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'CERTAIN CLASSES OF ANALYTIC FUNCTIONS WITH

NEGATIVE COEFFICIENTS

By

Ming-Po Cheﬁ CX-CEY A

1. ‘Introductioﬁ.

Let A denote the class of function f£f(z)  analytic in
the wunit disk E = {z: |z]| < 1}. Let V denote the subclass
of A consisting functions normalized by £(0) = 0 and £'(0)

1. The Hardamard product (f*g)(z) of two functions f£f(z) =

© © .
E a z and g(z) = 2 bmzm in A is‘given_by (f*g)(z) =
m=0 m=0 ‘
(o4}
Eabzm
m - m

m=0

Let ‘va(z) = ——__E?II * f(z) (« > o-1). Ruschewéyh‘[4]

(1-2) ' ‘

observed that D"f(z) = z(z" Y£(z))™/n! when nen U (03,
where N = {1, 2, 3, ...}. This symbol D"“f(z), was called

the nth Ruscheweyh derivative of £(z) by Al-Amiri [1].
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Let T be the subclass of V consisting functions of the

[ve]
\ m : . .
form f(z) = =z f _E a .z, a, 2 0. Functions of this type have
m=2

pbeen studied by Silverman [5]. Let $S(n, A, A, B) denote the

class of functions f € T such that

n n+1l
~D f(=z) D "f(z) 1+Az
(1A )2 4 AT < it

for z € E, where A 2 0, -1 { A<B<1 and n€ N U {0}.
The class sS(O, A, 2a-1, 1) with ‘0. a < 1 has been

considered by Bhoosnurmath and Swamy [2].

In this paper, we-find the coefficients inequalities and
determine the extreme points, radii of starlikeness and
con&exity. We prove distortion theorems. We also consider the
modified Hadamard product of functions in S(n, A, A, B). Some
results obtained by Bhoosnurmath and Swamy [2] can be reduced
from the corresponding results for the class S(n, A, A, B) by

taking n =0, B=1 and A = 2a-1, 0 < a < 1.

r
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2. Coefficients Inequality.

Theorem 1. Let f € T. Then f € S(n, A, A, B) if and only
if
[oo]
(m+n-1)! [n+14+A(m-1)] B-A
(2.1) 2 (n+1) 1 (m-171 2m < 1B

m=2

Proof. Suppose f € S(n, A, A, B). Then

n n+l
- 1D £(=2) D f(z) _ 1+Aw(z)
h(z) = (1-A) - + A = TvBw(z)’
-1 {A<B<1, =z € E, w€ H-={w analytic, w(0) = 0 and

|w(z)] < 1, z € E}. From this we get

1-h(z)

w(z) = Bniz) - & -

Since

()

pP£(z) = z(z" 1E(z)) /n!
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.(m+n—l)!é m -
n!(m-1)!"m ’
m=2

therefore

L (m+n-1)![n+1+A(m-1)] -1
h(z) =1 2 (n+1) 1 (m-1)! amzm
m=2

and |w(z)] < 1 implies

© ‘
s (m+n—1)![n+1+k(m—l)]a zm—l

m=2 (n+1)!(m-1)! m
(2.2) = <1
Ay (m+n-1)![n+1+A(m-1)] m-1
(B=A)=B 2> " m+D)1(m-1)!  °nm*
Hence
» (m+n-1)![n+1+A(m-1)] m-1
mfz (n+1)f(m-1)!  °m”
(2.3) Re - <1
l AL (m+n-1)![n+1+A(m-1)] m-1
(B-2) Bmiz (n+1)!(m-1)! An?

We consider real values of =z and take O < r < 1. Then,

for r = 0, denominator of (2.3) is positive and so it is



o8

positive for all r with O ¢ r < 1, since w(z) is analytic

for Iz] < 1. Then (2.3) gives

Lo .
(m+n-1)![n+14+A(m-1)] m-1 B-A
(2.4) (n+1) 1 (m-1)! °m" <i¥B -
m=2
Letting r — 1, we get (2.1).
Conversely, suppose f € T and satisfies (2.1). For | z |

