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Remarks on compiete intersection

Shin Ikeda
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Let (R,m) he a Noetherian jocal ring. The monomial conjecture asserts
that for any «nteger n 2 0 and for any system of parameters a,,....as of

R we have

(alaZ..'ad)n $ (a‘n\fl‘..”adn+l> .

dimR = 2. The

The monomial conjecture holds if R contains a field or

purpose of this note is to show that the monomial conjecture is equivalent to

the following property (P) of Gorenstein local rings.

(P) An ideal of height 0 is (0) if it is contained in a

parameter ideal.

We begin with a reformuiation of the monomial conjecture.

Let ai,....aq be a system of parameters of a Noetherian local ring  (R,m)

and let a”™ = (a;"...,a4") . ¥We define an R-homomorphism

fo : R/a. — R/a"™!

by fu(l) = ajaz. . .aq mod an*! Then the direct limit of the direct system

1R/ ;n=1.2,.... } is the local cohomology module H.*(R) .

Let

$,.(a)  Ran — H. R

be the canonical homomorphism. Then ¢,(a) # 0 if and only if

(alaz cag)" & (anml‘nu&dnﬂ)
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for all n =2 0 .
Let | be an ideal of R with ht(i) =0 . Since (0 : {) isan R/I-

module we have an isomorphism

O 1) 2= (0: 1) Xe R/
Hence we get an R-homomorphism

O : 1) g R/ — R

Tensoring this with the direct system R7a™ T n=1.2,....7 , ve get a

commutative diagram

0: 1) SR . a" - R/a"

1 @v.a) v da(a)
0 1) @ t"RD = HAR) \
8

where  W,(a) @ R/(1 . a™ - H.*(R/1) is the canonicai homomorphism.

& induces a homomorphism

8* . HLAR/D) = Home((0 : 1), H(R)) .

Lemma 1. If R is Gorenstein then 8* is an isomorphism.

Proof. Since R is Gorenstein. Hn?(R) is isomorphic to the injective

envelope of the residue fieid R/m . The lemma follows from the local duality.

tn order to characterize unmixed 1deals in a Gorenstein local ring, we have:



Lepma 2. et (R.my  9e a Gorenstern iocal ring and | an ideai of height

0 . Then | is unmixed if and only if (0 : (0 : 1)) =1 .

Proof. If (0 : (0 : i))=1 it isclear that | is unmixed. Conversely,

suppose that | is unmixed. For any p € Ass(R/!) , R, is a O0-dimensional
Gorenstein local ring and we have (0 . (0 : {))Reo = IRs . Since | is

unmixed, we have (0 . (0 : 1)) =1 .
Now we are ready to prove:

Theorem 3. The foliowing statements are equivalent:
(1) The monomiai conjecture holds.

(2) Every Gorestein local ring has the property (P) .

Proof. (1) = (2): Let (R,m) be a Gorenstein local ring and | an un-

mixed ideal of height 0 . Suppose that | #(0) and let Jj =(0 : i) . Since
I is unmixed we have i = (0 : J) ,hy lemma 2. Let a = a,...,aq he a

system of varameters of R . We have a commutative diagram

| Qe R/(} . 2) — R/a

P Or Ha®(RZD) = HLPR)
By iemma 1, we have an i1somorphism
Ho?(R/Z1D) = Home(l , H.?(R)) .

The image a of the identity of R/(J . a) in H.*(R/}) is not trivial hy the

monomial conjecture. « induces a non-triviai homomorphism
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a* i > HAR) .

From the above commutative diagram, we see that ! 1S not contained in a .
(2) = (1) . Suppose that the monomiai conjecture is not true. Then, there is
a Noetherian local ring A and a system of parameters of ai,...,as of A

such that

(a1az...a0" € (@™, . ..,aa™Y)

for some n = 0 . VWe may assume that A is a compiete local domain. There is
a Gorenstein local ring R and an ideal | of R such that A = R/l . Ve can
assume that dim A = dim R . Since the monomiai conjecture does not hold for
A, we have | # (0) . Let J =0 : 1) . If the monomial conjecture does not
hoids for R/! there is a systemr of parameters xi;,...,xa of R such that

(0) .but this is impossible

J € x by iemma 1. By assumption (2), we get

Coroilary 4. Let R be a Gorenstein local ring containing a field and let
I be an unmixed ideal of R . Suppose that there is a sytem of parameters
a1,..-.aq Of R such that (a;,....an)< 1< (ay,...,a4) ,with ht(1) = h .

Then | = (@ys...5an) -

Exampie (!.R. Strooker and . Stiickrad). tet k he a field and
R = kIINLY,LULNIDZQXY - WL, V20Y) = k[Dxuy.uav]] . Then R is a Cohen-Macaulay
focai ring but not Gorenstein. (¥%) s anh unmixed ideal of R and contained

in a parameter ideal (x + y.u) .

The auther would 1ike to thank S. Goto and Y. Yoshino who informed him

that Strooker and Stiickrad obtaied the same result.
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