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(Restricted) Quantized Enveloping Algebras
of Simple Lie superalgebras
and Universal R-Matrices

Hiroyuki Yamane
(Osaka University)

In this note, we difine a (Jimbo type) quantized enveloping superalgebras
Uq(G) of complex simple Lie superalgebras G of types A, B, C, D (all types) and

types F4 and G3
(distinguished types). We can get a defininig relations of Uq(G) , which are consist

of g-Serre relations and agdditional relations . They were unknown even if g =1 .
Moreover we define a restricted quantum groups uC(G) at a root of unity .

Finally, we consider a Hopf algebricazation of the Hopf superalgebra uc(G) , and
w3 (&)™

construct the universal R-matrix of uC(G)G. Our construction is due to Drinfeld's

quantum double construction. By using quantum double construction, we can also

show a Poincaré-Birkhoff-Witt type theorem for Uq(G) and uC(G).

~ In[Y1-2], we introduced the (Drinfeld type) quantized enveloping
superalgebras Uh(G), show?_@yh(G) is an h-adic topologically free C[[h]]-Hopf

Thot
algebra, and gave an explicit formula of universal R-matrix of Uh(G)G . The

arguments used in this note are the essentially same arguments as we used in [Y2].
Here I would like to express my thanks to Professor E. Date, Professor M.
Noumi, Professor T. Tanisaki, Professor J. Murakami, Professor M. Okado for
their encouradgement and valuable communication. I also thank%ljrofessor K.
Nishiyama for giving me the opportunity of speaking in this symposium.

§1.0uantum double construction.
Let K be a field. Suppose char (K) = 0.Let (A,A,S.€) is K-Hopf algebras
with coproduct A : A » A ® A, antipode, S : A —» A and counite : A — K.

Moreover we assume that there is a symmetric Hopf-pairing < ,>:A® A - K,

namely < , > is a symmetric K-bilinear form such that

1) <Ax),y ®z>=<x,yz>,
(2) <S(x )y >=<x,SQ )>,
(B) <lx >=¢(x)
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wherex ,y,z € A. /
We call a Hopf-algebra A°P = (A,AP,S €) the opposite Hopf-algebra of A
where AP=1.Aand1(x ®y )=y ®x .

Proposition 1.1. (Quantum double) There is a unique K-Hopf algebra
(D =D (A)Ap Sp £p ) satisfying:

(1) As K-vector spaces,D =A® A .

(2) The K-linearmaps A - A®A(x -x ®1)and A’ 5 A®A
(x =1 ® x ) are homomorphisms of Hopf-algebras.

(3) The product of D is defined as follows; ifx ,y € A and

2 = 2 3 - 2 3
Al )(x)_zixi(1)®xi( )®xi( ) andA(z)(y)_ziyi(l)®yi( )®yi( ),
then ,

(V ®x )(y ®w ) =X ij <X 1(1) sy j(3)><x 1(3),8()’ J(l) )>(V Yy _](2) ®x 1(2)W ).

Proposition 1.2. (Universal R-matrix of D (A)) Assume that dim A < oo and

<, > is non-degenerate. Let {e i} and {e !} are two bases of A such that < e i€ J>

=8ij.Then R =Zi(ei®1)®(1®ei)eD ® D satisfies:

O)R-'=(1®SHR).
()R Ap @)R ~'=4Ap%(a) (@ € D).
(2 1 ®Ap )R )=R3Ry,. (Ap ® DR ) =Ry3Ry5.

Remark. From (1) and (2), we can easily see that R satisfies the Yang-
Baxter equation

R15R3Ry3=Ry3R 3R ;.
Therefore R is called the universal R-matrix of D .
§2. Ouantized enveloping (super)algebras.

Here we give an abstruct definition of Quantized enveloping (super)algebras
by using the Quantum double construction. -
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Let E be an N-dimensional K-vector space. Assume that there is a non-
degenerate bi-linear form (, ) : E x E — K with a basis {§i| 1<i<N } such that

(81’=J) 0@G=+#j), (EgeZ- {0}. Let IT= {0, € E | 1<i<n} be the set of linearly
independent elements. Suppose that (ai,a-) € (1/4)Z .Let p:11 -Z2Z = {0, 1}
be the function. Write p(i) for p(oc) We call p the parity functzon Put P

g, ®...0 Zgy . '

