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On Behaviors of Hypergeometric Series
of One, Two, Three and n Variables
Near Boundaries of Their Convergence Regions

of Logarithmic Case
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1. Inﬁroductién

A lot of properties are already known for various hypergeometric
series in the literature. Especially, representation formulas exhibitiﬁg
behaviors of the seriés near boundaries of their cénvergence regions are
interesting and applicable to some calculations in (121, [13] and [27].

The present report is intended to summarize the'results of the be-
haviors to distinguishing that for which series the behavior is_known and to

serve further investigation of such a calculation by finding some new ideas.

The generalized hypergeometric series of one variable is defined by
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where (o) ~ denotes the Pochhammer symbol defined by T (a+m)/T (a). The
series (1.1) is called Gaussian series if -p = 2, g = 1, and Clausenian series
if p=3, g=2. It is well known (see e.g. [8], [26]) that the series (1.1)
with q = p-1 converges in the region |x| < 1 for any complex parameters o,

3
and Bj % nonpositive integers, as well as at x =1 for Re(m) > 0, where

p-1
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We are interesting how the series vap_l(x) behaves near the point
x =1 when m = 0, for which the series is called zero-balanced. 1In fact,
Srinivasa Ramanujan already discovered the property for the case p = 3 in
his Notebook [9, Chapt. 11, Entry 24, Cor. 2] without proof, which may be read

in the form:

(1.3) 3F2(a,b,c;d,a+b+c—d;1—p)

(atb-d) (d-c)I'(d)T (atb+c-d)
I'(a+1)T (b+1)T (c)

4F3(l,l,a+b—d+l,d—c+1;2,a+1,b+1:1)

- Dt T(atbto=d) 150 4 y(a) + y(b) + log p] + o(1), (p — +0),

I'(a)T(b)T (c)

for Re(c) > 0, where vy(a) means the psi function defined by the logarithmic
derivative of the gamﬁa function T’ (a)/T(a), and vy = -y(l) is the Euler-
Macheroni constant. Berndt express (1.3) to be "a very beautiful and
significant formula"™ in his book [2].

The formula (1.3) implies, if we set d = ¢, the formula for the Gauss

series:
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(1.4)  ,F, (a,b;atb;1l-p) = - -1%1%1“;%7 [2y + w(a) + y(b) + log pl + o(1),

(p.—> +0),

which is a simple result from the continuation formula for the Gauss function
(see [14]).

The formula (1.3) was left long mysterious fact, because Ramanujan did
not refer to any proof in his Notebook, and no one could derive from the
theorem (Entry 24), though it was displayed as a corollary. About the formula
(1.3), Berndt mentioned in [2] as “Corollary 2 in Section 24 offers a certain
asymptotic formula for zero-balanced 3F2 series. Such formulas in the
literature have previously been established only for zero-balanced oFq
series. It is interesting that this elegant formula had been overlooked for
60 years after Ramanujan’s death.” Recently, Evans and Stanton [5] and
Bihring [3] proved (1.3) by their own methods. Independently of their proofs,
the author established the formula (1.3) in [14], that was published ealier
(1983) than tﬁe papers [51(1984) and [3]1(1987). . The author did not know until
1988 that the formula (1.3) was the result by Ramanujan and left long as a
mystery. The author’s interest was in the direction of some calculations of
the multiplication of the fractional integral and derivative which were
defined by him as generalizations of that of Riemann-Liouville and Erdélyi-
Kober (cf. [10], [12], [131, [27]). During the stay at the University of
Victoria in Canada (March, 1988 - February, 1989), the author came to know the
formula (1.3) occupied the attention and its proofs appeared in [5] and [3].
Concerning the proofs in [5] and [3], Berndt also wrote in [2] that "It would
be interesting to have a more direct proof that might shed some light on
Ramanujan’s approach.”" The author is certain that his proof is Jjust the

direct one.
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Moreover, the author knew at the University of Victoria that a

generalization of the formula (1.3) to with p =2 4 was posed as an

F
p p-1
‘open problem by Evans [4, p.553]. But the problem was solved by us, the
author and H.M. Srivastava, in [24] by a similar method with that for p = 3

in [14]. The result for p = 4 is:

b21b3;1'P)

(1.5) 4F3(a1,a2,a3,a4;b1,

[ (b )T (b,) T (b3)
T T DT (a,# )T (a5)T(a,) (P1783) (31%2y70y)

4F3(1rl/Dymagtl,a 4a,-b +1:2,a, 41,3y +151)
T (b,)T (by) |
+ ! = (b,-a,) (by=a,)
(@ )T (b,¥bg=a, 1) 2 %4’ 237%
. 0333 T i21r3gs3gbyma gl bgma il
1:1;1 b +b __é +1: b. 5. ’
2 3 4 - 1’ ’
I (b)) T (by)T (by)
" T(a)T(a,)T(ay)T(a,) [2y + w(a;) + y(a,) + log pl + o(l),
1 2 3 4
(p » +0),

- 0:3;3
where alfa2+a3+a4 = bl+b2+b3, Re(a3) > 0, Re(a4) > 0, and . Fl:l;l means the
Kampé de Fériet function (see e.g. [1], [26]). The formula (1.5) implies
(1.3) if a, = b3.

