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ON THE SUBSCHEMES OF THE JOHNSON SCHEME J(v,d)

by Daiyu Uchida Faculty of Science

Kyushu University

Abstract.
For two association schemes x and x', defined on the same set,
we call x' a subscheme of x if each relation of x' is a union
of some relations of x. In this paper we prove that
the Johnson scheme J(v,d) has no non-trivial subscheme
if v>2d+g+J(d—g)2+6 . This slightly improves the earlier result

of Muzichuk that the conclusion holds if v23d+4

1.Introduction

Let x=(X,{Ri} ) and x'=(X,{R i}osisd') be two association schemes

0<ixd
defined on the same set X. We say that x' is a subscheme of x if
each relation R'i is a union of some relations Ri's.

The purpose of this paper is to prove that the Johnson scheme J(v,d)
have no non-trivial subscheme if v>2d+§+/(d—g)2+6 .For a subscheme Xx'

of x, we have a partition r={TO={O},T °°',Td,} of the index set

1
{0,1,---,d} such that

R'i=u Ra ( using the adjacency matrices, A'i=§ Aa )
aeTi aeTi

Clearly x0=(X,{RO,U Ri}) and x are subschemes of x. We call these
i>0
subschemes trivial subschemes. Clearly if the association scheme x

is commutative then it's subscheme x' is commutative, and if x is

symmetric then x' is symmetric,too.
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Throughout the whole paper we shall consider only symmetric
association schemes. If we look at the Bose-Mesner algebra a and a',

it immediately holds that x' is a subscheme of x if and only if

a'c a . Then we also have the partition ﬂ={no={0},nl,--‘,nd.} of
the index set {0,1,---,d} such that
E'.=> E
J Benj b

Now we calculate the entries of the first and second eigenmatrices

of x' ( For the notation of association scheme, sece [2],[4])
IXIE" ;=2 a;(1)a’, . cee (1,1)
0<ixd'’
The LHS of (1,1) =I[XIZ2 Eg
Ben.
J
=2 (2 qple))A,
O<a<d Benj
The RHS of (1,1) =2 > qa;(1)A,

0<i<d'oeT, J

Therefore compairing the both sides, we get qj(i)=§ qB(a) (aeTZ).

€T .
B nJ

Dually we get pi(j)=z P, (8) (BGKj)-

aeTi

With the above notation ,we get the following lemma.

Lemma 1. Let x' be a subscheme of x, and t,7T be the partitions of x'.

The indices i,j are glued in t ( namely Ri and Rj are

in a same realtion R' of x' ) ( dually in T ) if and only if

for each 0<k<d'

2 ag(i)=2  qp(j) ( dually 2 P, (1)=2 p (J))
Benk Benk aeTk oceTk

(cf. [1],[4]
Using this lemma, we get the following corollary.

Corollary. Let X=(X’{Ri}0$isd) be an association scheme and

)
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x'=(X,{R i}OSiSd') be a non-trivial subscheme of Xx
If there exist 0< io,jo <£d such that

qj(10)>qj(1) ( O<1¢1O ,O<J¢JO ) ,then

Ri 8™ 1Y ogiza

Proof Since x'is non-trivial, there exists a part m (#{0}) of the

partition T which dose not contain jo . Then

2 aq.(iy)> 2 a.(i) ( 0<imi. )
With Lemma 1 , we have RiOE{Ri}Ogisd' ( Q.E.D.)

We now state our main result. Before that, we mention a brief history
of this probrem ( according to Muzichuk [4] ) . Let J(v,d) be

the Johnson scheme of class d ( see [2],[3],for the details about the
Johnson scheme ) . As for the study of subscheme of J(v,d) or on the
enumeration of subschemes of the Johnson scheme, first L.A.Kaluznin
M.H.Klin proved that there exists a function f(d) such that

Jonhson scheme J(v,d) does not have non-trivial subscheme for v=f(d).
M.E.Muzichuk proved that the same conclusion is true if vz3d+4

The purpose of this paper is to prove the following Theorem.

Theorem A The Johnson scheme J(v,d) has no non-trivial subscheme

if V>2d+g+/(d-g)2+6

This slightly improves the result of Muzichuk [4], because our
condition becomes vz3d for dz6

The auther thanks Professor Eiichi Bannai for suggesting this probrem.
The auther also thanks Mr. Go Seki for checking the caluculation in

this paper. Also the idea of the proof of the present paper is based
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on that of Muzichuk [4] . The auther thanks M.E.Muzichuk for making

the preprint of [4] available to the auther before publication.

2. Proof of the Theorem A
For the Johnson scheme J(v,d), we have
p; (=3 YD (IH TN L k=D ITH L Csee 121,181, 14D)
0<vgj
In order to prove Theorem A , we nced the following lemma.
Lemma 2. For J(v,d) with v>2d+g+/(d—g)2+6 , we have
qj(l)>lqj(i)1 ( 1<ixd,O0<j<d )

First we show that Thorem A is easily obtained for Lemma 2

Proof of Theorem A from Lemma 2.

Let x'=(X,{Ri} d') be a non-trivial subscheme of J(v,d)

0<ig

Then by Corollary, we have RlE{Ri} i.e. we have {1}€t

O<ixgd’
If the indices i,j are glued in 7, with Lemmal , we have
Pl(l)= pl(J) . Since
py(1)= 1%-(v+1)ird(v-d) , p,(j)= j?-(v+1)j+d(v-d) , we have
i= j . ( Q.E.D.)

