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Remarks on propagation of singularities
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1. Introduction

The methods used in [5] and [6] are also applicable to the
general studies of propagation of singularities both in Gevrey
classes and in C . In this note we shall show that it is suffi-
cient to obtain microlocal basic a priori estimates in order to
prove theorems on propagation of singularities.

Let 1<kxw. When 1l<k<», we consider the problem in Gevrey

(k) ( or the spaces Q(K)’ of ultradistributions). When

classes §
kK=o, we consider the problem in C(w) ( or 2°). We write é(m)=C00
and Q(m)'=®' formally. We denote by WF(K)(u) the wave front set
of u in 6%, Let z%=(x%,£%eT*R™0 ( [£%]=1), and let W be a
closed conic subset of T'R™N\0 such that zOeW. Moreover, let
{@?(X’i)}j=1,2,--- be a family of real-valued symbols sat-
isfying the following conditions: (i) m?(x,&) is positively

homogeneous of degree 0 and satisfies

Iw?é%;(X.&)l < CJA}QI+IBI(IQI+IBI)! for xeR™, zeR™, |z|-1

if 1<k<w,

|¢§§g§(x,g)| <Cj .5 for xeR”, geR”, |gl-1 if x-o.

(ii) @?(zo) < 0. (iii) There is a conic neighborhood QO of zO

such that for any conic nbd W of W there is jOEN satisfying
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{ze@o; ¢?(z)$0} cWn @0 for jzjo. When 1<k<e, we need another
family {wﬁ(x,g)}j=l’2,..‘ of real-valued symbols which satisfies
the following conditions: (iv) w?(x,g) is pos. homo. of deg. O
and satisfies

W(a)
15 (a)

oW W W . LW
(i) wj(z) P mj(z) and ¢j(z) > 0 for ZESWnQO. (vi) {zego. wj(z)

lecl+ 181

(x,E)| < CjA; (lal+18])t for xeR™, zeR™, |z]|-=1.

<0} c QO N W. Define

E
a,b,j

- aw<&)w§(x,a)<a>

AL b (KB =AY L (X.Eik,0Y)

MR8 s byl (x, ) <g>M* when 1<k<o,

8

Aab,j

8 LW
(X’g) = Aa,b(x,g' ,(p.j)
= a¢(&)w§(x,z> log<t> + b log(l+s<k>) when K=o,

where a,b,g>0, 0<8<1 and w(ﬁ)eé(x)(Rn), v(E)=1 if |E|=1 and

¥(g)=0 if |g|<1/2.

Assumptions

(A—l)K L(X,D)E(Lij(X,D)):NXN matrix whose entries are properly

supported ¥.D.0Ops in 5(K).

(A-2)  ( 1<k<=) 3j€N, %, (x,E)€CT(T'R") (k=1,2) s.t.
‘xk(x,g):pos. homo. of deg. 0 for Iglzl,_xk(z)=l near
0 - Vi~ i 3 3 v v

z ( k=1,2) and J2jq. a0>0, bO>O s.t. aZaO, bzbo,

360>0 ( 8,51), HQkGR ( 1<k<3), 3C>0 satisfying

|l><1(x,D)VIIQ1 < C{HLA(X,D)VHQ2+HVHQ1_1+H(1-x2(x.D))VHQ3}

if veCy and 0<s<s,, where LA(X,D)=R(e_A)(x,D)L(x,D)x

5 .(x,E) and

(M x.D), Ax.E)=A]

Rie™) (x,D)u(x) = f(J XXV 8 -AY.8) (vyay)ae.”

