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1.

linear vector field £:R3---R%® with odd symmetry f(-x)=-f(X). Assume
f has no proper linear subsﬁace which is invariant under linear
vector field in the middle region, and which is parallel to the
boundary. If f has eigenvalues ul,uz,ua at the middle region, and
Vi:VysVg at the outer regions, the normal form theorem for piecewise

linear vector fields guarantees that such a vector field is uniquely
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ABSTRACT
Global bifurcation equations of 3-dimensional
3-region continuous piecewise-linear vector
fields with odd symmetry are given.
The bifurcation équations cover all sort of
bifurcatien sets, i.e., homoclinicity,
heteroclinicity, saddle-node bifurcation,

period-doubling bi furcation and Hopf bifurcation.

Normal forms for 3-dimensional 3-region systems.

Consider a 3-dimensional 3-region continuous piecewise

determined up to the linearly conjugacy as follows;

£(x) = Ax + 1 p {(J<o,x>-1} + (<et,x>-1))
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1

-5 P {l<a,x>+1] - (<ot,x>+1))
J B(x-P) (x € R
= AX (x € Rd) - (1.1)
1 B(x+P) (X € R_)
where
Ri = {x € R3 : oL, X>-1 > 0 ),
R, = {x € RS : I<et, x>l 1) ,
T _T
o = (1,0,0), p = (cl’cz’CS)’
= Ty
P="qQ aa/bs, clag/ba, czaS/bS),
0 1 0 c 1 0
A = 0 ,B=|ce 1 | =a+pla
ag a, a,; Cgtag a, a;
a =H YUy, a2=-(n1u2+u2u3+u3u1), a3= u1u2u3 ,
b1=v1+v2+v3, b2=-(v1v2+v2v3fv3vl), b3= v1v2v3 R
cl=b1-a1 , °2= b2—a2+c1a1 R 03=b3—a3+a2c1+alc2 .

Define the boundaris U1 and U_1 by

- 3.‘ y -
U:tl— {x € RY: <o, x> = %1 }.

We separate U1 and U__1 into two parts respectively;

+ -

U] = (X € U): <&,A%> > 0}, U] = (X € U <&,AX> < 0},

ul, = (x €U CaAx> > 0y, UZ; = (X € Uj: <=0, AX> < 0).
Define points C, € U, (i=1,2,3) by

~ _ T 2

Ci-— (l,ui.ui) , (1.2)
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then the vector ﬁti is a eigenvector of A with respect to By

(i=1,2,3). Define points Di € U1 (i=1,2,3) by

= T -
D, = (l,via3/b3,vi(vi c

i )33/b3), (1.3)

1
then the vector Fﬁ? is a eigenvector of B with respect to v,

(i=1,2,3).

2. Return time coordineie.

Assume the matricies A and B are reguler.

(1)For x € U], assume that there are y,z € U] such that

y = e Aty where t = inf(t'>0 : I<e,, e A5 = 1)

z = eBS(x-P)+P whére s = inf {s'>0 : <e1.eBs'(x-P)+P> =11},
Since Aw = B(w-P) for all w € U1 by continuity of the vectdr field
we have

z = A7 1A S (x-PrPy = AT1BePS(x-Py = ATePSBx-P)

= A-leBsAx = ecsx

where C = A"I1BA. Since X,y and z belong to U,
Tae'étx =1, Tax = 1, TeeCsx = 1,

or equivarentry

[elTae’At+e2Ta+e3Taecs] x = h,
where e =1(1,0,0), e,=1¢0,1,0), eg='(0,0,1>, h;="(1,1,1).
1f the matrix [...] is reguler, we denote the inverse matrix by
K(t,s) = e, ae Atse, Tare Tae®171, 2.1
Then we have
X = K(t,s)hl. . ‘ (2.2)

The (t,s) is called the return time coordineite of x.
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(2)For X € U;. assume that there are y € U:i and z € U; such that
y = e Aty where t = inf{t'>0 : l<ei, e A1 =1
z = eBs(x-P)+P vhere s = inf {s'>0 : <e1,eBs (x-PY+P> =1 3.

Since Aw = B(w-P) for all w € U, by continuity of the vector field,

we have

1

A"1BeBS (x-P) = a”!

z = A" A(eBS (x-P)+P) eB5B(x-P)

where C = A "BA. Since X,Z € U1 and Yy € U-l’

Tee Aty = -1, T TyeCSx

1, 'ax =1, =1,

or equivarentry

T -At. T T_ Cs
1 e +e2 a+e3 oe

where eI=T(1.O,0), e2=T(0,1,0). e3=T(0,0,1). h2=T<-1,1,1>.

[e 1 X é‘hz » (2.3)

Ifithe matrix t...] is reguler, we denote the inverse matrix by

Ket,s) = re,Toae Atee, Tare TaeCS171,
: 1 g X*eg
Then we have
x = K(t,8)h,. (2.4

The (t;s) is also called the return time coordineite of Xx.