= r, 0 < r <1, we have (2.4) by (2.1), since ™1 1. so

l 2 (m+n-1)![n+1+A(m-1)] m-1

(n+1)1(m-1)! °m?
m=2 i
(m+n-1)![n+1+A(m-1)] m-1
$ (n+1)i(m-1)! °m°
m=2 i ‘

00

< (B-A) - B E (m+n-1)![n+14+A(m-1)]  _m-1

(n+l)!(m-1)!1 qnt

m=2
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Ay L (m+n-1)![n+1+A(m-1)]. _m-1
¢ lB-n) - B ) (n+1) T (m=1)1 anz
m=2

which gives (2.2) and hence follows that

+ ADn+lf(z) _ 1+Aw(=z)
z T 1+4Bw(z) ’

n
(l—A)D f;z)

w€H, z€E, -1 {A<BZ KH/1.
That is, £ € S(n, A, A, B).

Corollary 1. If £ €T 4is in S(n, A, A, B), then

) (n+1)!(m-1)!(B-A)
m -~ (m+n-1)![n+1l+A(m-1)](1+B)

a

for m 2 2. The equality holds for the functions £ given by

(n+t1)! (m-1)!(B-A) m

(min-1) 1 [n+1sn(m-1)](1+B)2 + 2 € E:

f(z) = z -

3. Distortion and Covering Theorems.

o~



op
<

oo
Theorem 2. Let the function ‘f(z)’; z\f E amzm, a. 2 0 - be
m=2
in the class S(n, A, A, B), then
_ _(B-A) L2 (B-A) L2 -

r (1+B)(n+l+?\)r < If(z)l $ro+ (l+B)(n+1+7\)r ’ (‘ZI = r),

. . _ . _ _(B=-A) 2 -
with equality for f(z) = =z (1+B)(n+l+k)z , (z = 4£1r).
Proof. Since (m+n-1)!/{(m-1)! 1is an increasing function of

m, therefore it is from (2.1) we have

, (B-A)
(3.1) } 8 (1+B){(n+1+A)
m=2 ‘
Thus
1£(z)] <zl + ) a 2"
m=2
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(B-A) . 2
< r + (1+B)(n+l+k)r , for lzl = r < 1.
Similarly
[ve]
l£(z)] 2 [zl - ) a l=|™
m=2
[o4]
2 r -~ r2 E a
m
m=2
_ _(B-A) 2 )
> r (1+B) (Ar 1)~ - for |z| = r < 1.
) [ea)
Theorem 3. Let the function f£f(z) = z - 2 amzm, am 2 0 be
m=2
in the class S(n, A, A, B) and A 2 n+l, then
_ 2(B-A) . o 2(B-A) ' -
1 - Syt ¢ @l <1 Aigyaemor 2l = o).
. _.. _ _(B-A) 2 B
Equality holds for f£f(z) =-z (l+B)(n+l+A)Z (z = tr).
Proof. As the proof of Theorem 2, in view of the inequality

(2.1), we have

0
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Hence
[0 (o4}
1.(B-A) . -
(3.2) ) ma ¢ r[{BAL_ (n+1-2) ) a ]
m=2 m=2
1 (B-A) B _ ntl-A
< ~ 1+B [1 n+1+k]
_ 2(B-A)

(l+B)(n+1+Aj ’

by (3.1). Which implies that

0

1+ z mamlzlm_l <

m=2

| £'(z)]

I

2(B-A)
<1 + (1+B)(n+l+h)r'

On the other hand

E (n+1—7\)am + 2 ?\mam < (B-2)
m=2

(1+B)
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. 2(B-A) .
[£'(z)] > 1 - 2 ma_ S lk_ (1+B) (n+1+N) " "

For the extreme points of S(n, A, A, B) we have

Theorem 4. Set fl(z) = z and

(B-A)(n+1)!(m-1)! - m
(1+B) (m+n-1) ! [n+1+A(m-1)]~ *

fm(z) =z -

(m =12, 3, 4, ...). Then f € S(n, A, A, B) if and only if it

can be expressed in the form

(o8] Loe]
f(z) = E pmfm(z), where B 2 0 and E By = 1.
S m=1 _ : m=1‘
Proof. - Suppose f(z) = E'umfm(z). Then
m=1
(o)
(m+n-1)![n+1+A(m-1)7 (B-A)(n+1)!(m-1)!