(A-2) ( k==) 3j,eN, 3x, (x,8)eC”(T'R™) (k=1,2), 32 €R ( 1s<k<3)
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s.t. "xk(x,g):pos. homo. of deg. 0 for |&|=1, xk(z)=1

near z° ( k=1,2) and ijjo, 3a0>0, 3A1(x,g)ec°(T*Rn)

s.t. |A (a)(x,ﬁ)l < 3Ca B<§>5'IBl'p'lallog(1+<g>) with

1(8)
0<8 <p°<1 and Vazao, ab0>0, 3A2(x,§)esg o S-t-
¢ (et) I ‘IUI v 3
IAZ(B)(X,g)I < Ca’6<g> and bzbo, 60>O ( 60£l),

IC>0 satisfying

lel(x,D)VIIQl < C{"LA(X.D)VH£2+"V"Q1_1+"(l—XZ(X,D))V"Q3}
. © a0

if VGCO and O<6$50, where A(x,&)—Aafb,j(x,§)+A1(x,§)+
AZ(X,&)- "

Theorem 1. Assume that (A—l)K and (A—2)K are satisfied. If

0

uEQ(K)’, zO¢WF(K)(Lu) and J3¢:conic nbd of z~ s.t. WF(K)(u)nQn

(W\{(Xo,kéo); 2>0})=g, then 20¢ WF
0

(K)(u). Moreover, if k=,
there is a conic nbd g, of z s.t. ‘if ue€?’ and WF(Lu)ng€=g and
WF (u)NognW=g for some conic nbd ¢ of zO with QCCQO, then ZO¢

WF(u).’

Remark. If zOeW, then Theorem 1 is obvious. Giving
{@?(x,é)} one may determine W so that {w?} satisfies the
condition (iii). If W={ZGT*Rn; ¢(z)<0} and ¢(x,&) is analytic
( 1<k<=) and smooth ( kx=«), then we can choose @?(z)=w(z)—1/j

and w?(z)=w(z)+l.

Corollary 1 ([6]). Assume that w={(x°,xg°); A>0} and that

(A-l)K and (A—Z)K are satisfied. If ue@(K)’ and ZOQWF(K)(LU),

0
then z ¢WF(K)(u).

Corollary 2. Assume that (A-l)K is satisfied. Let {(x,&)€

C(T*R™\0) be a real-valued function s.t. ¥(x,&):pos. homo. of
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deg. O, $(zo)=0, and assume that 3qoeé(K)(T*[Rn\O) s.t. @(x,£&):
pos. homo. of deg. O, m(zo)=0, @¢(z)>¥(z) for zeQO\ {(XO,A&O);
A>0}, @(x,&):analytic if 1l<k<«, and (A—2)K is satisfied, where

¢ _ :conic nbd of zo, @?(z)=w(z)—1/j and w?(z)=m(z)+1. Then

(Lu) and 3¢:conic nbd of 20 s.t. {z€¥;

0

zO¢WF (u) if zO¢ WF

(k)
¢(z)<0}nWF(K)(u)=Q.

(x)

Remark. This corollary is a microlocal version of
Holmgren’s uniqueness theorem. When k=, we can obtain a little

stronger results, corresponding to Theorem 1.

Theorem 2. Let  be a conic set in T*Rn\o, and assume that

_ s : Ig. . 3 .
(A 1),< are satisfied and =9:Q53z P—AS(Z)GTZQ.cont. and {gz}zen'

a family of closed convex cones s.t. chc{az; o(%(z),8z)>0}u{0}

( cTZQ), {QZ} is outer semi-cont. and (A—2)K is valid for

Z€Q
v2%=(x%, 8% e ( 18%1=1) i $%e-int(g o) o(r(z%), 8% -0, k>0,
VA
0% (2)=0, (2)-1/3, ¥}(2)=0,(2)+1, @ (2)=G, (2) (1+3,(2)%)7/? ana
$k(x,€)=o(90,(X—xo,ﬁ/lﬁl-ﬁo))+k(|x—x0|2+|g/|g|_30|2), where

o((8x,8%),(8y,8n))=8y-8£-8x-38n, r(x,i)=2?=1 ija/aij. g7={5z;
o(éw,8z)=20 for "éwe€g} and int(g):the interior of ¢g. If u€

9(K) - Ocyp ¢y (WNQ and WF ) (Lu)nQ=g, then Ja€(-=,0]u{-w},

(
:Lip. cont. curve in Q s.t. z(t)EWF(K)(u) for te€

(
a{Z(t)}te(a 0]

(a,01, (d/dt)z(t)e@zn{|6z|=1} for a.e. t€(a,0], z(0)=z0, and

1 z(t)ed if a>-«, where 3Q:the boundary of § in T*Rn.

