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WHITTAKER FUNCTIONS ON GROUPS OF LOW RANK
SuiNgI NIWA ( 4 A4 (& =)
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§1. We shall discuss two topics in this report. One is the commutation
relations among differential operators. The other is concerned with an
explicit formula of Whittaker functions on Spa(R). Whittaker functions
on other groups of low rank are rather known. See [2],[4],[16],[17] for
instance.

As usual, we consider an element in the center of the universal en-
veloping algebra of Lie algebra of Lie groups G as a differential operator
on G. Generators of the center of the universal enveloping algebra of
sp(2, R) are given in [6] and the way to find generators of that of Lie
algebra of classical groups in [6],[3]. |

Put

10 0 0 (1 0 0 0
01 0 0 0 -1 0 0

m=100 -1 o) HZ‘.00—10’
00 0 -1 \o 0 0 1
01 0 O (0000
00 0 O 0 0 0 1

X1“0000’ X2‘0000’
\o 0 -1 0 \o 0 0 0/
0 0 0 1 (0010
0 0 1 0 0 0 0 O

X3‘0000’ X4"0000'
\o 0 0 o0 \o 0 0 0/

Then the generators of the center of the universal enveloping algebra of
sp(2, R) in [6] are

NL,) =H,H, + H,H; + 6H,
4+ 2H, +4X_1 X1 +8X_4 Xy +4X_3Xs +8X_2 X,
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ALg) =16 X_4 X_4 X3 X4 +16X_4 X_3X3X,
—32X_4 X XXy +16X_4 X_2X3X;
+16X_4 X X, X, +8X_4HH X,
+8X_4(Hy — Ho)X1 X3 — 16X_4 X1 X1 X
+ 16X 3 X_3XoX4 +16X_3X_2X2X;
+8X_3X_(Hy — Hy)Xy +4X_3HHy X,
+8X_3(Hy + H2) X1 Xo + 16X _5X_ XX,
—16X_ o X_ 1 X_1 Xy +8X o X_1(Hy + Hp) X3
+16X_2X_1 XX, —-8X_H H,X,
+4X_HH,\ X, + HHH,HH,
—16X_jH X3+ 32X_4H X4 +32X_4, X1 X3
+32X_3X_1X; - 8X_3H X3+16X_3X; X,
+16X_3X_1Xs — 16X_5(Hy + H;) Xy
+24X_,H,X,+2H,H,H,

+ 6H,H2H, ‘
—48X_4 X4 —24X_3X3 —48X_2 X,
+24X_1 Xy - 2H\H; + 12H, H,

+ 6H,H, — 12H, + 12H,.

In order to discribe generators of the center of the universal enveloping
algebra of sl(2,R), put

01 00 001 0
00 0 O | 0 0 0 0
312—0000"313—0000’
00 00 00 00
00 0.1 00 0 0
00 00 0 0 1 0
314‘0000’323‘0000’
00 00 00 0 0
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0 0 0 O 0 0 0 O
0 0 0 1 0 0 0 0
Bz = 0000)’ By = 0001)’
0 0 0 0 0 0.0 0O
1 0 00 00 0 O
0 -1 0 0 01 0 0
311‘0000’322“00-10’
0 0 0 0 00 0 0
0 0 0 0
00 0 0 ..
Bas = 00 1 0 ,Bij=’Bj; (i > 7),
0 0 0 -1

and define a symmetrizer S, on the space of differential operators by

Sn( X1, X2y s Xn) = Y XoyXo(@y -+ Xogm)-
o€, ‘

Then the generators are

B2 = — {352(B11, B11) + 452(B11, Baz) + 255(B11, Bas)
+ 855(B12, Ba1) + 855(Bi3, Ba1) + 852(B14, Ba1)
+ 453(B23, Baz) + 452(Ba2, Bas) + 852(Bas, Baz)
+ 855(Bz4, Bsz) + 352(Bas, Bas) + 852(Ba4, Baa)}/128,

Bs = — {Sa(B11, B11, B11) + 253(Bi1, Byy, Ba)
+ S3(Bi1, B11, Baa) + 483(B11, B2, Ba1)
+ 453(Bu1, Bi3, Ba1) + 453(B11, Bi4, Ba1)
— 453(By1, Bas, Baz) — 453(Bi1, B4, Baz)
— S3(By1, Bas, Bas) — 453(Bi1, B3, Bss)
+ 853(B12, Ba1, B22) + 453(B12, Ba1, Bss)
+ 853(Bu2, B2s, Ba1) + 853(Biz, Baa, Ba)
+ 853(Bu1s, Ba1, Baz) + 453(B13, Bay, Bas)
+ 8S53(Bi3, Ba4, Ba1) + 853(B14, Bay, Baz)
+ 853(B14, Ba1, Bys) — 453(B14, Bss, Ba1)

.



