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NOTES ON CERTAIN CLASSES OF ANALYTIC FUNCTIONS
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1. INTRODUCTION

Let Ap denote the class of functions of the form

1.1 fiz) = 22 + 3 Cad (peN = {123, ..
n
n=p+1 '

which are analytic in the unit disk U = {z: |z| < 1}. For functions

(1.2) [.(z) = 2P ‘+ Y oa 2zt (=12

belonging to A, we denote by f * 1,(z) the convolution of fl(z)v

[,(z), that is,

¥}
(1.3) / f. *f(z) =2 + ¥ a_ ja 2"
1 2 n=p+1 n,l n,2
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Usihg the convolution, we define the Ruscheweyh derivativ»e Daﬂ)*l[(z') by

(1.4) DYPl(y) = ﬁﬂp— * f(z)v (@ > —p)

for f(z) € Ap . A function f{(z) belonging to Ap is said to be in the

class R(a+p—1) if it satisfies

a+p. z _
(1.5) Re{DlC)'*p“{E(ZL)} > azgplv (z € U),

where o > —p.
For an integer o greater than —p, Soni [4] proved
THEOREM A. R(a+p) C R(a+p-1).

for '@ =mne€eN;=1{012 .. } and p = 1, Singh and Singh [3]

proved

THEOREM B. R(n+1) ¢ R(n).

In the present paper, we improve the above results.
2. PROPERTIES OF THE CLASS R(a+p-1)

We begin with the statement of the [ollowing lemma due to Miller and

1,.\



Mocanu [2].
LEMMA 1. Let ¢(u, v) be a complex valued function,

oD - C,DcC ¢? (C is the complex plane),

and let u = u1+iu2, vV = v1+iv2 . Suppose that the function
satisfies

(i) ¢(u,v) is continuous in D;

(ii) (1, 0) € D and Re{y(l, 0)} > 0

. 1

(iii) for all  (iug, Vl) € D such that v, < — -;£‘i,

Re{op(iuy, v)} < 0.

Let q(z) = 1 + qz + q2z2 + -+ be regular in U
(a(z), zq(z)) € D for all z € U. If

Re{wp(q(z), za’(z))} > 0 (z € U),
then Re(q(z))} > 0 (z € U).
Applying the above» lemma, we derive

THEOREM 1. If f{(z) € R(a+p), @ > 1-p, p € N, then

ie.,

75

o(u, v)

such that
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+
e Rtef Dgipﬁf%) |'>pla, ) @euv,

where

(2.2) Ba, p) = 2(a+p)—2w(gil()3v+p) 2—4 (o+p)+9

PROOF. We define the function q(z) by

D2 *Py(y)

(2.3)

where [ = ﬂ(d, p). Noting that

@) ™) = (@n)D™PHG) — oD E) (@ > —p),

we have, from (2.3), that

‘a+p+1 ’ -B\zq’
py DIENCL L (s + S
or
Da+p+lfz
(26)  Re| D‘pr(i)L— a )



- Reﬁl)_g {(1 ap) + (a+p)(A+(1-P)a(z) + i qi]
>0
Letting

oY) = iy {(mep) + (er)(B+1-A) + g,

we see that

(i) ¢(u, v) is continuous in D = (C —1 {B__.})
(ii) (1, 0) € D and Re{y(l, 0)} = TTpTT > 0
(iii) for all. (iUZ, Vl) € D such that vy { — 1_5113 ,

Relp(iugv))} = mropri(i-ep)q+Alatp) + gt Vlu}

< argi-ap)Hiatp) — gl }

a2 D)2 atp)-3)3-1)(B+(B-1)u3)

+ (1-f)[2(a+p)(p-1)+1]u3)

_ (1=p)[2(e+p) (B-1)+1]u}
a+p+l1
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because 2(a+p)ﬂ2 — [2(a+p)-3]3-1 = 0, and under the condition  a+p > 1,

we have

0<ﬂ51—_?(a—w{p7<1'

Therefore, the function ¢(u, v) satisfies the conditions in Lemma 1. Since

Re{q(z)} > 0 (z € U), we conclude that

D Py } > § = 2(a¥p)—3+\/4(a+p52~4(a+p)+9

(28), Ref St p—lE(Z) T(otp)

REMARK 1. Since

(2.9) Ré{ Da+pf(z))] > 2(a+p)~2+d4(a+p) 2—4 (a+p)+9 s atp-l

Da+ p_lf(z (a+p) a+p
for '« > 1-p, Theorem 1 is the improvement of Theorem A due to Soni [4].