My a+0

Corollaries 1 and 2 are immediate consequences of Theorem
1. Theorem 2 follows from Corollary 2 of Theorem 1, applying
the same arguments as in [5], [10] and [11]. We shall prove

Theorem 1 in the case where k=« in §2. Theorem 1 for 1<k<« can
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be proved in the same manner. In §3 we shall consider several

examples, applying the results in §1.

2. Proof of Theorem 1 ( k=)

We may assume that ueé’ﬁHS for some s €R. Let Ql be a

0

conic nbd of z~ s.t. an{Iglzl}cc{xl(x,§)=x2(x,§)=l}. Assume

0 with

that WF(f)ng=g and WF(u)nd8nW=g for 3¢g:conic nbd of z
Qcc@l, where f=Lu. Choose x(x,&)ecw(T*Rn) so that x(x,£):pos.

homo. of deg. 0 for |&|=21, x(z)=1 near zo, supp xn{lﬁlzl}cc@l,
WF(f)nsupp xn{|£|21}=g and WF(u)nWnsupp dxn{|£|21}=g. Then 3j=

Ie>0 s.t. (x,E)¢WF(u) if (x,&)€supp dx, |&|=1 and @W(x,&)s

Jo- j
2g. For a fixed s>s’ we can choose azao so that
_1 ’,
ag + lim inf,,. A, (x,8)(loglEl) >4, +m-1-s",
o [El=x 1 2
. . -1
-ag’/2 + 1lim SUPlﬁlzl Al(x,ﬁ)(loglgl) < Ql - s,

P 1o

where 8'=—¢¥(zo) ( >0). By the assumptions in (A-2)_ 3b0>0 and

IA (x,&)ESO for each a. Choose bzbO so that

2
b>b(u) = -a inf mW(x,&) - 1lim inf A (x,&)(loglﬁl)_l
J P 1g122 ™
+ max{ﬂ2+m,£1-1,u3}.
It follows from calculus of ¥.D.Op. that 3q(x,g)esg,'§,+d ( Ya>

0) s.t.
(e™ (x,0) (2+a(x,0)HR(e™ (x,0) = 1 ( moda L™).
Put Vs(x)sv(x)=(l+q(x,D))R(e_A)(x,D)x(X,D)u(x). Then xuz(eA)(x,
D)v(x) ( mod L™") and
L, (x,D)v = Re™Mxt « Re™M[L.xJu  ( mod L™).
Since ueC” near {(x,&); m?(x,ﬁ)szs. (x,£)€supp dx and |g[=21}

W . -1 ..
and amj(x,&)+lim inf |y sy Al(x,g)(loglgl) >0, +m-1-s" if

P L
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m?(x,&)ze, we have IILAVII2 <C, where C is indep. of & ( 0<3<8) .
2

max{Q2+m,Ql—1,ﬂ3}
Noting that ve€H for 8>0, we have Hxl(x,D)vHQ
1

<C, where C is indep. of & (O<5$60). Therefore, v.—v

8 0
[} ']
in H as 810. This implies that VOGH

weakly

1 1

Since AO(X,ﬁ)E

aw?(x,&)log<€>+A1(x,€)+A2(X.&)<(21-s)log<&> if w?(x,ﬁ)S-s’/z

and |&|>>1, we have ueH® at zO. This proves Theorem 1 for k=e«.

Roles of e” and R(e—A)

(i) To reduce the problem in Gevrey classes ( or Cm) to the
problem in the Sobolev spaces.

(ii) To deal with [L,x], i.e., to neglect the term R(e—A)[L,x]u
in Re™MLxu=Re ™ xr+R(e ™) L, xu.

(iii) To change norms of u and Lu.

3. Applications of Theorems 1 and 2
3.1. Microhyperbolic operators
Let 1<x<2, and let §} be an open conic subset of T*Rn\o.