Let qe K*.Let U™ P % bea K-algebra with generators

{E; (1sisn), K, (Ae P ) »O} and defining relations:
(U™.1) 6?=1,0E;6= (-1)PUE, , oK 0= K, ,
U"2) Kp=1, KK, =K, (A, peP),

~ -1 _ q(ai, A
(U3) K EK, ! = ¢@ME,

Moreover U~qb .0 has a K-Hopf algebra such that

(U”4) A(lc)=0®0,S(6)=0,¢(0) =1,
U™5) AK,) =K, 8K, ,S(K,) =K, 1, eK,)=1,

~ = i = -145p( =
(UT.6) AE)=E;®1+K, o?D®E,,SE,;) =K, 6PVE, , &E) =0

Let U (resp U~ q n,,
elements {E; (151Sn), Ky (Ae P} (resp. {E; (1<isn)}, {K, (Ae P)}).

Let I be the set of finite sequenses of {1,...,n}. Put
E;=E; E. Eip for I= (il,iz,....,ip) € I and put E¢ = 1.

T) be an unital subalgebra generated by the

n-ie’

Lemma 2.1. As a K - vector space, U~qb +° has a basis elements such that

EIKKG‘: (1el,re P _,ce {0,1}).In particular, we have

U qb+ ~ U q+ ® T ® K<o > as K-vector spaces.



Proposition 2.2. There is a symmetric Hopf-pairing
<,>: U7 b,°®U" b % - K such that

q+ q
(P1) <0, EK,0°> =8, (-1)°,
(P2) <K, EKo°> =5y, qM,

Weput I, © =Ker<,> andput upb,®=0" b, ° .

Let D (uqb +°) be the quantum doble of uqb +° with respect to <, > . For

Xe ugb +° ,we write X,X " for X®1,1®XeD (uqb +°) respectively.

Lemma 2.3. In D (uqb +6) , the following equations hold:
(D"~.1) c6’=06".0, ,.GK{pc =K,”, oE; "o = (-1)POE;,
¢ K,0" =K, ,0 B =(-1)POE,,
(D~2) KX.K;": Ku"’.KX,
KinopK;;l =q' (a»i’mEiop , KxopEiKKOP"l - q- (ai’}")Ei ,

(D ~.3) Ei.Ej“’ - Ej°p.Ei= 8i(Ky, P’ K, oPD) .

an 0 o
Let L be ..ideal of K-algebra D (uqb +cf) generated by ©.6 P 6".0 and
K, -K,"-K,".K, (Ae P_).Itis clear that L is a Hopf-ideal. Put
6_, O - o [;
u,°=uCEIp) = D@p, /L.

Put uen, =U" 0 /0, © AU ), t=T/(1° NT).
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Lemma 2.4. (1) As K -vector spaces,

uqc;uqn ®t®K<o> @ugn, (XY P « X @t O @Y ).
(=0, i)

(2) For1<i<N,let y, = min{yl K§i7= 1} € Z_ v {+ eo}. Then the elements

Ke, %! -+ KeON (0<3,<y,) form aK -basisof ¢ .

(3) Let Ug
{Ei , F1 = Ei°Pcp(i) (1<i<n), Kx (AeP +)} . Then there is a Hopf-superalgebra

be an unital subalgebra of uq6 generated by the elements

structure on Uq with coproduct A defined by

- ° _ . _ . L] —. -1 .

Theorem 2.5. Assume that q == an indeterminate and K = C(q). Suppose
that (ot,0.) > 0, (04;,05) < 0 and 2(oc a )/ (0505) € Z. Let G be the Kac-Moody

Lie algebra defined for (,):E xE — K and I1 . Then u

q is isomorphic to the

Drinfeld-Jimbo quantized envelopmg algebra U (Q)
(jxv\ac t7fL)

Theorem 2.6. Let G be the simplé C-Lie algebra. Suppose that IT is the
set of the simple roots of G . Assume that K= C . Let { be anam-th root of unity
.. . .y primitivVe
such that m >> 1. Then U is isomorphic to the Lusztig's quantum group at root

of unity uc(g) .

Theorem 2.5 can be immediately proved by Proposition 2.4.1 in [T] .
Theorem 2.6 also seems to be well-known. For example, see [R].

