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Asymptotic Normality of Nonparametric

Sequential Density Estimators
gk -®  BHE ¥—  (EBiichi Isogai )

§1. F
X1, Xgo =0 &, HBHEEZMN QFP) TEHE S NI TH—57

HES p KTTHERERGIT, HERBERR ) () OBRFKMTHD)
¥HOL T3, $72, NO(t>0) B @FP) LTEHS R EORBIE %
L BHERER (BILHA) DK ET 2. kemel & 7z f(x) DHEER &
LT, W 2o0RREEINLTWVWE, non-recursive estimators l: LT,
Pérzen-Rosenblatt type [10], [12], recursive estimators & L C, Wolverton-
Wagner-Yamato type [17] DETEFEL LN TV, recursive estimators
L LT, EDERI W\egman'and Davies [16] , Isogai [6] 2 &EXH B, K
BOT =5 2®IGHE, 7= ABME N7z L & recursive estimators (&
non-recursive estimators ([Z}NRT, HEEBLZD L DLDIIFHPEITH L

VI FIEERD, |

—F, BROKEIVPHERNTHLHE60H 5, Izt xid, 2DEDM
-1- ' '
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HErZ2ThD, BEEEX 38R IBEIE I TORHEET LL,
SATBIB F(x), MERFEER fx) 2/2LT 5, I, 0956 t EHA
23} 3 % reliability R*(x)=1 — F*(x), hazard rate Z*(x)=f*(x)/(1 — F*(x))
rHEE L2, 7272 L, F*x)=FX)/F(), f*(x)=f(x)/F(tj O0<x<thh n%
BRETA2EMOB, N % t RERNCER-BHaoe Lt E, X,
vt Xl #ETVTR*X), Z*(x) HZE T %0 R(x), Z,x) XS n
DIEXIZ & 5 R©X), z(x) DHEREL T AL E, 72& 21, sequential
estimators & L TR¥(x), Z*,x) BEXDLNRD, DL X, Ry (),
Z¥o(X) DHEETIME EFARD C LB RS, DX HIT, f(x) DHE
SEIZ BV TH sequential estimators fy,(x) £ ZE X RIFTNIE %S 2V T & 2°
% % , sequential estimators 1 o 72 d DT, Srivastava [14], Davies and
Wegman [4], Carroll [2], Wegman and Davies [16], Isogai [7] and [9], Stute
[15) % £4%% % , Density estimation (2§ L Ti, Prakasa Rao [11], Devroye
and Gyorfi [5] ZEICF L LN TWE,

KEETIE, RD sequential estimators fyy(x) %% 2, N@) iZ2WTD
— I REBDOT Tt oo & LT fiy,(x) DELIERME %2R T,

N(t)
(1.1) faee) (%) =2aijN(t)Kj(x’ Xj) +B0N(t>K(x) !

i=1

(1.2) K (x,y) =h ' K((x-y)/h ) for x,yeR,



ZIH, Koo i B ECHRA OB R ERAA L VR TH Y,
(o}t 0 IR B, FMMAEBFITH B, 72,

(1.3) ‘ ap = a/n for any fixed a€(0,1]
) n
H (l-a,) if n>m=20
(1.4) B_ = jmm1 > :

1  if n=m20.

a=1m& %, f(x) i¥Wolverton-Wagner-Yamato type 127 %

© 82, IR )
§ 1ICBITABH K (x) BROEBLTH-TET 5,
SHK | |

jmu)du:l, jnunz IK (u) ldu < e,

R® R®

IuiK(u)du=O for i=1, ..., p with u=(u ) and

17 o

RP

Hull® k) | » 0 as llull 5 o,

zzie, RRPEDL—2 Yy FIVAEET,
§ 112815 {n}BRDEHEEH:T LT 5,
ids!

ae (0,11 #EICI2OEZET 5,
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(H1) nhi To as n — oo,

1-2
(H2) n ahi —0 as n—oo,

n
1-2 2(a-1) _ -
(H3) n ah:Zj 2 hjp —B as n— o for some constant P>0,
j=1
Il
3/2-3a_ 3p/2 3(a-1) -2
(H4) N Zj T7nT 50 as noe,
=1
«, .
1-2a_p 1/2 ,a-1l 2
(H5) (n h ) 2] hj —0 as n-—oo,
\ o

(H6) For any £€>0 there esists a positive constant &=38(€) such

that |n/m - 11<8 implies |hn/hm -1 |<e.