(L-1) Im <, m ",nNER, 3LO(X,§)=(L(1)J.(X,§)) and p>0 s.t.

e N0
L?j(x,g):pos. homo. of deg. mi+nj, Lij(x,D)—ng(x,D)W(D)
is a ¥.D.0Op. of order mi+nj~p and O<pgl if N>1.

(L-2) 39:932%%9(Z)ETZQ:cont. s.t. p(x,&) ( =det LO(X,&)) is
microhyperbolic w.r.t. $(z) at zeQ, i.e., VZOEQ, 39 : nbd

of z0 in T*R™0, 30eNu{0}, 3c¢>0 and at0>0 s.t.
2 for z€d and Oststo.

(L-3) Mo=SUP, n(z) <=, where u(zo) is the multiplicity of

1554 (-1t8(z") o275t > et

p(z) at zo, i.e.,

0 (z%)
p(z +séz) = st (p 0(6z)+o(l)) as s-=0,
z

- 6 -
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where p 0(6z)£0 in 8z.
z

(L-4) 1 < k < min{2,u0/(u0-p)}, where <2 if Ho<P -

Theorem 3 ([5]). Assume that (A-l)K and (L-1)-(L-4) are

satisfied. Then the conclusion of Theorem 2 is valid, taking

0,.,0
¢ O=F(p 0,9(z )) .
z VA

3.2. Symmetric hyperbolic systems
Let 1<k<», and let ) be an open conic subset of T*R™\0.
(D-1) Lij(x,D):properly supported ¥.D.0Op. of order 1 in 6(K)
and 3LO(X,&)=(L(i)j(X.E,)) s.t. ng(x,g):pos. homo. of deg.
1 and Ly (x,D)-L{,(x,D)¥(D) is a ¥.D.0p. of order 1/,
where 1/k=0 if K=.
(D-2) VL is dissipative in Q, i.e.,
—i(LO(x,ﬁ)—Lo(x,ﬁ)*) < 0 for (x,£)€qQ.
(D-3) 3S:QBZP%S(Z)GTZQ:cont. s.t.

Re ((BLO)(ZO)V,V) > 0 for vzOeQ and YveKer LO(ZO)\{O}.

Lemma 4. Under the assumptions (D-1)-(D-3), p(x,£&)=

0 ( €Q). Moreover,

det Lo(x,ﬁ) is microhyp. w.r.t. 9(20) at z
for ZOGQ
Re ((3X~(8L0/8x)(ZO)+3g'(8LO/8€)(zO))v.V) > 0

if veKer LO(ZO)\{O} and 3=(9X,9€)€F(p O,3(z0)).
z°

Theorem 5. Assume that (D-1)-(D-3) are satisfied. Then the

conclusion of Theorem 2 is valid, taking ¢ 0=r(p O,3(20))0.
Z z

Remark. When x=«, Ivrii [3] proved results corresponding

to Corollary 2 of Theorem 1 and Wakabayashi proved Theorem 5 in
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[10]. Similarly we can prove results on wave front sets in the

Sobolev spaces.

3.3. Effectively hyperbolic operators

From now on we consider the problems in Cc” ( k==). Let Q
be an open conic subset of T R™O0.
(E-1) P(x,D):properly supported ¥.D.Op. whose symbol is P(x, &)

est

, and 3p(x,&):real-valued and pos. homo. of deg. m
s.t. P(x,E)-(£)p(x,£)es™ T,

(E-2) p(x,E):effectively hyperbolic in Q, i.e., 38:Q3z—9(z)€
TZQ:cont. s.t. p(X,&):microhyp. w.r.t. 9(z) at Yze and
for vzoe{ZGQ; dp(z)=0} the fundamental matrix ( Hamilton

map) F (zo) has non-zero real eigenvalues, where

P
P, (x,8) p..(x,)

Fo(x,8) = [ Ex EE ].
Py (X,8) —pxg(x,&),

Theorem 8 ([71,[8]). Assume that (E-1) and (E-2) are sat-

isfied. Then the conclusion of Theorem 2 is valid, taking

_ 0,,0
¢ O—F(p 0.9(2 )) .
z Z

Remark. In the theorem the curve {z(t)} near zO is

te(a,0]
one of two possible curves, which are limiting bicharacteristics

of p, if dp(zo)=0 ( see [8] and [41).