REMARK 2. For a = n € NO and p = 1, we have

n+1
(2.10) Re{uﬂ} N 211—1;{;/4ni+4 n+9 o n_
DV f(z) 4(n+1) n+1

~
e
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Therefore, Theorem 1 is also the improvement of Theorem B by Singh and

Singh [3].

Taking « = 2-p in Theorem 1, we have

COROLLARY 1. If f(z) € R(2), then

(2.11) Re{l + zg'gg } > ‘/1_74“ 3 (2 e V),
that is, f(z) is p—valently convex of order ﬂ(—_ﬁ_ :

PROOF. For a = 2—-p, we have

2

(2.12) Re{szz} = Re{l + & Z?gg } > : Jr_g‘/ﬁ .

Therefore, (2.12) leads to

2" (z 1+ 417 _
(2.13) Refl + Ziy > 1l g = AL

3. AN APPLICATION OF JACK'S LEMMA

VIT — 3

In order to prove our next result, ww need the following lemma by Jack

[1].
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LEMMA 2. Let w(z) be regular in U with w(0) = 0. If |w(z)|

attains its maximum value on the circle |z| = r at a point 2z, € U, then
20w’ (zg) = kw(zg),
where k is real and k > 1.

THEOREM 2. If f{(z) € Ap satisfies

a+p+le 12
S Re{ DDa+pfi£)l} > 1+((1g}:311) (z € V),

and o + p > 1 then

‘ 1
Da+pf(z) 2 atp-l1
3.2 Re[ ] > akp-l ¢y,

PROOF. For {(z) € Ap satisfying (3.1), we define the function w(z) by

DAHPi(5) |2 9 1 1—w(z +(atp—2)v
(3-3)Re[]“)’5[¢§f1—§ég] - az-lip + a+p 1+:VVEZ% B (aTglpg?liw(l‘;gZ)'

Then w(z) is regular in U with w(0) = 0 and w(z) # =1 (z € U).

After taking the logarithmic derivative of both sides of (3.3), using (2.4)



and (3.3) we obtain

G D P(z)
= ket (et a2 dzw’ (2) I
a+p+1 I + w(z) (I+w(z))((a+p)+(a+p—2)w(z))

If there exists a point 2y € U such that

max w(z)] = |w(z = 1,
e WEL = )

then. by Lemma 2, we have

It follows from

1
Re{l-*—wi Z()i} -2

and

Wi Zg _ 1
Re{1+wizoi} -2

that



Da+p4—1f(z )
3.5) 0
(3:5) {Da+pf(z())}
— R 1 +p)+(a+p-2 2 Akw’ |
a R"a+p+1{1+((a p)l(z g(zg?(%)) - (l+w(zo)f((a+vg)i?glp—mw(zo))}'
Let  w(zy) = ew, we have
. id id . .
1+ wizg)? = (1 + ¢ = (& 7 4 o)l

It follows that

(3.6) Re [( a+p)—1%(Jorz+ %())v)vgo)r |

s 0
_ (a+p)? } {2 a+p) (a+p-2 gcv+12—2yzel
- Re{2(1+cos o)ew + Rel T 5T cos ] + Re{2 1 +cos }

{(a+p)2+(a+p-2)%] cos 0+2§a+p)(a+p~2)
2(1 + cos 0

¢ (a+p)2+(a+p—2)z+2(a+p)(a+p—2) )2

= (o+p—1

b

Ax+B

since (arer)2 + (a+p—2)2 > 2(a+p)(a+p—2) and T

function of x if A > B.

/0

is an increasing
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Next we have

1 w(z Wz
= TlaFp)+{atp=2)w(zo)[? Re{ ( 0)[§Qipv)vﬁ{£(0ﬂ)~p 2)W_(—o)_]}

= TErsrrERE T (g (atp-2)3) 2 0.

From (3.5), (3.6) and (3.7) we obtain

Re{D“”“f(zo)] ¢ Lr(atp-22
. Da+pf(zo) at+p+1

This contradicts our condition (3.1). Therefore, we conclude = that w(z)
satisfies |w(z)] < 1 for all z € U, which completes the proof of our

theorem.

Letting « = 2-p, Theorem 2 gives

COROLLARY. If f{(z) € Ap satisfies

(?;.8) | Re{%;fg%} > % (z e> U),

then
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(3.9) Rey 2 + qigz b > 3§L (z € V).
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