3. Periodic orbit.

(1)The type of U1 — Ul'

Assume X € UI has a return time coordinate (tl,sl) as follows;

X = K(tl,sl)h1 where

t e Atxs)1 = 1) and ‘ (3.1a)

1 1*

s, = inf (s > 0 : <e ,eP3(x-P)+P> = 1 ). RN

If an equation between 6 eigenvalues ul,uz.us,vl.vz,v3 and (tl'sl)

inf{t > 0 : I<e

defined by
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’?-A{E # 5‘~Csi’
e K(t 1,s ) = e K(t 1,s )

- (3.2)

holds under the open condntxon (3.1), the poxnt X = K(tl,s ) is a

periodic poxnt for a vector f1eld determined by “1’“2’“3’ 1,v

This periodic poxnt is called of the type U1 -— Ul

3.

For the other

type of periodic ppints, the equations are derived_by similar way.

(2)The type of U1 - U1 - Ul.* Ul‘

Cs1 -At
e K(tl’sl)hl

|
o

K(tz.sz)h1

C52 -At1
e K(tz,sz)h1 = e K(tl’sl)hl |
The open conditions for the first return times;
IT -At . ' ‘

oe K(t.,s.)h | # 1 for all t with 0 < t <

T Cs

(3)The typevef U1 - Ul -> U-l - U_1 - U1.

Cs1 -At,
e K(t,,s,0h, = -e K(t,,s,0h, ,

C52 -At1
~-e K(tz,sz)h2 = e K(tl,sl)h2

The open conditions for the first return times;
T

T Cs

(4)The type of U, » Uy » U, » U, » U, »U_, > U,

Cs1 —Atz : ‘-

e K(tl,sl)h2 = e K(tz,sz)h1 R
Cs, . -At, E ‘

e K(tz,sz)h1 = -e K(ts,sa)h2 .
Cs3 —Atl

-e K(t3,53)h2 = K(tl,sl)h2

K(t.,s )h # 1 for all s w1th 0<s <s

| ae'AtK(t.,s.)h | # 1 for all t with 0 < t'< t

K(t.,s )h # 1 for all s with 0. ¢ s < s

- U

(3.3a)

t.
i

(i

(3.4a)

.(3.3b)

1,2).

(3.4b)

i
(i

P

1,2).

(3.54a)

(3.5b)

(3.5¢)
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The open conditions for first return times;

ITae_AtK(ti,si)hj | # 1 for all t with 0 ¢ t ¢t ,

Cs

Tae (i =1,2),

K(ti’si)hj # 1 for all s with 0 < s < s,

where j = 1 (i =2) ;= 2 (i = 1,3).

4. Bifurcation conditions of periodic ;rbits.

Let x = K(tl’sl)hl be}a periodic point with a period
t1+sl+...+tn+sn as stated in § 3. Then bifurcation condjtions.for
this periodic point are given as follows; Sét o |

Bs At Bs _, At _ Bs, At,

M = e e e 1e 1...e 1e .

T Trace(M) and D = det(M).

@D Saddie—node bifurcation;

2 -T+ D= 0. . ‘ (4.1)
(2) Period doubling bifurcation;

T+ D= 0. ‘ , o v (4.2)
(3) Hopof bifurcation;

D-1=0 and (1-T)% - 4 ¢ 0. . (4.3)

5. Homoclinic orbits at 0.

Suppose My is positive real, and Hy and‘n3 are negative reals or
complex conjugate pair with negative real part. Since an eigen
vector for u, is given by (1.2), a 2—dimensional stable manifold
w5(0) and a l-dimensionél unstéﬁie manifold wufO),for 0= T(0,0,0)
are given as follows; '

Wl = ( x € Rsz‘x = rﬁtl, Ta&-l <0, r€eR),
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wS0) = ¢ x € R¥: x = rﬁtz + r'Uts, Toax-1 < 0, r,r'eR 3.

Set

u = 1o, (Hy*g)/ yhg), =1/ (syng)),

then the intersection WS n U, is given by

W80 n Uy = (x=(x,y,2)€ R%: Tux-1 = 0 ,x=1).
Then a condition under which a homoclinic orbit at O’éxists is given
as follows.

*‘UI - 0.

(1)The type of 0 - U1
Cs _
Tae 0C1 =1, : ' (5.1a)
Cs
Tye °c1 =1 . (5.1b)

The open conditions for the first return times;

Taecscl = 1 for all s with 0 < s < s

.., Cs, . N
TaeAte OC1 # 1 for all t > 0.

0’

(2)The type of 0 » U, » U1 - U, > U - 0.

