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CFT on Pl and Monodromy Representations

of the Braid Groups

(Talk at Research Institute of Mathematical Sciences,

Kyoto Univ.,July 19,1988)

Yukihiro Kanie

Mie University, Fac.of Education,. Dept.of Math.

§0. From the differential equations of N-point
functions of vertex operators in the conformal field
theory on Pl, arise the monodromy representations of the

braid group B In the meeting of last year, I reported

N
that these monodromy representations give "all"

irreducuble representations of the Hecke algebra HN(q) of

type AN_1 (obtained by H.Wenzl[W]) associated with the

affine Lie algebra of type Aél). In this meeting, I will

report that associated with the affine Lie algebras of

(1) (1) o g p(D)

type B ", C_ n

, the monodromy representations of

the group B, give "all" irreducible representations of the

N

Birman-Wenzl-Murakami algebra, the g-analogue of Brauer’s

centralizer algebras. Very important is Jimbo-Miwa-Okado’s



65

calculations[JMO], and in the case of type Cél) the

representations are equivalent to the ones obtained by

J.Murakami [M].

§1. Let g be the simple Lie algebra of type Xn’ and & =

g@@[t,t—l] ® Cc be the affine Lie algebra of type Xél).

Fix an integer ¢»1 and introduce the number x=0+g, where g

is the dual Coxeter number of §.

Denote by P; the set of dominant integral weights of g

and by P, the set of elements AEP; satisfying (6,4)<48,

2

where 8 is the maximum root. For a weight 1 ePQ, we denote

by V. the irreducible representation of g of highest

)

weight 1, by %1

- highest weight QAO+A and by |41> the (fixed) highest weight

the integrable representation of g of

and #..

cyclic vector of V1 i

The Virasoro algebra also acts on #¥. by the Sugawara

i

forms L(m);mez, and the space ¥, is graded by means of the

A

eigenspace decomposition w.r.t. the operator L(0):

%l = Z » %l(d) y ﬁl(d) = {Veyfl; L(O)v = (Al+d)V} ’
deZ
~20
where AA = iiiéigﬁl andgp is the half sum of positive

roots of g. Note that dim#,(d)<~ and %1(0) Ty

A A
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There are dual right g and g-module V' and #' of V. and

i A A
%A, and the nondegenerate invariant bilinear form < | > on
VELxV;L and WRX%A with the normalized condition <A1i> = 1
where <]1| is a fixed highest weight vector of Vi:ﬁi(O) and
*
%1

A triple v = [ A } of weights in P, is called a vertex
Ho by 2
Jl

vo= Ko ‘ |

and is drawn as

A multi-valued, holomorphic function

o(z) : V,ex, —— ¥ = T % (d)
sl ) deZ )

on Pl\{O,w} is called a vertex operator of type [ulﬂ ]
271
(sometimes called of weight 1), if it satisfies the

following:

(Gauge Condition) [X(m), &(z)(u®-)] = zm@(z)(XUQ-)

(Xeg,meZ,ueVl);

(Eq.of Motion) [L(m), ®(z)] = zm{z%; + (m+1)Al}®(Z);



A

dimension of the vertex operator ®(z).

where X(m):X@tm and the number A, is called the conformal

Denote by 7e¢2(v) the space of all vertex operators of

type v, and introduce the space

Per(d) = 3 fea([u a# ])

of all vertex operators of weight 1.

Introduce the subalgebra fgz C<Xe,[X9,X_e],X_e> =
s((2;C) of g and the subspace 7(v) of Hom (V,8V ,V )
g A uyou
defined by
7(v) = n Ker nfe(J;leJz)
where the intersection is taken over the set {j,jl,jze
1 L. . . .
52,05 Jtj +igz>e}, and T (Jsdyrdglle) e Homf (Wjewj ,Wj )
- a 0 1 2
is defined as
T (J:leJz)(¢) = Prody ¢y ew. (¢GH°mg(VA®Vu ,V)u ))
9 J JoJ 1 2
2 1
where wj{wjl’wjz are fe—simple submodules of V/.L,'\/Ml,Vu2

with spin j,jl,jz respectively.

By Equation of Motion, @ is expressed as a formal
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Laurent series

~

®(z) = I o(m) z—m-é(V) ’
meZzZ
where A(v) = A, +a —Au and ®(m) is homogeneous of degree
1 2
m, i.e.
d(m): V.8¥ (d) —— # (d-m) for any d.
| Ly Ho

The principal branch of @(z) is taken such as the value

of =z (v) is positive for zeR _={zeR; z>0} and uniquely
continued to the region €+={zem; Imz>0}, and we refer this

for the value of ®&(z) on C+.

