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Instantons and representations of an associative algebra
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Department of Mathematics, Faculty of Science,
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In this note we show that instantons on S* can be identified with some
representations of an associative algebra.

Let A be the free algebra over C generated by two elements g, p.We
define a new product * in A as follows:

fix foa= fi(pg — qp)fay f1,f2 € A

Then (A, *) is an associative algebra (with no unit), which is an exten-
tion of the Weyl algebra A/(pg— gp—1). We consider finite dimensional
representations of (A, ). Let W be the complex vector space of dimen-
sion [, and h be a linear map from A to End W. Then h induces a linear
map 5

h: AQW — A*QW

defined by

B(fr ®w), f2) = h(fofi)w, fi,fr€A weW.

We denote by H(l, k) the set of all algebra homomorphisms h: (4, *) —
End W such that the rank of & is k.

Let P be the principal SU(!) bundle over S* = R* U co with ¢; = &,
and M(SU(1), k) be the framed moduli space for anti-self-dual (ASD)
connections on P: { ASD connections on P } /G, where G, stands
for the group of all gauge transformations on P fixing the points in the
fiber over co. M(SU(1), k) is a 4kl-dimensional smooth manifold.

Our main result is the following:

THEOREM 1. The framed moduli space M(SU(l), k) is diffeomorphic to
H(l k).

§1. Some remarks on a theorem of Donaldson.
Let X = Mat(k, k; C) x Mat(k, k; C) x Mat(l, k; C) x Mat(k, [; C). We
define the action of G = GL(k,C) on X as follows:

D (0!1,&2,(1., b) = (palp—l’palp_laap_lvpb)
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for p € G, (ay,az;a,b) € X. We call a point z in X stable when the
map G 3 p— p-z € X is proper. We denote by X° the set of all stable
points in X. Let

w(ozl, g, a, b) = fr(dal A da2 + db A da),

U= ajag — aga; + ba.

We can show by easy computation that

w(payp™t, pazp~t,ap”?, pb)

= w(a1,2,a,b) + tr(p™ dp A dp) + tr(p™ dp ApT dp - ).

(This is suggested to the author by H. Nakajima from the viewpoint of
hyperkahler structure.)

THEOREM (DONALDSON [1]). The framed moduli space M(SU(I), k) is
diffeomorphic to G\p~*(0) N X*.

So we deduce from geometric invariant theory [4] that M(SU(1), k) is
an open dense nonsingular subset of an affine algebraic variety.

Next we seek a criterion for the stability in this case. Let A™ €
Mat(2'"l ; C) be the matrix which is the column of matrices aa;, -
a;,,t; =0,1, and B™ € Mat(k,2™[; C) be the matrix Wh1ch is the row
of matrices a;, - - b, 1. €.

aoy oy
m—1
A°=a,A1=<Zzl>,A2= a2 ,...,Amz(jm_lal>a
2 aa g (7))
adalg :
B =5, B =(a1b azbh), BE=(ayaqb ajazb apenb aga0b),
B™ =(a;B™ ! ay,B™1).

AO
A,,,:( : ) Bm=(B° ... B™).
A™

LEMMA 2. The point z = (a3, aq,a,b) € X is stable if and only if
rank Ak—-lBk-—l = k.

LEMMA 2°. The point ¢ = (a;,a3,a,b) € X is stable if and only if
rank A,, B, = k for some m, n.

We set

PROOF: We can test the stability of a point by the following:
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HILBERT CRITERION ([1,4]). The point = € X is stable for G if and
only if for all ¢ € G and integers (wy,... ,wx) # (0,...,0):

i1

g g -x —o00 as t— oo.

g

CLAIM: If rank A,41 = rank A, then rank A, = rank A,, for all
m' > m. Similarly, if rank B,,4; = rank B,,, then rank B, = rank
B,, for all m' > m.

PROOF: Assume that rank A,,+1 = rank A,,. Then the row vectors in
A™F! can be written by the linear combinations of the row vectors in

A S . m+2 _ Am+1a\1 . : .
m- S0 the row vectors in 4 = are the linear conbina-

Am+1012
tions of the row vectors in A1, Az, which are the row vectors in
Am+1. Sorank A4 = rank A,,4;. The claim follows by induction. §

Now we go back to the proof of Lemma 2, 2’. First we assume that
rank Ax—1 = k' <k. If k=1, then a =0 and

t™!. (a1, q,a,b) = (@1,a2,0,t71b) — (a1, @2,0,0) as t— oo.