Bs =

— 283(B32, Bas, Baa) — 853( B2, Bas, Baa)
+ 453(Ba3, Bsz, Bas) + 853(B23, B4, Bsz)
+ 853(B34, Baz, Bys) — 453(Ba4, Bas, Bsz)
— S3(Bas, B3, Baa) — 453(Bas, Bs4, B3 )} /512,

— (354(Bi1, B11, B11, B11) + 854(Bu1, B11, B11, B2z)

+ 454(By1, By, B11, Bss) + 16S54(B11, B11, B12, Bay)

+ 1654(B11, Bu1y Bi3, Ba1) + 1654(Bu1, Bu1y Biay Ba1)

— 884(B11, B11, B2z, B32) — 854(B11, B11, B2z, Baa)

— 4854(B11, Bu1, Bas, Bsz) — 4854(Bu1, B11, Bas, Baz)

— 14S4(Bi1, B11, B33, Bag) — 4854(Bu1, B11, Bas, Ba3)

+ 645,4(B11, B2, B21, B2) + 3254(Ba1, B12, Ba1, Bas)

+ 64S4(Bu1, Bi2, Bas, Ba1) + 6454(B11, B12, B24, Ba1)

+ 6454(Bi1, B13, B21, Baz) + 3254(Bi1, B3, By, Bas)

+ 64S4(B11, Bi3, Baa, Ba1) + 6454(B11, Bua, Ba1, Bso)

+ 6454(Bu1, B4, B3y, Baz) — 3254(Bu1, B4, B3z, Ba1)

— 3254(B11, Ba2, B2z, Ba2) — 4854(Bi1, B2z, B22, Bss)

- 12854(311, By, Baa, Bag) — 12854( By, B2, Bag, Byg)
— 854(Bi1, Ba2, Baa, Bas) + 6454(Bu1, Bz, Bag, Baa)

— 16084(B11, Bs, Baz, Bas) — 19254(Bu1, B2s, Bas, Bs2)
— 192854(B11, Ba4, Baz, Bya) + 3254(B11, Baa, Bas, Ba2)
+ 454(B11, Bas, Bss, B3s) + 3254(B11, B3a, B34, Baa)

+ 6454(Bi2, Ba, Bag, Baz) + 6454(Big, Ba1, Bag, Bas)

— 4854(Ba2, B21, B3s, Baz) — 256S4(B13, By, Bag, Bys)
+ 12854(B13, By2, Baa, Ba1) + 12854(B12, B2z, B24, Ba1)
+ 19254( B3, Bas, Ba1, Baz) + 256 S4(B12, B3, Bas, Ba1)
+ 25654(B12, Bas, B31, Bas) — 64.54( B2, B2a, Bas, B41)
+ 128S54(B13, Ba1, B22, Baz) + 19254( B13, B21, Ba2, Bas)
+ 25654(B13, B3y, Bag, Byz) — 6454(By3, Baz, Bag, By )
— 12854(Ba3, Bya, Bay, Baz) — 12854( B13, B2z, B34, Ba1)
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— 256S4(B13, Bas, Ba1, Baz) + 25654( B3, B34, Baa, By1)
— 4854(B.3, B3y, Bss, B3s) — 645,(B3, Bss, Baa, Ba1)
+ 1285,4(Ba4, Ba1, B2z, Ba2) + 25654( B4, Ba1, Baz, Bas)
— 645,4(Bi4, By1, Bss, Baz) — 6454(By4, B2, B2, Ba1)

— 12854( B4, B2z, B31, B43) + 25654(B14, B2s, Ba1, B42)
— 256.54(B14, Bas, Bag, By1) — 645,(By4, B3y, Bas, By3s)
+ 1654(B14, Bsa, B3a, Ba1) — 1684( B2z, Bya, Baa, Baz)

— 3254(Bg2, B2z, Bag, Bas) — 645,4(Baa, By, Bag, Bss)

— 645,4(Ba2, Bay, Bag, Bsg) — 854( B3z, Bz, Bas, Bss)

+ 6454(Bs2, B2z, Bas, Bys) — 12854(Baz, Bas, Bag, Bas)
— 12854(Ba2, Bas, B34, Ba2) — 12854( Baa, Ba4, Bag, Ba3s)
+ 854(Bs2, Bas, Bas, Bas) + 6454(Ba2, Bss, Bas, Baa)

— 4854(Ba3, By, Bas, Bas) — 6454(Bz23, Bas, Bs, Byz)

— 645,4(B24, Bag, B33, By3) + 1654(Bay, Bas, Bs3, Byz)
+ 354(Bss, Bas, Bas, Baz) + 1654(B3s, B33, Baa, B43))/65536.