For any vertex operator de?Pes(v), its initial term ¢ =

oZA(V)

o(z belongs to

20|y ex (0) = Prody
Ay Ho

#{(v). Under this correspondence,

' lvyov,

Theorem 1. The space ¥ea(v) of N-point functions of
type v is isomorphic with the space ¥(v) of initial terms

of type v.

Call v 4CG(g8-constrained Clebsch-Gordan) vertex, if

#(v) = 0, and denote by (4CG) the set of all 4CG vertices.



For each ¢e?»(v), denote by ®¢ the vertex operator with

the initial term ¢.

Notes. i) Even if we asuume that I{GP+ and uiefl,

.

f([ A ])¢0 implies that AieP
/12 Au-l 3

ii) Operator product expansions of currents X(z) =

> X(m)z—m_1 (Xeg) and the energy-momentum tensor T(z) =
me7Z ‘

S L(m)z_m_2 with vertex operators allow the extension of

me7

1

the vertex operators @&(z) of type [
Hoty

] to the operators
b(z): #.9% —b # by means of contour integrals.
Ly Ho

{ Nuclear Democracy)

iii) By the same arguments as in §3, the analytic

continuation of a vertex operator & of type [ulu ] along
271

the path Y0 gives a vertex operator of type [ulﬂ }, where
172

en/-lt

yo(t)z z , tef[0,1] , ZGR+

This gives an isomorphism Cy of Vea[
0

and the corresponding isomorphism

)
HoHy

St Pl ) — 710, )
Yo Holy HyHo

69
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is given by

C - eH/_]- A(V)T ,
?O ‘
where T is the transpbsition:
T : Hom(V,k 8V \% Hom(V @&V, ,V

(To) (uev)=ze(veu).

A vertex operator #(z) of type v is also considered as

an operator from ¥ to @M parametrized by Vl’ i.e.

d{u;z)(v) = o(z)(uev) (ueVl, veR ).
b

§2. It is convenient to introduce the spaces ¥ = 3 %1

lePQ ‘

A

and # = > %l and consider vertex operators as linear
lePl

operators of # to #. The vacuum |0> of %0 is called a
Virasoro vacuum, since L{(m)|0> = 0 for m>-1. Note that V0

= C10>

For an N-ple A=(1 -,11) of weights in P_, denote

N f

- s e ] ’ v =
VA = VANe ®V11 and Vg(A) Homg(VA,C)

For any vertex operators @l(zi) of weight li(lsisN),
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<01 (zy) -0l (2y) 10>

igs the coefficient of (0> the iterated application

@N(ZN)~°'~®1(21)]0> to the vector 10>, and this is a

V;(A)—Valued formal Laurent series in =z +,2z, called the

N
N-point function of weight A and is denoted by

<®N(zN)~-~®1(zl)>. Denote by #e+(A) the space of all

1

N-point functions of weight A.

The space V;(A) is decomposed as

v _ v _ . N-1 |
VQ(A) - ivg(A)ﬂl’ W-(HN_lr‘ yﬂl) G(p+) T
v CA
V., (&) ~e——— Hom (V, eV yVy)@: - -eHom (V, eV Y Vo)
$ Bz $ AN HN-1 LIS SRR TS RS

0+ eHon, (V, 8V, V, ),

where the identification CA is given by

CA(¢N@-'-®¢1)(UN®---®U1)

<0|¢N(UN®¢N_1( v ’@wz(uz®¢1(u1®lo>) ° ‘)>

1]

<0|¢N(uN)°-f‘°w1(u1)(I0>) '

for @€ Homg(V -GVH ’VM ) = Homg(Vl.,Hom(Vﬂ V. )

Ry " my_y My i i-1 My

®:--8u. €V, .