EHEKB L CEAH % 7§ B

X=(XppeeeX,) £F 5o

2P if lx, <1 for all i=1,...,p

K(x) =
0 otherwise

K (x) = (21t)—p/2exp(—-£2x2)
2 &t s

K(x) = 2_pexp(-i |xj|)
j=1
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h = n—r/p, max{p/ (p+4),1-2a}<r<1

DL E, B=(2a+r-1) &% B,

DEI, fENQY CEETIEREG R 5,

EE1 g P LOEBEEBET S, ROFMhEfizTLEE, gid 2
TAMIETHENR) !
FRTD 4,5, . WHLT, WETHRAOmE 2 EREN
B g () /ans; PHEAET B o

EH2 EORBMEE L SHEEROBE [N, £>0) 3ok kA
FEE, KA BBETEN

MM Q7P Lo EMBEER 0 (M5, pe>0=1) &,
T(t)eoas t—eo RABIEHMDIE {1(t) t>0} PEFEL T

N(t)/T(t) = 0 as t—weo (in probability)
) P

i A RYASN

1 Srivastava [14], Carroll [2], Isogai [9], Stute [15] TH 0 =c (c> 0 i
ﬁ;&) @%%é%ifwéo Isogai (8], 9] Ti¥ 6 FIEDfE% & 5 B A
HEEHOBEER>TOD, Fobb, LPO=1) =1 Ll E
¥F (L, k=1,2,...} K IEBRTLERTD L) BFEET S,

8T, EHEE5 X b,
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BE TR MKETHET B0 b LN B AL LT %
HIE, £x)>0 LR BK X IIXLT
1/2

(N(t)hz(t)) (fN(t) (x) —£f(x)) - N(0,0’z(x)) as t—oo (in law)
L

PEY LD, 2721,

o2 (x) =a PBf (x) JKZ (u) du.

RP

EE2  Isogai [8], [9] T 6 2" IEDME % & S MEBAMEFEH O 4, <
DEIIIBRIN T B EDEEHE NI,

CHOEBRDIODIGH E LTI OEEEEZ KD S, {dt),t>0}HE

lim d(t) =0 2= FIEBOKE L, KEOIED 2d DX H

In't(X)=[fn(x)—d(t),fn(X)+d(t)]
¥Ez25, 0e(0,1) 2FEZE L, D>01 OD)-d(-D)=1-0a =z T&
T2, 72751, ®iEN,1) DFAEETH S,

R OERIIAMIBL, Nt) BEBAZTEAEZTET D, L

a’(t) [T(t)0]n" - 02 (x)D

as t—ooo
(t)01

%o

P{f(x)EIN(t) t(x)} — 1-0 as t—oo
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DY LD,

(REHA) %ﬁ:A 4 P

N(t)h"

o .
Nm/[‘c(t)e]h[T — 1 as t > o

()1

£oT, IRELEHLD

P 1/2
D(fN(t)(x)—f(x) )/d(t) = o(x)D/(d(t) ([T(t)e]hmt)el) )

1/2

P ) O

1/2 P
N(t)) X (N(t)h

N(t) (x) —£(x))/0(x)

P
X ([T(t)e]hmt)el/N(t)h N(E)

—N(0,1) as t—oo (in law).
L

- T,

P{f(x)eI (x)} = P{DIf. _ (x)—£f(x) |/d(t) €D} > 1-a as t—reo.

N(t),t N(t)

(RE#)

§ 3. {ILARIO R
£ (x) & £(x) D kernel? W HEEEL TS, COETIIINE T -
CHEEERTOBELERME TR, W OrORRETIET 5o

1. Carroll [2], Isogai [7]:
& d>0ixLT

2
N(d) =the first n2n_ such that nhfz (b/d)"£_(x)

-7 -
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72721, biddBIEDER, nid5XohEOEKTH2

TN) 2E&TH, Tk E,
N(d)hi‘d)/[(b/d)zf(x)] > 1 a.s. as d—0
E[N(d)h®

2
v ]1/1(/A) £(x)] > 1 as a0

lim P{f(x)eIN(d) d(x)}=1—()c, IN(d) d(x)E[fN(d) (x)-d,fN(d)(x)+d]
d—0 ! !

fog (¥) = £(x) a.s. as d-0
) YA
B2, n,=n""" ( max{p/(p+4),1-2a}<r<l) & LT,

N(d) /{b/d) £x) 1 Y 51 a.s. as d-0.