§2. We define the Weil representation r, of Spo(R) on V;; = M,, »(R)
by putting

(

n (](-;—) g) f (§;) = exp(27itr( XX, X3))f (ﬁ;) ,
Tn (13 tAo‘l)‘f(il) =(detA)n/2f(§;j)a
0 E Xl _ . 1 t
Tn (—E 0 ) f (Xz) = /V /Vexp(thr( Y1X2 + Y2 X))
1(3)avuar,

for f € S(V, x Vo), X =X € My,5(R),A € M,5(R) with E =

1 0
0 1/°
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Let G, = SL(2,R),G3 = SL(4,R). Then we can define represénta—
tions pa, p3 of G1 X G1,G3 on S(Vo x V3),8(Va x V3) in the following
manner. First, we define linear mappings ¢1,03 by

)

o1(X) = (Z’

for
a
b
X= e €M4,1(R)
d
and
0 a b e
—a 0 —e
W X)=1 _y g 5 d
—c e —-d 0
for
a
2\
X = ; GMs,l(R).
e
\ 7/
Then (g,h) € G X Gy acts on V5 x V, by
Xl (g:h)
X2
T11 T12
-111 T21 -1 11 r22
= hl, h
g1 g101 a1 1 g101 Tag
T4 T42
for
. i1 Zi2 ,
Xi a1 T22
= Mio(R) =V, x Vs,
(Xz) T31 T3z € Myo(R) 2 2
T41 T42



20

and g € G3 acts on V3 by

(%) o
WYY (2= )

N W VO i Y A A W O Wy )

for
(9311 xu\
T21 T22 ,
X T31 32
— Mso(R) = V3 x Vi,
(X2) Ta1 Tad € Ms,2(R) 3 3
Ts1 -’15'52)
\1’61 Te2
Put

p2(9)f(X) = F(X9)
for f € S(V2 x V3),9 € G; X Gy, and put

p3(9)F(X) = F(X9)

for f € S(Va3 x V3),g € G3. Then, the representations rs,rs, p2, pa
induce the representations (differential representations) of the center of
the universal enveloping algebra of sp(2,R), sl(2, R) & sp(2, R), 5[(4R)
which we denote by the same letters r;, 73, p2, p3.

With this notation, we get

THEOREM 1.
pa(2) = = 55rs(N(L),
Pa(ﬂa) =0,
pa(Bs) = m=ra(NL2)) + —=rs(M(L1)),

512 128
7'2(A(L1)) = p2(77 1) + 92(11 '7) 8,
ra(A(L2)) = p2(7,1)p2(1,77) = 2p2(v,1) — 2p2(1,7) + 16.

7
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§3. By using Theorem 1, we can construct Whittaker functions on
Spz(R) which are standard Whittaker functions not generalized Whit-
taker functions in [8]. (See [11].) First, we consider same theta functions
©(g, 21, 22) as in [8] attached to the Weil representation r; and define a
lift

F(g) = F¢1,¢2 (9) = f\ 9(9,21, 32)991(31)‘P2(32)d031d0z2
T\H

where @1, ¢, are Mass wave forms on the upper half plane H. Define a
character ¥y by

1 ng 0 0 1 0 n1 no

01 0 oy{0 1 n, n .
Yollo o 1 oflo o 1 o]]=e®rilno+ns)

0 0 -ng 1/ \0 0 0 1

as in [10] of the unipotent radical N of a Borel subgroup of Spa(R).
Considering

/ F(ng)¥o(n)dn,
NnSpy(Z)\N o

we get a following Whittaker function

1 np 0 0 vi 0 nifyy nafys
W, 0 1 0 0 0 Y2 nZ/yl n3/y2 k
sl o 0 1 oflo 0 1/m 0
00 -no 1/ \0 0 0 1/y

o0 (o 0}
= exp(2mi(ng + n3))/ / oS iy, K, (270,) K, (2T03)
o Jo '
exp(—my2 [v1vy — T2 /Y3 — TV1Y3 [va — TUay2 [vy )duydy,

for k € SO(4)N Spo(R) with the modified Bessel function K,. (See [5].)
The latter part of Theorem 1 implies

THEOREM 2.

A(Ll)w"l Wwa — 4(A1+ Az - 2)W,,1 W2
A(.LQ)VV,,I’,,2 = 8(2A1A2 - Al - )\2 + 2)Wy1’y9

8
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with Al = V12 - 1/4, )\2 = V22 - ]./4

We can calculate Mellin transforms of W,, ,, and can derive an analo-
gie of Barne’s second lemma from them by using [9],[10],[15].
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