(1<igN; uN=uO=O), and Uy 1€Va
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Introduce the subspace 7(A) of V;(A) defiped, through

CA, by
_ ‘ _ yN-1 |
‘V(A) - 51}(&)31 ? m—(HN—l’...’u].) G(PQ) 3
where
PR, = Plvg(u)) e er (v, (n) 8 - er(vy(u)) c V (A)
and
) A. )
- N PR = 1 “ o = 1
VN(ﬂA)—[O ”N_l], y ‘yi(ﬂi) {ul ui__l)’ ’ Vl(ﬂi) [Ml O]-

Then the space #(A) is isomorphic to #es(A) of N-point
functions of weight A as follows: to each ¢ =

C(@N®~‘o®¢1)eV(A), assign‘the N-point function

® . (z) = <& (= > € Per(A)

-®¢ (zl>

1

Now introduce a system KZ(A) of differential equations
on Homg(VA,C)—valued functions ®(z) on XN = {z:(zN,~~-,zl)

N, .
eC ; zi¢zj (i=j)}
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N Q.
kz(h) [ - 3 ] e() =0 (1<i<N)
i k=1 %377k
k=i

due to Knizhnik-Zamolodchikov[KZ], where

dimg.

a
LX) o (X)),

Py denotes the g-action on the i-th component of Hom(V,, ()

A
and {Xa} and {Xa} are dual bases of g.

Further introduce an additional g¢-constraint condition,

i.e. a system QC(A) of algebraic equations

Li -mk mw m1
QC(A) 2 [ ] H(Z _Z-) @(z)(X*u syt ldLd, e, X u,) = 0,
- m. Tk i 8 N i 6 1
im. |=L. i k=i
i i
(1<igN)
for any u, €V (k=#i), where m.=(m,., - - m.,-+,m Ye(Z )N_l
k Ak ! i N’ s I | >0 ’
Ly
lmil = 3 m_ Li = Q-(Ai,8)+1 and [m ] is the multinomial

k=i i

coefficient.

Remark. The system KZ(A) of differential equations is
completely integrable because of the infinitesimal bure
braid relations among the operators Q4 (see [A]). The

system ¢C(A) is compatible with the system KZ(A).

Any N-point function of weight A satisfies the systems

--10 -
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of KZ{A) and QC(A),'Henoe

Theorem 2.

i) For any N-ple A of weights in P&, any N-point
1

function <®N(z - P (Zl)> of weight A is absolutely

N

convergent in the region %N’ and is analytically continued

to a multivalued holomorphic function on XN, where %N is

defined by
R = {z=(z,,y+°+,2 )GCN' fz 1> >z, 1} c X
“N N’ . | +’ N 1 N °

ii) The solution space of the joint system KZ{A) and

QC(A) is isomorphic with #e2(A), hence with V(A).

Note. If v = [Mlo] € (CG), then u = 4 , A(v) = 0 , and
P(y) = Homg(Vl,Vl) = Cid.

If v = [Olu}e (CG), then u = 17, Alv) = ZAl, and P(v) =
Homg(VleVl*,C) = v, where the anti-weight A% of ] is

defined as -l*(=w01) is the lowest Qeight of Vl and v is
normalised as V(IA>®WOIA*>)=1 , Where Yo is the longest

element of the Weyl group of g.

3-point functions are essentially nothing but vertex
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|

operators. The assignation to ¢ef([u Au }) the element
2 "1
veeeid € f(ué,l,ul),
pRe@1id{ lu>8|v>e|w>)
=p(judee(iv>elw>) [|u>®lv>®iw>ev » 8V eV ],
Hp o ATy

gives the isomorphism between them. Hence the space
A
.uz #1

space fe4(u§,i,u1) of 3-point functions. More precisely,

fea([ ]) of vertex operators is isomorphic with the

the classical sector projy - @w(z)!vlev of the vertex
"o "y
operator @¢(Z) is given by
2A
. . Ho
lim lim =z <®V(Zt)®¢(z)¢id(zs)>‘
z, 7 zS\O .

§3. Denote by Ve&(vz)ofe¢(v1) the space of compositions

i} (zz)Q (Zl) of vertex operators @l of type vi. Then

Ly by
> Ved([ ])°V€¢([
Uy H uou

ueF& t

]) * yea(A) = P(A)
S

where A = (“L’AZ’AI’MS)'

The composition @2(22)®1(zl) is determined by the

. . 2 1
classical sector‘prOJV o @ (zz)w (zl)IV €
‘ Ky Ky
®vV., 8V , V ) and it is given by

Hom (V 1
8 2 1 Hg Ky

A



2A

lim lim =z e <@ )@2( )@1( )b, (z_)>
im L1 t v P Z9 217%34'%g :

zt/w zS\O

Hence by Theorem 2, the composition Qz(zz)Ql(zl) is

absolutely convergent in the range %2= {(zz,zl)eff;
lzzl>|zli>0}, so by the analytic continuation it defines
the holomorphic (multivalued) function valued in