(n+1)!(m-1)! (1+B) (m+n-1) ! [n+1+A(m-1)]1"m
m=2

{e



64

(2
_ B-A E . .. 'B-A _, B-A
=3 L HPn T O S TaB
m=2 '
and hence f € S(n, A, A, B) by Theorem 1. Conversely, let
® n
f(z) = z - E amzm € sS(n, A, A, B). Then
m=2 '

< (n+1)!(m-1)!(B-A)
m - (m+n-1)![n+1l+A(m-1)](1+B)’

a m= 2, 3, 4, ...

by Corollary 1. Set

_ (m+n=-1)![n+1+A(m~1)]J(1+B)
Pm = (n+1)!(m-1)!(B-A) °m - ™

H
N
~
w
=N

© [e ]
and define By = 1 - 2 B From Theorem 1, we have 2 n <1
m=2
[e)
. — — m - —
and so My 2 0. Slnce’ umfm(z) = B,z a z , 2 umfm(z),—-z

[o0]

m
E a.z = f(z).
m=2

4. Radii of Univalence, Starlikeness and Convexity.

5 [;/



Theorem 5.

|z] < r(n, A,

r(n, A, A, B) = inf{[
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L n+1 ‘
If £ € S(n, N\, A, B), then Re{Q——Eﬁiél} >0 f

A, B), where

n+1+A(m-1)](1+B).1/m-1

or

n (mn) (B-8) .
Dn+1f( )
Proof. It is sufficient to show that I———E——E~ - 1] <1 for
Izl < r{(n, A, A, B). We have
1 °
n
D f(z) _ ‘ (m+n)! m-1
1= 1] < 2 (D) T(m-1) 1 2nlZ! .
m=2 - ‘
n+l
Hence IQ——EELEl - 1| <1 if
[o0] : : . ;
(m+n)! m-1
(4.1) 2 (o) T (1) T o | 2] <L

m=2

From Theorem 1, it is easily to see that (4.1) is true if

(m+n)!

(n+l)!(m-1)!

that is

m-1 (m+in-1)![n+1+A(m-1)](1+B)
amIZI < (n+1)!(m-1)!(B-A) b
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[n+1+A(m-1)}]J(1+B) 1/m 1 _
(4.2) lz] < { (mrn ) (Bom) , m=2,3, 4, ...
Writting Iz] = r(n, A, A, B) 1in (4.2) the result follows.
Similar, we have
Theorem 6. If £ € s(n, A, A, B), then Re f'(z) > 0 for

Izl < r(n, A, A, B), where

- 1)! 1?\111311
r(n, A\, A, B) = lgf{(m+n EHE?;I;|EE Ag]( + )} /m-

The estimate is sharp for the function

_ _ (B-A)(n+1)!(m-1)! 2
f(z) = z (1+B)(m#n-1) | [n+1+A(m-1)]~

.
’

for some m.

Theorem 7. i1If £ € S(n, A, A, B), then Re{zf'(z)/f(z)} > 0

for Iz] < r(n, A, a, B), where xr(n, A, A, B) is as in
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Theorem 6.

Theorem 8. If £ € S(n, A\, A, B), then Re{l + zf"(z)} S 0

for |zl < r(n, A, A, B), where

lnf{(m+n—l)'[n+1+R(m 1)]J(1+B)

1/m- 1
(n+1)Iml(B-A)m 3

r(n, A, A, B)
m

The estimates in the above two theorems are sharp for the

function

(B- A)(n+l)'(m 1)! iy
(1+B) (m+n- 1)'[n+1+x(m 1)] ’

f(zj = z -

for some m.

Theorem 9. If f € S(n, N\, A, B), then f satisfies

n+1f( ) _ 1+ Cu(z)
D f(z) 1 + Dw(z)

(4.3)

n€ NU {0} and w € H, for |z| < r(n, A, A, B, C, D), where
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- ing¢{R+1FA(M-1)](B-A)(D-C)

1/m-1
cm(1+B) } " ’

r(n, A\, A, B, C, D)
. m

, 3, 4, ..., and c_ = (D+1)(n+m) - (C+1)(n+l).

