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G-FUNCTIONS
F. Beukers -
(Dept. of Math. Univ. of Utrecht budapestlaan 6, 3508 TA Utrecht Netherlands)

(o <]
9(2) =Y gn"
n=0

where the g,, satisfy the following conditions,

e The g, all belong to an algebraic numberfield k.
g(z) satisfies a linear differential equation with polynomial coefficients.

Zmax(lgolm tgllv’ ceey Ignl’v) = O(n)

as n — 00, where the sum is over all normalised valuations |.|o of k.

EXAMPLES of G-FUNCTIONS

e Functions, algebraic over k(z).

¢ Polylogarithms
oo z"’
Lu(z) =) —.
n=1
e Hypergeometric functions
F(a,b,clz) = E -(-(—Z)(—n)'—z '
n=0 it

where (z), =z(z 4+ 1)---(z +n — 1) and a,b,c € Q.
QUESTION
What are G-functions?
(EXAMPLE) Consider
(1.3) 222 -1)f"+ 32 -1)f' +(z+B)f=0

where B is an arbitrary rational number. For any solution

oo
g(z) = E gn2"
n=0
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we have the recurrence relation
nzfnzBfn—l +(n—1)2fn—2 f0=17 f1=B'

When B = 0, we have fant1 =0, fon, = (2:)2/16". Are there any other B for which g(z)
is a G-function?

A conjecture of E.Bombieri and B.Dwork states that differential equations having G-
function solutions ‘arise’ from Gauss-Manin systems corresponding to 1-parameter families
of algebraic varieties.

QUESTION

Let g(z) be a non-algebraic G-function, let { € @—Q-,_ £ # 0 and let |.|, be a valuation such
that g(£) converges v-adically. Do we have ¢g(¢) € Q or not?

(THEOREM). Let j be the modular j-invariant of an elliptic curve with complex multi-
plication and endomorphism algebra Q(1/=1). Suppose that £ = 1 — 12%/j has complex
absolute value less than 1. Then,

1 5 1 —_
F (1—2'a E’ 5'&) € Q
(EXAMPLE). Take j = j(2i). Then 1 — 12%/j = 1323/1331 and
F(l 5 1 1323)=§\‘/ﬁ,

12’12’ 2'1331 4

(OBSERVATION). We have 7-adically,

1 5 11323 1,
F(E’ﬁ’ﬁ'mm),"?/ﬁ‘

PICARD-FUCHS EQUATIONS

Let K be an algebraic numberfield and consider the family of elliptic curves & given by -
y? =2+ A(t)z + B(t),  A(t),B(t) € K[t].

Assume A(0) # 0, where A(t) = A(&;) = 4A(t)? + 27B(¢)? and assume that j(t) = j(&;)

is non-constant. p d d
T i T

Qt) = — N(t) = z— —
=5 NO=a5 +15
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on &, where v € K is to be specified later if necessary.
There exists A € Ma(K(t)) such that

% ( 1‘37((?)) = A ( J%((tt))) (Modulo exact forms).

(PICARD-FUCHS EQUATION)

d (y1) _ y1)

di (yz) =A (yz
(FUNDAMENTAL SOLUTION MATRIX) M(t) € M,(K([t]}) such that

4 10
M) = A(t)M(¢) and M(0) = (0 1)

(PROPERTIES)

o det(M(t)) =1
e The elements of M(t) are G-functions.
e The elements of M(t) have transcendence degree 3 over C(t).

Let &: y* = 23—z —tand Q(t) = dz/2y, N(t) = zdz/2y. Then A(t) = 27t? — 4,

1 —9t —6)
AV = 3G = ( 2 Qt)

and

Let &: y? = 2% + tz + 1 and Q(t) = dz/2y, N(t) = zdz/2y. Then A(t) = 4t* + 27,

1 -2t2 9
AW = 3w v am) ( 3t 2t2)

and
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(THEOREM) Suppose E, is isogenous over K to E, via ¢ : Eg — E,. Let N = deg¢.
Let a, 8 € K be defined by

N
P*w, = awy PN = Zﬂo + Bwe.

Let v be a valuation of K such that |a|, < max(1, p»). When v is finite, also suppose that
|A(0)l», |B(0)|» < 1 and [6A(0)]» = | — 2A(0)B'(0) + 3B(0)A'(0)], = 1. Then,

(%5 o)) ez
-B
where M(a), denotes the v-adic evaluation of M(a). Moreover, when v is finite, the trace

on the left hand side of (4.1) is < 2V/N.