~For general, if p 2 5 we have
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(1.6) pr_l(all---,ap;bl,...'bp_l;l_p)
_Tiop) - T(b, ) b-ag [ pl b
T(a,)---T(a) a,a Y b, - X a,
1 P 12 | 3=2 I 3=3 I
[ S b, - § ]
4F3 lrlrbl_a3+l,.§ by = L ay +1;2,a;+1,8,+1;1
. j—2 3_3
(b ) [ p)_jl b E ]
< -172 ¢ = a.
N p21 by ;) Tib ;) Pk-17%k+1 Zob5 2y
=3 Tlagyy) Ty -1 5
i P F[ 2 b.- X a,+l ]
j=k-1 I 3=k+1
b 1 pilb §. 1,1
ta,, ", ; _,—a +1, - a.+1,1;
Flikes1 : S = SR RS 1,1
1:k-2;1| p-1 p ,
Y b.- X a.+l:b,,--+,b __,; N
j=k-1 J j=k+1 1 k=2
T'(b)) - T(b, ;) |
T Ty [2y + w(a;) + w(a,) + log pl + o(l),

(p — +0),

where a1+-'-+ap = b1+---+bp_1, Re(aj) >0, (3 =3,--+,p).

We introduce in the next section various hypergeometric series which
are interesting to discuss through our methods, and their convergence regions
of three variables are figured. For their precise definitions and the

demonstration of their convergence regions, we refer to [1]1, [61, [7]1, [8] and

[26]. Section .3 is devoted to mention the results obtained up to the present.
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2. Hypergeometric Series and Their Convergence Regions

Single variable: As indicated in the previous section, the series pFp_l(x)
has the region of cohvergence x| < 1 for any integer p 2 2.

Two variables: The Appell series of two variables are as follows:
Fl(a,bl,bz;c;x,y) in Ixl <1, jyl <1 -
F2(a,b1,b2;ci,cz;x,y) - in Ixi + lyl <1

F3(al,a2,b1,b2;c;xry) in x| <1, |yl <1

F4(a,b;c1,c2;x,y) in le[ + Vlyl < 1

Three variables: Let |x| =1r, |yl = s, and 1lz] = t, the convergence

regions of triple hypergeometric series of Lauricella and Srivastava are shown

as follows with figures:

FA(a,a,a,bl,bz,b3;c1,c2,c3;x,y,z) r+s+t < 1
FB(al,a2,a3,b1,b2,b3;c,c,c;x,y,z) r<1l, s<1, t <1
Fol(a,a,a,b,b,bicy,CysC3iX,¥,2) Vr+Vs+VE < 1
,FD(a,a,a,bl,bz,ba;c,c,c;x,y,z) r<1l, s <1, t <1
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FE(a,a,a,bl,bz,bz;cl,cz,FS;x,y,z) r < 1-(Vs+Vt) 2
FF(é,a,a,bl,bz,bl;cl,cz,cz;x,y,z) Vr+E < 1, s < %(1+t—r+VTTIE:§TT:ZE)
FG(a’é’a’bl’bZ’bB;cl'CZ'Cfo’y’zX r+s'< 1, r+t < 1
FK(al,az,a2,b1,b2,bl;cl,cz,c3;x,y,z) r <1, s <1, t < (1-s) (1-r)
FM(al'aZ'aZ’bl'bZ'bl;cl'CZ'CZ;X’Y’z) r+t < 1, s < 1\
FN(al,a2,a3,b1,b2,b1;cl,cz,cz;x,y,z) r+t < 1, s <1
FP(al,az,al,bl,bl,bz;cl,cz,cz;x,y,z) r+s < 1, r+t < 1
FR(al’a2’al’bl'bZ’bl;Ci'CZ’CZ;X’Y’Z) JE+V€ <’l, s <1
Fs(al,az,a2,b1{b2,b3;c,c,c;x,y,z) r<1l, s <1, t <1
FT(al,a2,a2,b1,b2,b1;c,c,c;x,y,z) r<1l, s<1, t <1
HA(al,az,a3;cl,c2;x,y,z) ' r < (1-s){1-t), s <1, t <1
‘ ’
Hp(a,,85,857C1/CyrC3i% ¥, 2) r+s+t+2¢f§€ <1
Hc(al,az,a3;c;x,y,z) r<i, s< 1, t <‘1, r+s+t=-2vV(1-r) (1-s) (1-t) < 2
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r<i, s<1, t<1