1 1
Taecsocl =1, (5.2a)
Cs, -At, '
e C =e K(tl,sl)hl . (5.2b)
T ©% v |
ue K(tl’sl)hl =1, (5.2¢)

The open- conditions for the first return times;

'Taecscl # 1 for all s with 0 < 8 < So°
T  -At,,, : ' ‘
| “ote K(tl,sl)h1 | =1 for all t with 0 ¢ t < t

1 t4
T, Cs .
oe K(tl’sl)hl # 1 for all s with 0 ¢ 8 < s

Cs

1 -

1 TaePte lK(tl,sl)hll %1 for all t > 0.

(3)The type of 0 » U, » U

1 1 * U

12U, 0.
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Tae %, =1, | (5.3a)

'CSO -Atl

e C1 = -e K(tl,sl)h2 , (5.3b)
Cs

T 1 _ .

ue ~K(t,,s dh, = 1. _ (5.3¢)

The open conditions for the first return times;

Taecscl ! for all s with 0 < s < sg,
T. -At .

| "ote K(tl’si)hZ 1 # 1 for all t with 0 ¢ t < t1 .
TaeCSK(tl.sl)hz # 1. for all s with 0 < s < s

Cs
lTaeAte 1

1

K(tl,sl)hzl # 1 for all t > 05

6. Homoclinic orbits at P*.

For eigenvalues of B, éssume vy fs negative real, and v,
and vy are positive reals or complex conjugate'pgir with positive
real part. Since an eigen vector for vy is givén by (1.5); a

l1-dimensional stable ménifold‘WS(P) and a 2-dimensional unstable

manifold W2 (P) for P are given as follows}

w3(P) = ( x € Raz X = rFﬁl + P, Tax—lzo, rek ),

Wi (P)=(x € R3: x = rPDz + r'Fﬁs + P, Tax-1 2 0, r,r'€R ).

Set
T _ - a1y
v‘— (0, (vy+vg cl)bal(v2v3a3). b3/(v2v3a3)),
then the intersection WY (P) n U1 is given by

wiP) n U. = (x=(x,y,2)€ R3: Tyx-1 = 0 ,x=1}.

1
Set
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Then a condition under which a homoclinic orbit at P+ exists is given

as follows.

o . + +
(1)The type of P - U1 - U1 - U1 - U1 -+ P
T Aty — L ‘
ve K(ty,s Oh =1, , (6.1a)
Cs1 -At2 . o o
e K(tl,sl)h1 = e Dl' (6.1b)
The open conditions' for the first return times;
-At
TeeCSe lx(tl,sl>h1 # 1 for all s >0 ,
T -At , . . o
| "ote K(tl’sl)hll # 1 for all t with 0 ¢ t < tl’
TaeCSK(tl,sl)h1 # 1 for all s with 0 ¢ s < s. ,

1
1Tee™ D 1 # 1 for all t with 0 <t t,. o
7. Heterbclfnic orbits.
For eigenyalues oka, assume ul,is positive real, and ué
and Rg ;re neggtive réals or complgi’conjﬁgaté pair with hegative
real part. For eigenvalues of B, aésume vy is negative real,
and vy and bs are positive reals or complex conjugate pair with

positive real part. Then a condition under which a heteroclinic

orbit from O or P~ to P* exists is ‘given as follows.

(1)The type of 0 » U, = P*.
C, =D,. ' | (7.1)
(2)The type of 0 - U1 - U1 > U1 > Pf;
Cs ' ; '
Tae °c1 =1, (7.2a)
Cs,, -At,
e €, =e D, . : . (7.2b)
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-At
Tue 101

The open conditions . for the first return times;

= 1. » : (7.2¢)

T. Cs

oe C1 # 1 " for all s with 0 ¢ s < Sy
lTae’AtDII = 1 for all t with 0 < t ¢ t .
s : N + .
(3)The type of 0 - Ul - U1 - U1 -+ Ul - U1 - p .
Cs o A ~
T
oe 0C1‘= 1, . ‘ (7.3a)
Cs0 —Atl
e Cl = e, K(tl.sl)h1 , . : - (7.3b)
Cs1 -At2
e K(tl,sl)h1 = e D1 , (7.3¢)
~-At
Txe 201 = 1. (7.3d)
The open conditions for the first return times;
TozeCSC1 % 1 for all s with 0 ¢ s < 5o
T, & —-At .
| "ae K(tl’sl)hl | # 1 for all t with 0 ¢ t < t1 .
TaeCSK(tl,sl)h1 # 1 for-all s with 0 < s < N
1 Tee™ D 1 = 1 for all t with 0 < t < t,.
(4)The type of P~ = U_, » U ~» P".
-At '
Tae Ocl =1, (7.4a)
-At .
Tye °c1 = -1 . (7.4b)
The open conditions for the first return times;
1Tue™ €1 # 1 for all t with 0 ¢ t < t .
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