Hom(V. ®V. ,Hom(® ,@ })) on the complex manifold M, =
12 11 My g 2

{(z,,2)0€ (CNOD75 2 »z,).
(0% (uyizy) 0 (uy,2,))

2 . 1 -
Denote by @ (uz,z1)® (ul’ZZ) = CY

its analytic continuation along the path v:

Zatz — Z.—Z z,.+2 — Za—Z
[ 22 1, /-1t 22 L Zz 1 n/ATt 22 1}’ te[0,1]

for (w,z)€e®, then the corresponding analytic continuation

@1(22)0. z )>

2
T <®v(zt)® (z 1d( s

1)
satisfies the systems KZ(TA) and 4C(TA) as a Hom(V} eV
‘1
Hom(%u ,@ ) )-valued function, where T is the trans-

s t

3
Lo

yA)

position operator: Hom(V'ZL 8V, ,A) — Hom(VA eV
2

2 M 1 A

(T¢)(u1®u2) = w(uzaul) (u2®u1E V11®V12),

and TA = (u;,ll,Az,uS). Hence the analytic continuation



~1
~1

along y gives an isomorphism between the spaces of

compositions of vertex operators:

Theorem 3. (Commutation Relations)

For A = (u;,lz,ll,us), C(A) = Cy(&) is an iéomorphism

CV(A): 7(A) 7(TRA)
| |
A A ; A
2l ) —— g e )

Remark. The isomorphisms Cy(A), AeP4 enjoy the braid

4

relations: For any Nx1, ut,uSeP introduce the space

_Q’

f(N;ﬂt:ﬂs) = A ;. i ep f(ﬂ%;lNy"'vlliﬂs)
1) ? N _Q

Define the operators C.1 (1<i<N-1) on #(N;ut,us) such
that
+ Y| . s » * . s . o
Ci V(ut,AN, yllyﬂs)‘c f(utle’ )liiai+1) ’lllﬂs)
and
Ci(¢N®"'®¢1)

= N8 89y 980Ky dyy ety 1)(0;,,00;)80; 1889,
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. » o .,. i .« * e

fOI‘ (pN® @(916 'V(/lt’!‘-Ny ’Al’us)(# ’.‘o’lt)

N-1 1
) A. A
:1/’([ N ])@«-.eﬂ[ t })8--'®V([ ! ])-
#t 'u'N—l Hi “i—l Ml MS
Then
C; Ci41% = G441 G O

as iéomorphisms of f(N;ut,us) to itself.

§4. The composition ®2(u2;w)®1(u1;z) is singular at w=z

and its behaviour near w=z 1is described as follows.

For A = (ME’AZ’ll’Ms)’ the space V;(A) has another

decomposition

2

\' = .
V' (A) e—mm— 3 Hom (V. ®V._. ,V )®Hom (V &V ,V ) ,
S F  veP, g hg Ay 9V oHg Hy

where the identification F is given by

F(wzeml)(u2®u1®us) = ¢1(¢2(u2®u1)®us) (uievli’usevu)’
v A

For wzef[ﬂtus] and wle?[v ll], a '"vertex operator

f N ~

(z) of % to # parametrized by V., @V defined by
¢2®¢1 ﬂs ﬂt 12 2.1
£ ) - ‘ : |
®@2®¢1(u2®u1’z) = ¢¢1(¢2(u2®u1)’z) (uieVAi).



Theorem 4.(Short range expansion or Fusion rule)

i) Near w=z ((w,z)e%z))’

. / -A(w,)
o (uyiwiot(usz) = 3 (wez) 1 fof (ugeujiz) + 0(w-2)]
vepP 1%

]

-(a, +A, )

A 1 A
~ (w-2z) 1 2 S (w-z) v q)f (u,®u,;z) ,
v 2001
VGP& 1%
1

where wvef([v i })@V([ v ]), and O(w-z) is holomorhic
1

“tus

near w=z an vanishes at w=z:

A A . |
{ 2 f ! ~&(w () V
e o~ 2 (w-z)

Hy u Hy VGPQ Ky

~A(w,)
The value of (w-2z) is chosen as it is positive for (w,z) €

2
%an .

ii) For A = (u{,lz,ll,us), the fusion gives an isomorphism

i

i
~ 2 1
F(A):7P(A)= 2 7( )er( ) — S ¥¢(
ueP& {”t M] [M ﬂs} VEFh

i
L3 el )

v
veP}
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where wv are the ones obtained in i) for @1 = ®¢i

Theorem 5.

