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Let P, be the collection of all polynomials of degree h,and R; the collection of all
rational functions with the form p(z)/q(z),where p € P,, and q € P;.

Denote by T the following partition of the interval [a, b]:

T: a=uzxg <,x1<--~<xnf1<wn=b.

If a real function R(z) definded on [a, b] satisfies
1° R(z) € R}, in each interval [z}, z;41];
2° R(z) € C*[a,b], ‘
then R(z) is said to be a rational spline of type—(r,[)* whth respect to the partition T'.

In this paper, we shell discuss the rational splines of type—(2,1)!,and type—(2,1)?
with the forms

z—z;)(z —z; :
R(z) = pi;(z) + ( j]3(‘(33) Hl)’ 2; <2 <&y, J=0,000,m—1, (1)
113

where p1;(z) and ¢15(z) € P.
Suppose that the interpolation conditions are

{ R(z;) = y;, R:(fj) = y,, 2
R($j+1') =yq, R ($j+1 = Yi+15
Rl(mj) =Yy, R(mj+1) = Y541,
§ B (z5) = [f(z5-1,25) + f(z), 2541)1/2, (3)
R ($j+1) = [f(ivj; 23;’+1) + f($j+1, $j+2)]/2;
{ R,(xj) =Y R,("TJ'H) = Yi+1, (4)
R(“’j):yj, R (xj)=yj;
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respectively ,where f(z;,z,4+1) denotes the divided difference of the first degree, etc.
Denote by Ry;(z) Ryj(z), and Rs;(z) the rational spline functions of satisfying the
interpolation conditions (1)-(2),(1)—(3), and (1)—(4) respectively.
R.H. Wang and S.T. Wu([1][2]) have obtained the following rational piecewise func-
tions which are satisfying the interpolation conditions (1)—(2),(1)—(3),and (1)—(4) re-
spectively,

Rij(z) =y + f(zj,zj41)(z — ”';J) ,
(z ~ z;)(z — z;41)[y; = f(z;, 5+)|[Y;41 — (25, 2541)] (5)
(z — z;)[y; — fz;, 2j41)] + (2 — 241)[Y;41 — F(25, 2541)]

Roj(z) =y; + fz5,2541)(z — z;)+
{(z — 2;)(z = 241)[f(z5-1,2;) = fzj, z5462)][f (241, Tj42) (6)
—f(z;, 2+ ) A2 f (21, 25) + f241, 242) — 2f (25, 2541)]2
=2[f(zj-1,2;)z; + f(2j41, T542) %541 — f(25, T541) (25 + 2541)]},

Rsi(z) = y;+ f(3),241)(z — ;)
4 2y; — f(z,2,41)P(z — 2;) (41 — z) (7)
2y; — f(zj, 201201 — 2) + y; (2 — zj41) (2 — ;)

Denote by R;(z) (i = 1,2,3) the rational spline functions:
RI(IE) = {R(SL‘) € (2) 1)1| R(m)I[Ij,I]‘+1] = R,’j(.’l;‘), .7 = 0) : ")n - 1}: 1= 1)2)
Ry(z) = {R(z) € (2,1)*] R(2)|z 05411 = Ras(2), j=0,---,n~1}.

It is not hard to prove the following lemmas:

[Lemma 1] R;(z) has the singular point in the interval [z;, z,41],if and only if

sign{ly; — f(z;,2;+1)] - [U;41 — F(z5,z41)]} > 0. - (8)

[Lemma 2] R,(z) has the singular point in the interval [z;,z;4,], if and only if
sign{[f(z;-1,2;) = f(=j, z541)] - [f (2541, 2542) = f(2}, 2541)]} > 0. (9)
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In fact, by the formula of R;(z) on [z;,z,41] given in (5), the singularity of R;(z)
on [z;,z;41] can appear only at point
o [v; = f(25, 2541)]25 + [4541 = f (255 2j41)]2541
[yj — f(z5,2541)] + [yj+1 — f(zj,241)]

where X = [y; — f(z, 241))/[(4; — (5, 2541)) + (W41 — f(zj, zj42))]- So,it is easy to
see that z* € (z;,z;41) if and only if

= Az; + (1= A)zj41,

sign[(y; — £(z;,2541)) - (41 — F(25,2;41))] > 0.

By the similar argument, we can prove Lemma 2.

It notes that if y; — f(zj,z41) or y;ﬂ — f(z;,2j41) = 0, then R;(z) will be a linear
function in the interval [z, z;41], so it should has no singular point.

By using the above Lemmas, we have

[Theorem 1] Let the interpolation function y = f(z) € C?[a,b]. If Ri(z) (i = 1,2)
exists the singular point in the interval [z;, z,41], then y = f(z) has the inflection point
in the open interval (z;, z,41).

Proof Let R;(z) exist the singular point in [z}, z,;41]. By Lemma 1,without loss the
generality, suppose that the following inequalities hold

y; - f(zj: xj-l'l) >0, yJ"+1 - f(xj) mj+1) > 0. (10)
It follows Lagrange’s mean value theorem, that there exists £ € (z;, z,41), such that
(&) = f(zj zi41)- (11)

By (10) and (11), there exist n and  of satisfying
F(=;) = f(z5,2551) = £ (n)(z; = &), fzie1) = f(z5,8541) = £ () (@541 — £)
respectively, where z; < 7 < { < ( < 7;41. Hence

f')- (¢ <o,

and there exists at least one inflection point of f(z) in (n,¢). This completes the proof
of this theorem for R;(z).
Similarly we can prove the theorem for the case of Ry(z).

3
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[Theorem 2] Let the interpolation function y = f(z) € C?[a,b]. If R3(z) exists the
singular point in the interval [z, z,41], then the original interpolation function y = f(z)
has the inflection point in the open interval (z;, z;41).

In fact , because of the singular point of R3(z) may be only appearing at

y; (241 — 25)3j + 2(y; — F(25,2541)) %541
Y, (241 — 25) + 2(y; — f(zj,2541))

Tr =
By the same argument shown in the proof of Lemma 1, we have

sign{[y; (z;41 — ;)] * [y; — F(zj,241)]} > 0,

provided that R3(z) exists the singular point in [z, z;41].
It follows Lagrange’s mean value theorem, that there exists £ € (z;, z;41), such that

£(€) = f(z;, zj41)-

By Lagrange’s mean value theorem once again, there is a point n € (z;, ), such that

F @)= (€)= f (n)(z; =€)

" So

sign{f"(z;) - f"(n)} < 0.
Hence, there exists at least one inflection point of f(z) in (z,, n).
This complete the proof of this theorem.

In addition, we may prove that although the interpolation function f(z) has the
inflection points in [a, ], however, provided that we are taking all inflection points as
the knots of the rational spline function, then the singularity can be avoided to appear.
For example, let z; be an inflection point of f(z), 241 be not, and there is no another
inflection point between z; and ;4. Then the first derivative of f(z) will be monotone
in the interval [z}, ;41]. So the inequality (8) will be not satisfied. By Lemma 1, hence,
there is no singular point in (z;, z;41). ‘

Therefore, we have



[Theorem 3] For any given interpolation function f(z) € C?[a,b], we can construct
a partition 7' of the interval[a, b], such that the rational spline function R;(z), Ry(z),
and R3(z) based on the partltlon T have no singularity.
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