ““““““““ a (:> ° o
@ " vl VE )

(Gl’cl) (GZ’CE) (Gilcl)#(62lc2)

HM11

ZDE & bozb,(G,c), bya & by(Ga,ca) (3:1,2) 2 EbDT &,
bo = bos t+ boz - 2
by = by + bz - «C, (0<3)
2w (k=3) TIWE x (G.1¥G2,c.¥cz) = x (61,c:) + x (Ga,c2) - 2 T,
BA Ml @ connected-sum IZHEL TWw 3, |
2 X5 T} connected-sum ICBIL THRE - P—F X - BB FEUNI
prime (connected-sum KU TCOMATE) To2Ww, LPLEDYST7OD
sum 2B L T prime RBbOTEDRBE T HHMED prive TR WHDH H 5,

5-2. Graph ® reduction.
:Z'C‘X»Sb“é reduction @ 1 DR ZEIREBEOEMHZBATIV I 7 2ME %

EHRLZEZ@S2dBbDTH 5,
'R(é)aG, ' connected T. <c¢:E(G) - Cs3 #% edge-colouring & 7 3%,

6§ A5 XD&SI2 (local I2) 2*2LT?56.1L60°57% 6’=r(G). BRI ¢
PoBHEND 6’ O edge-colouring 2%~ ¢ 287,

-10-
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W Q‘\E ------- a X W oo a X
a P
e f g
c : d
//; ----------- a Qe e fal
y Z y z
G G'=r(G)

HM12

a:E(G) - {-1,0,+1] 2 XDES532F@RE T 5,

E(G)>e ~ {u,vl ,c(e)=3 L9 3L &,
1) u 2385 (1-2)-cycle & v %385 (1-2)-cycle "R L2 5 & & a(e)=0,
2) u & v 2#3(1-2)-cycle O LT u & v OFEBED odd O %, a(e)=1,
3D u e vEES(-2-cycle LT u & v OFBEY even D& &, ale)=-1.
9 35,

Lemma. (1) (G,c) A% frame 2 HIF¥ a(e)# 0 for any e€ E(G),
(2) (G,c) A frame T. P?(G,c) » orientable ¢© a(e)=1 for any e€ E(G)

P2(G,c) & P2(G',c) tOBMRERTWZ 3,
[case 1 [ a(e)=0 & % ]] ,
f & gAML (1-2)-cyclekicHp D, 2 (6”,c)=x (G,c)+(-2+43-1)=x (G,c)
T P3(G,c)=P23(G",c).
[case 2 [ a(e)=1, #G’=2(G’d'disconnected) D & ¥ ]]
f e giZE23 (1-2)-cyclek it b %,
x(6°,¢c)=x (G,c)+(-2+43+1)=x (G,c)+2 , P2(G,c)=P2(G,",c) ¥ P2(G:",c),
%L, G1°,62° & G @ components.
[case 3 [ a(e)=1, G’»% connected D& & |]
f r g ix®u3 (1-2)-cyclekiz b 3,
x (67 ,c)=x (6,¢)+(-2+3+1)=x (G,c)+2 , P*(G,c)=~P?(G’,c) & T?
EEL. T2 RE—5R(=8'%x81),

-11-
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[case 4 [ a(e)= -1 D& & ]]

f & g AL (1-2)-cyclekicd D,

2 (6°,¢)=x(G,c)+(-2+3)=x (G,c)+1, P2(G,c)=P2(G’,c) # P?
EEL P2 2RAHEFE

"'.“ A ) V -~.‘j‘ 'f h “'.
.\‘\ y G g [case. 4] “{\ | G'=r(G )‘./,l z

..............

K13

(G,c) iﬁ frame % H1iF lemma » 5 case Jor 4 WHATRT » 3,
case 4 @ reduction OBER D (r(G),c) %~ frame TH B M. case 3
‘0)3%%'("5:1: ba=d TZhicw L TIX case | BWHABATET H 5, % Z T.
case 3 IR L TDTIWT case 1 @ reduction 25852 T hiZ

-12-
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frame o3 4 % reduction DI RIEHEIcF 7~ frame 4 3, Zhso
reduction T WD D graph @ order(JHRABIN 2 A2 F 47 BLP T 526
W RANAE & fﬁﬁ&:.&.éo KOFEMELFHIE reduction case 3+1 RU 20
U % orientability APROBMBKTH 3,

[F%] order 6 LlE @ frame I2ix 9. a(e)=1 23 edge VELET 3,
HBOLBWKOFPHER2ZKRATHEERSI DS 2N,

[[¥2M] ] casel DOFELELICEKEL case 1 O reduction DARDH
BEE]JD*%ﬁfKUDIEHEG)M\?-PQ%ﬁT‘Eéo
(D%0D. @BL order 2% > bipartiteness d)%bb\200) frames T LD
reduction OHMETHB N H R 5. )

[ REFERENCES 2o W T 1]
CDFmD references PELFEFH-TRRBZIELEHPRWLERE DI ZDT.
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