(COROLLARY) Suppose in addition to the above assumptions that Ey is a C.M.curve.
Choose 7 such that End(Ey) acts diagonally on wg,7n9. Let —d = discr(End(Ep)) and write

M(t) = (mll(t) mlz(t)) .

mn(t) mzz(t)

Then,

N 1 d++v—-d
-;m11(a)v, amaz(a), — fmaz(a)y € \/:E-Z [ > ] .

(EXAMPLE 1) Take a = 113/2/14. Then j(E,) = 66° and there is an isogeny of degree 2
from FEy to E,. Let

1 51
- -ap( o 2 =
f(z)=2-11 F( oL 12,212)
f 1323) _ 3 f 1323} _ 1
1331/ 2 1331/, 2

21 _ (7 11 3,1323 1 7 11328\ 3 i,
F(12’12’2|1331)+F( | ) H

Then

Moreover,

242 12’12’ 2'1331 2

21 7 11 3 1323 1 7 11323 1

kel 2y Fl-— — —|2222) = =.11°1/4,
242F(12 12’ 2]1331) + ( 12’12’211331) 5 1

(EXAMPLE 2) Take a such that j(E,) = (3(724 + 513v/2))®. Then E, is isogenous to Eq
of degree 4. Let

£(z) = 4- (91 + 602 )'1/4F(112 T5'2' %| )
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and
£€=3%.72.112(3 — 2v2)(5 4+ V2)3(7 — v2)* /(23 - 47)*.
Then 5 3 '
f(§)oo = B f(f‘)s+\/§ = 9
O va=mt SO =32

(THEOREM) Suppose Ey is a C.M.curve and suppose v is chosen such that the action of
End(Ey) on wo, no is diagonal. Suppose Ej is isogenous over K to E, via ¢ : Ey — E,.
Let N = deg¢. Let a, € K be defined by

N
$wa=o0awo ¢ = —10 + fwo.
Let v be a finite place of K which satifies |A(0)|,, |B(0)|, < 1 and
[6A(0)]» = | ~ 24(0)B'(0) + 3B(0)A'(0)], = 1.

Suppose that Ep is ordinary and |al, < 1. Let —d =discr(End(Ep)). Then there exists
€ € Z[(d + v—d)/2] with €€ = N such that

M(“)"z%(g N(}a) ((e) 2)

(EXAMPLE) Let a be such that j(E,) = (6(2927 + 1323v/5))3. Then E, is 5-isogenous to
E,. Moreover, Eq is ordinary. Let

£ =2-3%..72V/5(47 — 20V/5)%(673 + 357v5)% /(11 - 59 - T1)%.
Then |

1 _ 1/4
F(12 oL 2|¢5) _—2+ -(161 + 120v/5)

7 111
F(12 12’ 2'5) =0
F (-—5— 13 '?:lf) _ (1229 — 515\/5)(19_1 +1201/5)1/4
12712’ 2 - 7(47 — 20V/5)(2 +4)

F( 1 |§) = —(2 4 1)(161 + 120v/5) /4.

12’ 122

(THEOREM) Suppose Ej is C.M.curve and v is chosen such that the action of End(E,)
on wg, N is diagonal. Let E,, a € K be another C.M.curve and suppose that there exists
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a valuation v on K such that |a|, < max(1,p,). When v is finite we also assume that
|A(0)|»,|B(0)|» <1 and {6A(0)|, = | — 24(0)B'(0) + 3B(0)A’(0)|, = 1. Let § be such that
the action of End(E,) on wg,n, + dw, is diagonal. Then,

mii(a)y(maz(a)y + émia (a)o)

miz2(a)s(mai(a)y + 6my1(a)y) € Q(End(Ey), End(E,)).

(EXAMPLE) Let a be such that j(E,) = 20°. Then End(E,) = Z[v/=2] and § = 1/v/30.
Denote

f(2)=F(%, 5312 9(2) = F(55,13,312)
h(z) = F(&,8,32)  k(2) = F(-%, %, 3l2)
and
Q) = f(2)(2250k(2) + 105¢(2))
g(2)(—49h(z) + 105f(2))
Then

o(Z) -~wrerr o) --@I-U