- §3. Root Systems of Simple Lie Superalgebras.
Let G be simple Lie superalgebras of types AnZ1 Bye Oy P Fao G3 3

- Let (E, I1, p) be a triple related to a root system of & .From now on, we only



o3
treat triples (E, I, p) - . following Dynkin diagrams .
In the following diagrams, the element under i-th dot denotes the i-th simple root
Q; € IT. The i-th dot x stands for o (resp. @) if (ai,ai) #0 (resp. =0). If

i-thdotis o , ® or e, then we define p(oci) =0,0,1 respectively. We also

define a diagonal matrix I = (d;,...,d.) such that A = ]D)'l((oci,ocj)) is a Cartan

matrix of G .

1 2 N-1
(AN.p  X—x——x (€ pg) =% 1, D = diag(l,...1),

ErH 68 EN-1" &N

1 2 N1 N 1 2 N-1 N

(BN) . X

0 BeE NN N B RSB ENrE N
 (gpg) =1, D = diag(l,..1,1/2),

> ——X==>0Q

R X > e

>e

1 2 N-1 N -
(C\) X X—eoeeo—x<==0 , (g;g)=%1, D =diag(l,...,1,2),
Sr8 &8  ENIEN %N
N-1 , N-1

1 2 N-2 :0 EN-rEN 1 2 N;Vﬂ EN-17EN
(DN) X K0 o o N - X Mo o oo R N

E§-8 58 EN1EN ENITEN £1"8 ©-8& EN-17EN EN-1TEN
€pg) =21, D = diag(l,...1,1),

1 4 3 2

(Fg) 0——0===>0——0 ,

g8 &G & € &2

(§1:§1) =‘6 > (éz,g) = (23,%3) = (§49§4) = _2 ’ ]D) = diag(zvl’l’z) ’
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~For d=myo, +...+ mpyon € P, let (uqn_'_)8 be a K-subspace of u

1 3 2
(G3) ® o<===o ,
grs &2 g

€18 = 2. (&8) =2, (&35 = =6, D = diag(1,3,1) .

§4. Defining relations of uqc(lE.H.p) of Simple Lie Superalgebras G .

Here we give defining relations of ugh, of uqc(]E.H.p) (see Lemma 2.4)

when q is not a root of unity. »
Put P, =Zo; ®...® Zoy. Weextend p to p:P,_ —Z/2Z additively.

"+ spaned
by elements E; E. .. 'Eip (#{i,;=i} = m,) . Then we have Ughy = D 5¢ pe (uqn+)5 .

For 8,ve P andxse (uqn+)8,XVe (uqn+)v,put

ady X5 (X) = [Xg » X, 1= XgX, = (-DPORIG VX x5

Theorem 4.1. Let (E.IL.p) be a triple introduced in §3. Assume that q
is not a root of unity. Let uqn L be of be of uqc(]E.I'I.p) (see Lemma 2.4) . Then,

as K-algebra, u is defined with the generators E; (1<i<n) and the relations:

(I'l) [Ei , Ej ] =0 if (ai,aj) =0 ,

q+

(r2). (ad; 1E; )mij(Ej) =0if (ai’ai) #0 and my; = 2(0ci,0cj)/ (ai’ai) € Z,

N-1 N
3 - . K> 0
(3) (ad; , |En) (BpLp) =0if ,
i j k i J k i j k
if X ® X , X——@I ===>0 or X R===>0 ,
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) [ [EN-Z ’ EN-l 1, EN] = [ [EN-?. ’ EN.] s EN-l 1
EN—I
if N

() [ [[EN_2 ’ EN_1 1, [ [EN-Z s EN-I 1, EN] 1, EN-I 1=0
N-2 N-1 N

¢7) [ILL[[Ens »Enyl>ExglsExDExybEngl Exy1=0
N-3 N-2 N-1- N

. X o Q<=0
if

$5. Root vectors of qu(IE.I'I.p) of Simple Lie Superalgebras G .

Here we assume that there is m >> 1 satisfying q&2 #1 for 1< m<m.
Assume that (E.I1.p) is the triple in §3. Let @ be the set of roots of G and @ +
the set of positive roots with respect to IT. Let @ +r°d be the set of positive roots
defined by '

(D+red= {BE ¢+l B/Z & q)_*_}. For B = €10l + .-+ CNOUN € P+ , put
ht®) = ¢; +--- +eN s gB) = m1n{1| 120} and ‘cB = cg(B) .
Define a half integer ht(B) by ht(B) = ht(B)/cﬂ .Foro,Be P, wesay

that o < B if they satisfy one of the following

(1) gl <g®,
(2) g(@)=g(p) and ht(c) ht(p),
(3) I is of type Dy, P(g-gy) =0 and a=g-gy ,P=2g or

E+Z
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o=2g ,B=g+gy or a=g-gy B=g+EN-

We define g-root vectors EB (Be @ +’°d) of un, of uqo(]E.I'I.p) as

q
follows.