Fr:

v

r<i, s<1, t<1

Fs'.

r+s+t+2yrst <1

Hy:

r+s+t-2y(Q-nl-)(1-n<2

s<1, <1,

1r<l,

He:

10
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Multivariables: Let Ixil =r,, (i =1,--+-,n), then the convergence regions

of Lauricella hypergeometric series of n variables are as follows:

n
Fé )(a,bl,---,bn;cl,---,cn;xl,---,xn) r1+---+rn <1
F(n)(a cee,a ,b.,,b ;CIR., ", %) r .< 1, --- r < 1
B 1’ “nfr1r “n’T'T1r L 'n 1 ’ ' "n

n .
FC( ) (a,b;Cl,- ,Cn,’xl, ,Xn) '\jrl+...+w’rn <1
F(n)(a b,,---,b 'c'x?‘ x_) r, <1 r <1
D Mt R n’TroL! “n 1 ’ " "n

3. Properties of Hypergeometric Series

We shall state here whole possibility of the boundary points of con-
vergence regions of hypergeometric series introduced in the previous section.
The reference numbers indicate that their behaviors were already calculated.
The term "complete"™ means the formula is known with no restriction on
parameters without some zero-balancedness, and "2 cases"™ means that two for-
mulas are evaluated with some other restrictions. The calculations are tried
only for the listed Gaussian complete series. The cases which are not indi-

cated the reference numbers are open problems for the reader.
Single variable:
2F1[1—p] complete: [14]

\

3F2[l—p) complete: [14]

- 11 -
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pFp-1117P)

Two variables:

Fl [1-p,¥y]

complete:

complete:

[24]

included in [15]

Fl[l—px,l—py] complete: [11]
Fz[x,l—x—p] 2 cases: [14] complete: [20]
F3[1—p,y] completeﬁ [14]

F3[1—px,1—py]

complete: included in [23]

F4[X,(1-V§—p)2] 3 cases: [21]

Three variables:

FA[x,y,l—x—y—p] complete: included in [18]
FB[x,y,l—p] complete: included in [23]

FE[X,l—py,l—pz]

FB[l—px,l—py,l—pz]

complete:

included in [23]

complete: included in [23]

- 12 -



FC[x,y,<1—V§~V§—p)2] 1 case: [21]
FD[x,y,l-p] complete: [15]
FD[x,l—py,l—pz] complete: [15]

FD[l—px,l—py,l—pz] complete: [15]
Fp[1-(Vy+Vz) 2-p, y, 2]

Fplx, v, (1-Vx-p) 21
FF[x;%(1—x+z+VTI:§:ETT:ZE—p),z]

FF[x,l—VE—py,(l—VE—pz)z]

FG[x,y,l—x—p] 2 cases: [16] complete:

FG[x,l—x—p,l—x—p] complete: [17]
FK[X,YI(I—X)(l-y)-p] 1 case: [17]
FM[x,l—p,z] complete: [16]

Fylx,y,1-x-p] 1 case: [16]

- 13 -
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FM[x,l—py,l—x—pz]
FN[x,l—p,z] complete: [17]
Fylx,y,1-x-p] 1 case: [21]
FN[x,l—py,l—x~pz]
FP[x,y,l—x—p]

Fp[x,l-x—py,l-x—pz]

Frlx, v, (1-Vx-p) ?] 1 case:

FR[x,1~p,z] complete: [17]

FR[x,l-py,(l—VE—pz)ZJ

FS[x,y,l—p] complete: [25]

Fs[x,l—py,l—pz] complete:

Fs[l—px,l—py,l-pz] complete:

Fs[l—p,y,z]‘ complete: [25]

Fs[l—px,l—py,z] complete:

complete:

- 14 -

(17]



FT[x,y,l—p] complete: [25]
FT[x,l—py,l—pz] complete: [25]
FT[l—px,l—py,l—pz]

FT[l—p,y,z] complete: [25]
FT[l-px,l—py,z] complete: [25]
Hy [(1-y) (1-2)-p,y, 2]

HB[x,y,z], x+y+z+2V§§E = 1-p
Hc[l—p,y,z] complete: [19]

Ho[1-px,y,1-y-p]

Hc[x,y,z], x+y+z-2V (1~x) (1-y) (1-z) = 2-p

Multivariables:

F(n)[x cee X l-x,--+"-x -p] complete:
A 1’ "“n-1" 1 n-1 :
F(n)[x cee, X, ,1-px --+,1-px_1 complete:
S EA S Y > CA A :

--15 -

[18]

[23]

105
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(n)
E‘D

1]

(2]

[3]

[4]

[5]

(6]

(71

10Xy g WTx T+ VTx 1D 2-p]

[xl,---,xk,l—px ---,1—pxn] complete: [22]

k+1”
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