For A = (ﬂ{,lz,ll,us), the following diagram commutes:

o — s e[, Do, )
s

VEF&

[c Jidec
Y YO

7(TA) ——Eﬁzﬁl—e p f([u:u ])er([vliz])
s

VGP2

Remark. The equation KZ{(A) in the limit z, o, z,NO is

4 1

reduced to a differential equation (reduced KZ-system)

3/22. The

equation RKZ(A) has only regular singularities at §=0,1, .

RKZ(A) on Vg(A)— functions of one variable ¢==z

The isomorphisms CY(A) and F(A) are essentially nothing
but the connection matrices from the space of its
solutions regularized at =0 to the spaces of solutions

regularized at &=z« and g=1 respectively.

§5. Naturally arises a problem to determine the



isomorphisms Cy(A) and F(A), but it is very difficult to

carry out for all cases. We succeeded (last year) in the

case where a is an affine Lie algebra of type Aél) and A
(ut,n,n,us), where o means a Young diagram consisting of

one node and represent the vector representation of
g=s(n+1,C).

(1) H(1)

Now 1let § be an affine Lie algebra of type An » By

Cél), D;l), and Pe be the set of weights AGF; such that

the simple g-module V., can appear in some tensor products

i
of the vector representations VU of ¢g=sl(n+1;C), o(2n;C),

sp(2n;¢),0(2n+l;¢) respectively.

For each Tt€P,, introduce the space

()
Pyl = E_WN“)M ,
B
’VN(t)m = 1»([T “N—l]m“.@ﬂ [M:Mi_l])e---m”([ﬂ:o]),

where the summation is taken over the set Pg_la p o=
(ﬂl,---,uN_i). Then VN(r) is the subspace of #(N;t,0)

which is invariant under the operators Ci(lsisN—l).

The braid group BN with N-strings of € has a system
{bi;lsisN—l} of génerators with the fundamental relations
bibj = bjbi (1i-J1=22)

bibi+1bi= bi+1bibi+1 (1<igN-2).

- 18 -

.
.
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These generators bi are represented by the curves on
defined by

bi(t)=[N,N—1,.~-,i+ %(1+en/—1t),i+ %(1-e”/‘1t),--- 2,1]

te[0,1],

T
N of BN on

(bi) = Ci (1<i<N-1). The we get the

We now define a monodromy representation x

_ T
the space VN(t) as my

main theorems.

Theorem 6.

If g is of type An’ then the monodromy representation

I‘1/(n+1)1_[,1

N in fN(r) factors through ﬁhe Iwahori-Hecke

: - n/-1
algebra HN(r), where r"eXp(ITHTT .

Note. The algebra HN(r) is defined by generators

{ti,tgl(lsisN—l)} with the defining relations:

“lo 7l .=1 , T, - tfl -1

TLT; T Ty i i F (r - ¢ ) (1<i<N-1) ,

T

1Ti41%% ° Ti41%i%i41 @md Ty o= oyt (Hi-J122).

Theorem 7. If g is the simple Lie algebra of type Bn'

C or D_. Then the monodromy representation n

n n Ny in 7y(e)

factors through the Birmann-Wenzl-Murakami algebra CN(g;r)
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where r:exp(ﬂl:l), g(Bn) = 2n-1, g(Cn) = n+l, g(D ) =

i+g
-n-1/2
H

2n-2; CN(Bn;r) = CN(r ry , C.{(C ;;r) = C, (r

o -n
and CN(Dn,r)- CN(r , T,

Note. The algebra CN(a,r) is defined by generators

{ti,tgl,ei(lsiSN*l)} with the defining relations:

-l -1l o E. = € = —(azr)'le

Tty 7Y YT oo Tifi 7 54T T i
-1 -1 o
TiooTy T (r - r )(1—ei) (1<i<N-1),
T 41T T T 41T T+t €iCi418iT8 0 E541858541 T €540
tle e. = 7l e +1 . e _ 71
Ty Bie1®i T Tis1®i 0 Ti4184%i41 T Ty G441
+1 71 +1 1 .

€1€541%% T €5Ti41 0 €34185T541 T €541y (1<i<N-2),
ritj = tjti;‘eitj = tjei, eiej = ejsi (li-j1=22),

The proof is carried out by the explicit calculation
of a differential equation of 4-point function in a very
special case and the algebraic arguments for the algebras

HN(r) and CN(a,r).
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