Definition 5.1. For e @ +rcd , we define the element EB € uqn 4 as
follows. (For type Fy , (resp. Gg), we write E;p 4 and E 4 (resp. E;; . and
éabc) for Eaa, + boy + coq +da, and I:Iaoc1 + boyy + coiz + daiy

(resp. Ean; + bag+coy, and Eao, +bog +cay ) .

(1) Weput Eg; = Ei (1<i<n).

(2) Let ae <D+r°d and 1<i<n besuchthat gB) <i and o +0; € @.
Put Eavoy = [Eg ,E;].1f I isoftype By, i=N and a=g (1 <j<N-1),
let. Bowang = (@2 + ¢ %) Baeany. If T is of type Dy, i =N and

o =0y 1, let Boavoy = (q + q'l)'ll:lamN. If 1 isoftypeF,, let E{j5 = (q
+q 1B 50 and Bppyy = (@ + 1+ B ps, . If T is of type Gy, let
B = @+a 0 Epy, By = @+ q ) 1By and

_2)

E031 = (q2 +14+ q -1].::031 . Othel‘WiSC, put Ea+ai = E.a+al :

(3) Let o,pe @, ™ such that g(o) = g(B), a< B, ht(B) - ht(@) <1 and o +B

e ®.™ Put E [Eq, - Eg.If IT is of type Cy (resp. Dy, F, or Gy),

o+ =
then B, g is defined by (q + a7 lE, +p (resp. (@ + alylE, B

@+qHE, B OF @ +1+qHE, B -

By using similar computations in [Y2], we have



Proposition 5.2. (1) As a K-vector space, u_n + 1s spaned by the elements

q
< n,
IT E,
ae @, rd |
<% (ng e Z, if (@,0)#0,n,=0,1 if (o ,00) #0).
<
Here IT dcnote}\a product taken with a total order on ® +’°d
S
ae @ +”°d
compatible with the partial order < .
(2)
< Ny < Mg,
< n E, , I E, >
d d
ae @ ae @
< . ny
- M Sugmeyng s (DP@g®®) g B >
oe ® +”Cd

Here w(n;t)= IT_._ {(t-1)/t-1)} .
o}
$6. Poincaré-Birkhoff-Witt type Theorem\/uqc(lE.H.p) of Simple Lie

Superalgebras G . v :
Define d, € (1/2)Z_ by dy = | (0,001 2 if (@ o) #0,d, =2

if IT is of type Gyand o = oy + 20c3 +cay , dy, =1 otherwise.

For o=ca;+...+cyone P, put

77
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b(e) = (@%* - ¢9%<E , E>Mi . (@% - g and
Yy = min{ylyy; (DP@g(®®) =0} € Z_ U (+ o).

Lemma 6.1. b(at) can be written as (-1)_aqb forsomea,be Z + (For the
precise value of b(a) , see [Y2; Lemma 10 .3.1]).

By Proposition 5.2 and Lemma 6.1, we have:

Theorem 6.2. (PBW-type theorem) The elements
< 3
I1 E

(04

oe @, ™ :
+ (0<3,<7y)

form a K-basis of uqn L

Proposition 6.3. Let m > 10 and { a primitive m-th root of unity. Then, as
K-algebra, ucn " is defined with the generators Ei (1<i<n) and the relations

(r1-7) in Theorem 4.1 and relations

Yo
(rr1) E, =0 (oe <p+f°d).

o3

. of |
§7. Universal R-matrix uCG(E.H.p) of Simple Lie Superalgebra G .

Keep notation in §3-6. For ov=c0 +...+cyoy€ P, put
Fo =, .. (q'di - qdi)Ci)'l(Ea)ch(“) (see Lemma 4.2) and

u(o) = (-1NMYb(a) .

Theorem 7.1. (Universal R-matrix of ucc) Keep notation in Proposition 6.3.
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o~
¢ ur®Ys

The Universal R-matrix R of u,© = C“(]E.H.p) is given by

8(1
< (@ - 79uE, @ F,cP®)
R={ I ( z 3
ae @™ 0g8 <y, ( , )

Yy ; (1%

12 = (1D9Cecd). mo(an) = EEDN0Ke D gKedi)
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