Now we prove Lemma 2 with the inductive formula of the Johnson

scheme:
v,d .y _jov-2,d-1, . .\ _v-2,d-1 ._ .
Py (J)=4py (J-1)-p; 7 (j-1) ( 0<i<d )
v-2,d-1, . -
L_pd"l (J l) ( i=d )

From now on, if necessary, we let p¥’d(j) and ki(v,d) be the entries
of the first eigenmatrix P and the valencies of J(v,d) respectively.
Concerning Lemma 2 , we check at the special value of j= d-1 by

the following Proposition.

Proposition. For J(v,d) with v>2d+g+J(d—g)2+6 , we have




qd_l(l)>lqd_l(i)l ( 1<izd )
Proof Since qj(i)/mj=pi(j)/ki, we only have to show that
lpi(d-l)l/ki<pl(d—l)/kl ( 1<ixd )
With the direct calculation, we have
D, (d-1)/k, =(-1)171 (¥=2d*2)i-d .y
i i d(vjd)
i

.y, v-d
d(v-d-1i)( i )(lpi(d—l)I/ki—lpi+l(d—l)l/ki+l)

= —2(v-2d+2) 1%+ (v2-3dv+2d%+4d-4)i-(d+1)v+d2+3d=2 . -+ (%)

This reaches it's minimum when i=1 or d-1, 1i.e.

(#)> min{v®-(4d+3)v+3d%+11d-10, (d-1) (v—2d+1){v—(3d+df1)}}
Since vz—(4d+3)v+3d2+lld—10>0 is equal to v>2d+g+/(d—g)2+6 ,
we have

1)If V23d+d%l (i.e.v23d+1) ,then we have (*)20 . Then
Pl(d—l)/kl>lp2(d-l)l/k22 e led(d-l)l/kd
2)In the case of v=3d ( d=8 ), we have
Ipi(d—l)l/kis max { pl(d—l)/kl , lpd(d—l)l/kd }
= max{ 1/d%, (a+1)/(*] } . since
d+1 42_ d2(d+1) !
(2d) T 2d(2d-1) .- (d+1)
d
5X4x%3 _6
< (2d-1) (2d-2) < 11 we have
lpi(d—l)l/ki< pl(d—l)/kl ( i>1 ) . ( Q.E.D.)

Proof of Lemma 2

By Proposition, we only have to show that
Ip; () 1/k;< py(3) /Ky ( 1<ixd, 0<j<d-1 )
1)d=3
With the direct calculation, we have

2v-9 v-9 -
P (17K = 3(v=g) + P2(1)/Ky= 3755) » Pg(l)/Kg™ oo

V]

|

w
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Since v>10 , we have

Ip; (L) 17k < ipy (1) 17k (i= 2,3 )

2)d>3
We consider the following two cases, Case 2.1; 1l<i<d , 0<j<d-1
and Case 2.2; i=d , 0<j<d-1 ,separately.

Case 2.1 1l<i<d , 0<j<d-1

With the inductive formula, we have

v,d,.,_ _v-2,d-1

Since v—2>2(d—1)+g+J{(d—l)—g}2+6 , we have
kK.(v-2,4-1)
v-2,d-1,._ v-2,d-1,._ i
Ipy (J-1)I< py (J 1)kl(v—2.d—1) ,

k. ,(v-2,d-1)
v-2,d-1,._ v-2,d-1,. i-1
Ipi_l (j-1)I< Py (J l)kl(v—z,d—l) , and

(3-1)-py 7 7GR

|pV’d(j)|/k v d)< ki(v—2,d-1)+ki_l(v—2,d—l)pv_z,d_l
i it kl(v—z,d—l)ki(v,d) 1

(j-1).

We show that
ki(V—2,d—l)+ki_l(v—2,d—l)
kl(v~2,d—1)ki(v,d)

v-2,d-1,. v,d, .
Py (J-Dk, (v,d)/py "7 (J)<1 (%)

With the direct calculation, we have

1
-(v+1)j+d(v-d)
This reaches its maxmum when i=2 , j=d-2 . Therefore

™ v-"7 1
The LHS of(*) < (l_(d—l)(v—d—l)) +2V—5d+6)

1 1 v-7
2v-5d+8 = d+8 < (d-1)(v-d-1) '@ ¥e have the LHS of (=*)<1.

Case 2.2 i=d , 0<j<d-1

L2 .
The LHS of (*) = %é-l?%;géYi?)(l*

2 )
J

(1

Since

Since pg’d(j)= 'P§:§'d—l(i‘l) , we have
k (v-2,d-1)
v,d, . d-1 v-2,d-1,._
Ipg (J)1/k4(v,d) < kl(v—z.d—l)kd(v,d)pl (j-1)

Now we get



kd_l(v—z,d—l)

v-2,d-1,. v,d, .
2
d 1
(@-1) (v=a-1y * )

32-(v+1) j+d(v-d)
v-7 1
@) (va-1)) *3vTsave) <1

This completes the proof of Lemma 2, hence of Theorem A.

< (1

Added in proof

Recently we improve the Theorem A in this paper as follows;

The Johnson scheme J(v,d) has no non-trivial subscheme

if V>2d+g+/(d—%)2+6
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