Following Melrose [7], we can assume that zo=(0;0,--',0,1)
( €Q) and p(x,E)=Es-Xoa(x,E")-B(X,E"), where E'=(&,, " ,E ),
a(Xyﬁ’)zcli’lz ( 3¢>0), B(x,£°)20 and 8(0;0,-++,1)=0. To prove

Theorem 6 we choose

1/2

Ap(x.8) = vlog(/isxi< > +x;<¢ >'/%) mear 2%, Ay(x.8) - o,
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where y>>1. Finally, we have

“X1VH3/4 < C{HPAVHO+HVH_1/4+H(1—xl)VH2} if veC,, 0<8<8.

3.4. Branching of singularities
Let us consider a special class of effectively hyperbolic
operators. Let zO=(x0,§0)€T*Rn\O ( |€0|=1).
(B-1) P(x,D)=p1(x,D)¢(D)p2(x,D)W(D)+Q(x.D):properly supported,
classical ¥.D.0Op., pj(x,g):pos. homo. of deg. mj ( j=1,2)
m, +m,-1

and Q(x,£)€S 172

(B-2) p,(z°)=0 ( j=1.2) and {p;.p,}(z")=0.
Let yj={?j(t)}_astsa ( j=1,2) be bicharacteristics of p, s.t.

J

_0 I=
v;(0)=z", where >0, and put v ={v;(t)}, , s-

Theorem 7 ([2],[1]1). Let j=1 or 2. Assume that

(-1)9"1 sub o(P) (2°)/(p, .0y} (2%)-1/2 € (0,1.2,--},
where sub o(P)(x,€)=Ql(x,£)+(i/2)2§=1 (82/8xk8€k)(p1p2)(x,§)

and Ql(x,ﬁ) is the principal symbol.of Q(x,D). Then zO¢WF(u) if

0

uee’, ZO¢WF(Pu) and 3¢:conic nbd of z~ s.t. WF(u)n@n(yj\{zo})=z.

Corollary. Assume that

i sub o(P)(2°)/{p,.p,}(2°)-1/2 & {0,21,22,--}.

0

Then zO¢WF(u) if z0¢WF(Pu) and 3 9:nbd of z  and ayl,yze{yl,yl,

y;,y;} s.t. v1¢y2 and WF(u)hﬁﬁ(y1UY2)=z.
We may assume that zo=(0;0,--‘,0,1) and P(x,§)=x1&1+
aq(x’,£’), where quO ( see [1], [9]). Choosing W={x"=0,

1,0

£"=0}, and ¢} (x,8)=1&" % %e]x" |7

-1/j near zO, we can apply
Theorem 1 if Im qd(zo)>-1/2, where £"=(g,, ---,& ;) and q,(x,&)

is the principal symbol of q(x,D). Therefore, we can prove
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Theorem 7 for j=2 if Im qo(zo)>—1/2. Following Hanges [1], we

can prove Theorem 7 ( for j=2) in the case where Im qo(zo)ﬁ—l/z.
In fact, x%P(x,D)u=(P(x.D)+iQ)X%u. So, if geN, Im qo(zo)+£>—1/2,
zO¢WF(Pu) and WF(u)nQn(yz\{zo})=¢, then z0¢WF(x%u). Assumé that

z0¢WF(x¥u) for some k ( 15k<8). Then we can write

k-1 _ -1 ,
X; u o= f1 + (x1+10) fz + 6(x1)®g(x ),
where zO¢WF(fj) ( j=1,2). We have also
¥ 1p(x,D)u = (P(x,D)+i(k-1))f, + D, f

1 172

1f2+6(x1)®g(xf)}.

+ (q+ik){(x1+10)_
So we have zO¢WF((q+ik)((x1+10)_1f2+6(x1)®g(x’))). The assump-

tions in Theorem 7 imply that iqo(zo)¢{l,2,3,---}, i.e., g+ik

k-1

1 u). Theorem 7 for j=1

is elliptic at zO. Thus we have ZOQWF(X

can be reduced to the case where j=2.
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