T(d) = { (b/d) £(x) 1 0, e=1 EBLE, REANFTHIZENS,

2. Sen and Ghosh [13], Stute [15]:

L <U_ a.s. &R 5AEBREHEIEEZROITT,

N(d) =the first nZn0 such that Un—Ln_<_2d

TN@) ZEEL, Iyw = Tya Va! £B<o

Sen and Ghosh [13]:

T(d) = (b/d)”, b>0 XHBERK, 6=1,BLE, EHAFT-SRD,
Stute [15]: |

I = (£ (x-A) —|L (b)) '~ , £ (x+A)=W (nh) ']
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N(d) =the first n21 such that the length of I, <2d

TNW) 2E&HL, () =b/d""%, 6=1(b>0 EhrEH B L, &
'ﬁ:A‘fJi‘(ﬁ 7z é ns o

3. 2ot
Davies and Wegman [4]:
M 520N IEDOEKT, 5D ¢e>0%52 5%,
N(g,M) =the first n21 such that |Vn(x) l<e
TNEM YEET A, 27201,

Vn(x) =an(x) —f( (x).

n-1)M

THL X,

P{N(g,M) <o} =1, E[N (€,M)] <o for every r=0

(x) = f(x) a.s. as £-0.
N(E, M)

Wegman and Davies [16]:
e>0 %ﬁ%:bzg‘i%o
N(g) =the first n21 such that h;lK((x-Xn)/hn) <g
TNE) 2E&T 5, DL X,
P{N(€) <oo} =1, E[Nk(e)] <o for every k20

(x) > f(x) a.s. as &£-0.
N(E)

-9.
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§ 4. EIDOIHA

CHETIE, HLEEMKL CEHOHHET S, /2, CoELKE
B TEHOITRTCOFEGI W -ENbETH, bl IEbEBRILVE
KOBEEETEL, FRRLEZVERERING, M) Dt 2EBT 5, 351,
EEox #EET 5,

(4.1) z =K (x,X)— EK (x,X), 5n=EKn(x,Xn) - f(x) and

Sn=2aijn{Kj(x,Xj) ~£(x)}, V.= (an)) 'S for n21

j=1

tjb‘(o if:

'yl=1 and Yn=22(l—aj) for n22,
j=

LB,
B =1Y! for n2m21.

B & HiC
(4.2)  (Nh) 1/2(fN(x) —£(x)) =V + (Nhy) 1/ZBW(K(x) ~-f(x)) for t>0.
CZT, ROFHEEIRT
i EHOEFHOTT

1/2
) (S -S ) > 0 as t—ee

P
N(t)h
(N (t) N U

N(t)

ALY 3L,
GEHY) HEEiZene©0,]) *EET 5, Ckcit ekn WEHELEW,

-10 -



25

ThEn, FHKEE, FAASREORRE L, DT TEF < TER
RCEcTET, ORFHIERTMOTHMBEEKE LT,
p¢mym4n«mfﬁtTE%ﬁG%§$°eumﬁétéﬁa,%
A7 R m 21 £pe(0,1/2) BN D,

(4.3) P{8< (m-1)/2"} +P{02m} <N/4 and m>max(Ce2nl, cGcel)
(4.4) O<p<min (ce2n, C G €.

HRALZ A_={(k-1)/2"<S0<k/2"} for m<k<m2” THET, FHALY

(4.5) p{IN-101] [2p[OT1} <M/4 for large t.
43)E@SHEVTHRER LI LT

- ,
(4.6)  P{yNn, IsN—s[eﬂI>s}

m2m
< ZP{ Nh;’ |SN'—s[eﬂ |>¢, In- (611 l<piOt1, A, _}+n/2.
k=m

HEEDk=m, - m2"ZFEE L,
(4.7)  n=n(t)=[(k-1)7/2"], n=n, (t)=[k1/2"],

m=m (t)=[(1-p)n;], m=m (t)=[(1+p)n,]
8L 4NDLY

(4.8) I (t) =P(yfNny Is,—s I>e, In-(0n1 l<pion, )

< P(A_) [P{ ih}i) |Si—Sj |>e for some m1$i<n1 and some n1Sj.<.n2 |Akm}

-11 -
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N P o
+ P{ J.hi ISi--Sj |>e for some nl.<.1,j$n2 IAkm}

.. P . . o .
+ P{ 1hi ISi‘—Sji>8 for some n2<1Sm2 and some nISan

=P (A, ) (J,+J,+J), say.
F LI, I, R FET 5, on® OREMELAVD &,

" S v
(4.9) J, < P /nlhnl max Isi-sm1|>e/3 lAkm}
\ ml<1$nl .
+ P{.,/n hp max |S -S |>£/3 |A }
27n, ) j Tng km®
n,<j<n,

= J11 + le, say.

4.1), Y, DEFESS i>jicxtLT

(4.10) s, -s, l< (¥,-Y,) lzaY’IZ |+, lZay'lz |

q= 3+1

|2 a Bqlsq |+ lz @ BqJSq .

