goooboooogn
O 7450 19910 157-161

157

Periodic solutions of Boussinesq equations

MORIMOTO, Hiroko (ZEAEETF) *

Let Q be a bounded domain in R? with the boundary 8 such that
' 6Q:F1UF2, I‘lﬂI‘z = ¢

We consider the following initial boundary value problem:

( Ou 1
- . - 0
g (4 V)u pVP+VAu+/39
{ divu =0, | z€eNt>0, (1)
06
il : — vAf
| 5 + (u - V)8 = xA¥b,
(u(z,t) =0, 0(z,t) = &(z,1), zel,t>0,
4 2
u(z,t) = O,—a—e(x,t) = n(z,1), z€l'y,t>0, @)
| on
u(z,0) = ao(z), |
{ 50— i cef )

where u = (uy,us) is the fluid velocity, p is the pressure, 6 is the tem-

0 .
— denotes the outer normal derivative of

oz;’ On
6 at = to 09, g(z,t) is thejgravitational vector function, and p(density),
v(kinematic viscosity), G(coefficient of volume expansion), x(thermal dif-
fusivity) are positive constants. &(z,t) (resp. n(z,t)) is a function defined
on I'y x (0,T)(resp. 'y x (0,T)) and ao(z)(resp. 7o(z)) is a vector (resp.
- scalar) function defined on 2.

2
perature, u -V = ) u;
j=1
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In order to state our results, we introduce some
Function spaces([1],[2],[3]).

L?(9) and the Sobolev space WE(€) are defined as usual. We also denote
LP(Q) = I7(Q) x LP(Q), HY(Q) = WE(Q) . Whether the elements of the
space are scalar or vector functions is understood from the contexts unless
stated explicitly. ‘

D, = {vector function ¢ € C°(Q) | suppy C 2,dive = 0 in 0},
H = completion of D, under the L*(Q)-norm,
V = completion of D, under the H'(£)-norm;
Dy = {scalar function ¢ € C®°Q) | p=0ina neighborhood of I‘l},
W = completion of Dy under the H 1(Q)-norm,
V' W' are dual space of V,W.
Definition 1

{u, 8} is called a weak solution of evolutional problem (1),(2) if, for some
function 8, such that

0o € L*(0,T : H'(Q)), 6o =Eon Ty,
{u, 8} satisfies following conditions: |

we LN0,T:V), 6—0,¢eL*0,T:W),

& w,0) +¥(Va, Vo) + (@ V)u,0) = (Bgh0) =0, Vo €V,

d ,
Zi—t_(e, T) + X(VO’VT) T ((’U, : V)07 T) - X(’% T)Fz = 07 VT € W)

where

(n,T)r, = /1“2 n(z)(z")do.
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As for the smoothness of 9§}, we suppose
Condition (H)
00 is of class C' and devided as follows:

oN=IUly, I'Nl'y=¢, measureofl; #0,
and the intersection T; N Ty consists of finite points.

In [3], we showed the existence and the uniqueness of weak solution of
evolutional problem for 2 < n < 4. For n = 2, we have the following result:
Theorem A

Let Q be a bounded domain in R? with C' boundary satisfying Con-
dition(H). If the function ¢ is in L®(Q x (0,7)), & € CYT; x [0,T]),
n € L*(T'y x (0,T)), ao € H, 7 € L*(2), then there exists one and only
one weak solution {u, 8} of (1), (2) satisfying the initial condition (3). Fur-
thermore ‘

u€ C([0,T): H), 8 € C([0,T] : L*()).

Definition 2 '
{u, 8} is called a periodic weak solution of (1), (2) with period Ty, if
{u, 6} is a weak solution of (1), (2) for T' = Tj satisfying

u(z,Ty) = u(z,0), 0(z,Tp) =0(z,0). (5)

We also obtained the existence of periodic weak solutions([3]). /
Theorem B ‘

Let 2 be a bounded domain in R? with C! boundary satisfying Condition
(H). Let g(z,t), &(z,t), n(x,t) be periodic with respect to t with period Ty,
satisfying g € L*(22x (0,Ty)) , £ € CY(T1x[0,To]) and p € L* (T3 x (0,Tp)).
Set goo = [l9]|ze(ax(0,1))- If i;;— is sufficiently small, then there exists a
periodic weak solution of (1), (2) with period Ty. Furthermore

u € C([0,00) : H), 6 € C([0,00) : L?(Q)).

Now we can state our results. As for the uniqueness of periodic weak

solutions, we obtained:
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Theorem 1 | .
Let {ur, 0.} be a weak periodic solution of (1), (2) with period T, such
that for some p > 2,

essupy{elfuc (Ol + (0 0y + B0} < (6)

where ¢ and ¢’ are constants depending on Q. If {u, + «, 0, + 6} is a weak
periodic solution of (1), (2) with period Tg, then v = 0,0 = 0.

Let g € L®(Q x (0,00)) , € € CX(Ty x [0,00)) 11 € LX(T; x (0,00)),
ay € H,1p € L*(Q). Let T be any positive number. Then there exists one
and only one weak solution {ur,0r} of (1), (2) satisfying (3). Therefore,
for T < T, /

UT(t) = uT:(t), OT(t) = 0T:(t) for Vt € (O,T)‘

hold, and we can omit 7'. This solution is called a global weak solution.
We obtained the asymptotic property of solutions of Boussinesq equations
as follows.

Theorem 2
Let g,£,n satisfy the condition of Theorem B, ag € H, 79 € L?(Q2). Let
{u, 8} be a global weak solution of (1), (2) satisfying (3), {u,, 0.} a periodic
weak solution satisfying (6). Then .
lim {||u(t) — ux ()] + [10(2) — 0]} = 0.

t—o0

Remark |

(i) Since u, € L*0,T : V)N C([0,T] : H), u, belongs to the space
L#/=2(0, T : LP(Q)) for Vp > 2. Similarly 6, is in L?*?/(=2(0,T : L?(Q)).
The condition (6) is stronger than this one.

(i) When (6) holds, such periodic solution is unique (Theorem 1).
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