?roof. From the proof of Theorem 1 in [3] we know that f

satisfies (4.3) if

(m+n-1)! m-1
(4.4) E (n+1)!(m-1)! "m"m :
m=2

By inequality (2.1), it is easily to see that (4.4) holds if

m-1 [n+1+A(m-1)](B-A)(D-C)
2 1+B

, and this completes the proof
of Theorem 9. When n =0, ¢ = -1, A = 2a-1, B = D = 1

’

Theorem 9 reduces to Theorem 6 of [2].

Similar, we can generalize [2, Theorem 7] as following:

Theorem 10. If f € S(n, A, A, B), then f satisfies

D™ (zer(z)) _ 1+ cw(z) , -1<C<DZ1,
»Dn(zf'(z)) 1+ Dw(z) _

A3
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n € NU {0} and w € H, for

. n+l+A{m-1 B-A)(D-C).,1/m-1
lz| < inf(d b ziiB) J(D=C)yd/m-1 = 22, 3, 4,
m m
5. Modified Hadamard Product.'
o0
m ;
Theorem 11. 1f f(z) = z - 2 anz , ap 20, g{(z) = z -
m=2

(o]
E'b z", b 2 0 are elements of S(n, A, A, B) and S(n, A,

C, D) respectively. Then the modified Hadamard product h(z) =
© k ’v
f(z)*g(z) = =z - Ela b =z is an element of S(n, A, 1 -

2(B-A)(D-C)
(n+1+A)(1+B)(1+D)’

1).

Proof. From Theorem 1, we have

(5.1)

2 (m+n—l)!{n+l+7\(m—1)](1+B)a <1
(n+1)!(m-1)!(B-A) m -
m=2

and
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0

(m+n=-1)![n+14+A(m-1)](1+D)
(5.2) ) (n+1) ! (m-1)!(D-C)  Pm <1
m=2
we want to find B = B(n, A, A, B) such that
2(m+n-1)! [n+1+A(m-1)]
(5.3) ) (o+1) L (m-1) 1 (1) 2mPm ¢ 1 -
m=2 '

From (5.1) and (5.2) by means of Cauchy-Schwarz inequality

obtain

2 (m+n-1)![n+1+A (m- 1)]JT1+B)(1+D)J—~—— -
' (n+1)!(m-1)!V(B-A)(D-C) m

(5.4)

m=2

Hence (5.3) will be satisfied if

Va b < (1-B)V(1+B)(1+D)
mm= V(B-A)(D-C)

From (5.4) it follows that

we



VE;E; < (n+1)!(m-1)!v(B-A)(D-C) for each
(m+n-1)![n+1+A(m-1)]vV(1+B)(1+D)
Therefore (5.3) will be satisfied if
(n+1)!(m=-1)"! (1-B)(1+B)(1+D)

(6.5)

(min-1) ! [n+tlen(m=1)] & ~2(B-A)(D-C)

for all m. That is

2(n+1)!(m-1)!(B-A)(D-C)
(m+n-1)![n+1+A(m-1)](1+B)(1+D)"

(5.6) B <1 -

The right hand side of (5.6) is an increasing function of

71

m

for m= 2, 3, 4, ... . 'Therefore, setting m = 2 in (5.6) we

gét

2(B-A)(D-C)
(n+1+A)(1+B)(1+D)

The result is sharp, with equality when

(B-A) 2
(n+1+N)(1+B)2 ~

f(z) = z -
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and

(1]

[2]

[3]

(4]

[5]

- - (b-C) 2
g(z) z (n+1+7\)(1+D)Z :

References

H. S. Al-Amiri, On Ruscheweyh derivatives, Ann. Polon.
Math. 38(1980), 87-94.

S. 8. Bhoosnurmath and S. R. Swamy, Certain classes of
analytic function with negative coefficients, Indian J.
of Math. 27(1985), 89-98.

K. S. Padmanabhan and R. Manjini, Certain classes of
analytic functions with negative coefficients, Indian J.
Pure Appl. Math., 17(1986), 1210-1223.

S. Ruscheweyh, New criteria for univalent functions,
Proc. Amer. Math. Soc., 49(1975), 109-115.

H. Silverman, Univalent functions with negative
coefficients, Proc. Amer. Math. Soc., 51(1975), 109-116.

Institute of Mathematics
Academia Sinica
Taipei, Taiwan, R.O0.C.