Isogai [9] D(A.9) & ARRIZL T,
\' n1 max Iza Bqlsq' < g/4 for large t.
m<i<n, g=1

£oT, @10)0&Y, +ORERtITXFLT

(4.11) J,,<P{ /nlhf:1 (yml—ynl) Izaqv;l zq|>£/4 IAkm}
. -

-12 -
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P 1
+ P{,/nlhn1 max yilzaqy; z, 1>e/4 |a )
m,<i€n, )

g=m;+1

= Jy t Iy, say.

Blum, Hanson and Rosenblatt [1] ®Lemma 3 7 &

: i
(4.12) lim sup J,=1limsup P{ /nlhil max Y, Iz aqy;lzq|> €/41}.

t—oo. t—d00 m1<iSn1 q=m;+1

Isogai [9] D(AIT)DAERB & 0@dH 2D &,

4.12)D % < 4c e%p. HoT, @)L Y

(4.13) lim sup J,, <cmn.

t—yoo

ZCT

U=avlz, w=) U d w= 202 gg°
n_an n “n’ n_ q .an W T aqu q
a=1 a=1

& B <, Isogai [91D(2.5)B L TFQR.6)TRD T L ASRENT,

(4.14) wi ~ 02(x) (nhiyﬁ)'l as n—oe  and

(4.15) * W /w_— N(0,1) as n—oo .
n n L

(4.14), h, DHFEMEIZL D

/ P
nlhnl ('yml—‘ynl) wml S Cp for all t>0.

%2 T, Isogai [9] DLemma 2.5, (4.4), (4.15)4>% lim sup J,,, < Cn.

T—¥oo .

ZDORER L 4.11), @.13)L Y

-13 -
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(4.16) lim sup J11 < cn.
t—yoe

4.16) & [@ERIZL T

(4.17) lim sup J, < cn.
t =00

Bz, (4.9), 4.16), 4.1DH 5

(4.18) lim sup J, < cT].‘
t—yo0

@18 EEERIZL T

lim sup J, < cn and 1lim sup J, < cn
t—yo0 t—yo0

PRoNb, LoT, TOKFRELA.6),4.8), d.18)x 5 &

t—0o

MDD, no0 & LTHEI EOLNS,

8T, BEHOARHEZ TS, FLHI

{

. P P P
(4.19)  Vy=V .+ /NhN (Sy=S ge,) +V gy { (NBy/ [OTIR

SHEAZHCDE, Jung By > 0as toe po
Nh/ [B’t]hieﬂ 51 as towe BRI B, BT, b L
P
(4.20) V- N(0,0%(x)) as t—wo
L

(4]

-14 -

m2m
lim sup P{ Nhi ISN—-S |>8}SCT| ZP(A ) +N/2 <Scn+1n/2 <1
[et) — km

PN
il

RE)

1/2
-1}.
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ARENE, (4.2),4.19), fIE L ) BT T 5, LT TU.200% 779,
FZNQO,’)DTABEEE T 5, 420027721

(4.21) 1lim P{V g <y}=F(y) for any y

t—yoo

2REIEIV, FEDON>0%25 25, £EOyE, nicBERL 25
INEWIEEH c 2BEET %0 1-F(G)+F(-G)<cen 223G >0 2R,
¥/, P(O<(m-1)/2"} + P{O2m} < o R/ T TOKE LEYK
m>1¢&, Ir(y+ie) —F(y) l<n/4 for i=#1 %7 >0 ZE3,

k m m
A ZEEGADERBEHE L, K =2,—I((k-1)/2 S6<k/2)

k=1 2

EBL, THEE, W BIEDE%E &L 2BHAIBELER TH S, - T,
Isogai [9] D (3.4)%* b |

(4.22) Vv — N(0,02(x)) as t—oo
(T

PEo5Nn b, X o T, Blum, Hanson and Rosenblatt [1] ®Lemma 1, (4.22)%
Hws &,

(4.23) lim sup Ip{v[m <y} -F(y) |I€1im supP{ Iv[

-V |>e} +m/2
t—yo0 £ —y00 (1Tl

or)

WHT 5, 4.19) LR LB EHWS &,

1/2

(4.24) pilv. -v |>er<p{(®t1n” ) “ls -s |>e/2}
[ (KT (et (TN

ot [61)

P p . 1/2
+ P I(([eﬂh[et]/[umﬂhmmn) - l>er2)

m

-15 -
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= I1 + Iz, say.

@.16) L FMEDERICL Y, ToKRER LT

(4.25) I, <cn

PELSND, —F, (4.22), HO) 2 HWTER TS L, TOoKEL ¢
WXL T

(4.26) I2 < cn

Bbh b, $EoT, (4.23),(4.24), (4.25), (4.26) £ D (42D T 5,
(GE#)

2% 3K
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