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§ 1 Introduction

We consider one-dimensional motions of viscous gas and
visco-elastic material on the half infinite interval under the
periodic forces. 1In Matsumura-Nishida [1] we proved existence
theorems of periodic solutions for the viécous isothermal gas
motion under the periodic external forces or the periodic piston
motions without restriction on the size of forces on the finite
space interval. Similar existence theorems of periodic solutions
can be proved for the visco-elastic model equation on the finite
interval by using a similar method to [1] . ( cf. [2] )7

Here we consider the same.periodic problems on the half
infinite interval. A technical difficulty is easily seen by the

lack of Poincaré inequality for the case.

§ 2 Viscous Gas Equation

The one-dimensional piston problem for the viscous

isothermal gas on the half infinite interval is described by the



Ve T Uy = 0
(2.1) qu
ut + pX = ( v )x 4 té/R ’ Xz 0 .
(2.2) u(t,0) = uy(e) + u(t,®) = 0
V(t,oo) = 1 -
Here v = 1/p 1is the specific volume, u is the velocity, p =

p(v) 1is the pressure, u 1is the viscosity coefficient , and
the suffix t or x . denotes the partial differentiation with
respect to the variable. We assume that the gas is isothermal,
i.e.,

a

(2.3) p = , a 1s a positive constant,
14

and that the viscosity coefficient is constant
(2.4) 4 = constant > 0 .
We consider the periodic piston motion :

ug(t+T) = ug(t) , T =21 ,

(2.5)
T
f upg(t) dt = 0 .
0
Theorem 2.1 If the piston motion is'small, i.e.,
sup { | uy | 4 | u tI } is small , then there
0=t=sT ’

exists a T-periodic solution (v, u)(t,x) of (2.1)-(2.5) ,
which is close to (v, u) = (1, 0) and is unique in a

neighbourhood of (v, u) = (1, 0) .
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It can be proved by the linearization of the equation (2.1)
around (v, u) = (1, 0) and by using the principle of

contraction mapping. We rewrite the equation as follows.

ﬂt - u, = 0
(2.6)
Up - @y - Hu,, = 8x !
(2.7) U(t,O) = uo(t) ’ (n9 U)(t,oo) = (09 0) ’
where
&ﬂz Uﬂux
(2.8) g = -
1+n 1+n

If we set

+00 .
5 bnelnt , g(tsx) = b gn(x)elnt ,
H*O ' » n=-—-o

(2.9) UO(t)

the periodic solution of the linear equation (2.6)(2.7)(2.9) is
/obtaihed in an expliéit form by using the periodic solution of
(2.6)(2.7)(2.9) with g = 0 .

We can obtain a similar existence theorem of pefiodiéysolution
for the periodic external force under the smallness assumption of
the force. However we do not know an existence theorem of periodic
solutions to the periodic piston or periodic force problem for

not small motion on the half infinite interval.
§ 3 Visco-Elastic Equation

Let p > 0 be the density of the material and ¢ be the
deformation to the reference configuration xé& RY = { x z 0} .

Then u = ¢t is the velocity, vy = ¢X is the strain. We
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have the kinetic compatibility and the balance of momentum :

(3.1)
Qf(t,X) 7

O

KR
|

=
1]

where T is the stress. We assume the visco-elasticity of the

material in the form :

(3.2) T = O(Y) UV,
where

(3.3) 6 = kv +a|v|P iy .
Hereafter we set p = u = k = o = 1

We consider the following three periodic problems for the

system on the half infinite interval

ve - uy = 0
(3.4)
Ut - GX - uXX = f(tyX) ’ t é/R ’ x 2 0 .
(i) periodic pure force
(3.5) F(t+Tyx) = f(tsx) 5 u(t,0) =0 , u(t,») = 0 .
(ii) periodic velocity at the one end
(3.6) uo(t+T) = uo(t) . £FZ0 .,
u(t,0) = uy(t) , u(t,®) =0 .
(iii) periodic stress at the one end
(3.7) To(t+T) = To(t) + f =0 ,



T(E,0) = Ty(t) o u(t,=) = 0 .
The space X for our periodic solutions is the following :

v, u € co,mily) v e cOo.1i1?) N\ L2(0,Ts8!)
(3.8) t

2 2
u, o, u,, € L°(0,T:L%) ,
where the spaces #H! and 1?2 are those on the infinite interval

(0,°) .

Theorem 3.1 If the external force f = f(t,x) 1is bounded with

respect to t 2 0, 0 2 x £ » together with the first

derivatives and

£f. F= -1 f(t.y) dy € L%c0,T:L%) ,
X

and 1 £ p ¢ 5 , then the external force

problem (i)(3.4)(3.5) has a T-periodic solution (v, u) in

Theorem 3.2 If the piston velocity u,(t) is bounded together
with the first derivative and 1 = p ¢ /3-, then the piston

problem (ii)(3.4)(3.6) has a T-periodic solution (v, u) 1in

Theorem 3.3 If the stress To(t) is bounded together with
the first derivative and 1 = p ¢ 3 , then the periodic
stress problem (iii)(3.4)(3.7) has a T-periodic solution

(V9 ll) in X .

First we prove the existence of periodic solution for all p z 1
on the finite interval (0,%2) by using Schauder's fixed point

theorem. Then we obtain a priori estimates uniformly with
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respect to £ . At this stage we have restrictions on p for
each case (i)(ii)(iii). Last letting 2 tend to infinity we get
a periodic solution as the limit.

Let V(t) be the unique periodic sqlution of
T(t,0) = v(t,0) + IV(t,O)lp_lv(t,O) + Vt(t,O) = To(f) .
Then the boundary condition (3.7i at x = 0 becomes
v(t,0) = V(t) , u (t,0) = V'(t) .
Key estimates e.g. for (3.4)(3.7) are the following :

Lemma 3.4 For the periodic solution corresponding to (3.4)(3.7)
on the finite interval (0,%) for any 2 ) 0 we have the

estimates for some constant < C which is independent of & .

T L, T %
(3.9) I 0 wvPaxde s ¢l 1 u ? dxde
0 0 0 0
T % T % )
(3.10) 0 w?axde s ¢t 1 (1+|vIPTHZ v 2 axde 4+ c
0 0 0 0
3(p-1)
T T —
(3.11) J E(t)dt = C (1+ ( I E(t)de ) P*t ),
0 - 0
where
L1 1 1 1 |v|ptl
- 2 2 2
E(t) = J u® - —uv o+ v + v 4 —— dx .
0 2 2 4 % 2 p+l

Therefore if we restrict

~

A
o]

-

3 for the case (3.4)(3.7), then
the estimate (3.11) gives

T :
(3.12) I E(t) dt = Constant independent of & ,

0 . :

and so the remaining estimates follow easily from these.
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A detailed proof will be published elsewhere.
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