This implies that (o4, @2, a,b) is not stable.
If £ > 1, we deduce from the Claim that rank Ax_o = k'. So

Ap_ A0
o= (358)- (4 §)

for some g € G, where the column vectors in A’ are linearly independent.
Particularly, ag = (* 0). Since the row vectors in Ax_2c; are the ones
in Ag-1, .
(A" 0)g 'ayg=(* 0).

This implies that ¢ layg = (: 2) Similarly we get g lasg =
<* 0). So
*x %
e (97 ang, 9 azg, ag,971b)
t_llk—k’ ’ I 3

converges as t — 0o. Therefore if rank A;_; < k, then z = (@1, a2, a,b)
is not stable. Similarly, if rank Bj_; < k, = is not stable.
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Next we assume that (a;,as,a,b) is not stable. From the Hilbert
Criterion we get some g € G, (wy,... ,wg) such that

w1 ‘
oo ‘(g 19,97 azg,a9,97b)
$w

converges as t — co. We may assume that w; > ... > wi. fwp >0 >
w41, we deduce that

- *x 0 - * 0
ag=(* 0),¢ 1a19=(* *),g lagg=(* *)-

This implies that A,,g = (* 0). Similarly, if wp > 0 > wryg,
then ¢71B,, = 2) Therefore if (aj, as,a,b) is not stable, then rank
AmBy < kfor all m, n. |
§2 The proof of Theorem 1. .

First we give the map ¢ from M(SU(I),k) to H(l, k). Let

h(f) = Sp(al-)aflva" b)(f) = af(alya2)b

for (a1,@2,a,b) € u71(0)NX*. ¢ is G-invariant. Since p(ai, az,a,b) =
0, : :

h(f1 * f2) = h(fi(pq — ap)f2)
= afi(ay,az)(a2e; — 0102)f2(011,062)b
= afi(ay, az)bafz(a, )b
= h(f1)R(f2)

We give i: CF - A*®C!, j: AQ C' — CFk by

(¢(v), f) = af(as1,ca)v
I(f®w) = f(ai,az)bw

for f€ A, v €V, we W. Then we have h=i 0j. Lemma 2’ implies
that ¢ is injective and that j is surjective, so rank h = k. Therefore
h € H(l,E).

On the other hand, the inverse ¢: H(l,k) — M(S’U(l) k) is defined
as follows. For A’ € H(l k), we set V = Coim k' = Im &' = C*. Let

iV ATQW,

7_;[_____ . -/,
ved JTAQW - V.
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For f € A we define (f| € Hom (V, W), |f) € Hom (W, V) by
(fi(v) = ('(v), f), veV,
I(w)=5'"(few), weW

We set a' = (1], b’ = |1). The multiplications by ¢, p in A induce linear
maps a},as € End V respectively:

alf) =laf), o5lf) = Ipf)

for f € A. If |f) = 0, then h(f'f) = 0 for all f' € A. So aj,a; € End
V are well-defined. We get

P(h') = (o, ay,d',b') e X
by fixing the basis of V,W. Since

ﬂ Ker o' f(aj,ap) = ﬂ Ker (f| =0,

feA fEA
> Im foh,ep)t = > Im |f) =V,
feA JEA

we deduce from Lemma 2’ that ¢(h') is stable. Since h': (4,*) — End
W is an algebra homomorphism, we have
(filaley — agal + b'a'|f2)
= h'(filgp — pg)f2) + (f111) (1] f2)
= —h'(f1* f2) + K'(fL)R'(f2)
= 0.
Therefore ¥(h') € G\p~*(0) N X>.
If (o, a5,d’,b) = ¢(h'),
a'flay,ap)b’ = (1] f(ay, ap)|1)
= (115)
= h'(f).
Hence po (k') = h'.
IR =¢(a;,az,a,b), we can take i’ = 1, j' = j by the stability. Then
(fl=af(a1,02), [|f)=f(on,2)b.
This implies that
(ll=4a, [1)=5,
lgf) = a1 f(ea, @2)b = a|f),
lpf) = Otzf(al,az)b = aqlf).
Hence Yo =id.
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