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Simplicial Semigroup Ring @ Buchsbaum f4 &
% @ Defining Ideal {ZDWT

HEFF $H
A -

1 Introduction

H 7% N'(r > 0) @ affine semigroup & U hy,...,h4n € H 2 H OHERRITTE LIRZ

TET 5.
(H-1) hq,...,h, &, Q-linearly independent

(H-2) 3d > 0such that dH C ¥I_; Nh,

Zd& &, H % simplicial semigroup & E 3.
T, fieldk Lo ZHAROBOEREE5 X 5.

@ S:k[Xl,...,X”Y],...,Yn] — k[tl,...,tr]
X; — th (1<i<r)
Y, —  thw (1< <n)

(ccT. h=(ay,...,a,) € H ic>WT th:=¢}' .- -t T monomial 2 &b F. )

co& &, Im(p) % k[H] c&bL (kL HD) semigroup ring & Z 5. X. ker(p) %
Iy TZ&KD L semigroup ring k[H] @ defining ideal & E 5. & 2T, r = dim k[H] » >
n=ht Iy £ ->TWVW3,

EEMI, z;:=th (1<i<r), y;:=th+ (1<j<n) &L. k[H] ® graded maximal
ideal % m = (z1,...,y,) &E8BX.

AT, k[H] ©® Buchsbaum #% I ® Grobner basis ODEETR~N, &5 n=2
DB EH D WT k[H] 8 Buchsbaum &78% & & ® [y ® minimal basis % & » 5.

2 ¥{p

Definition 1. o, € N™ ic2oW T,
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1) oy =a ® i HEO®S
2 a<f = auy<Pu for 1<i<n

3) a<f <= «a<pP and a#f
El.a+fa—PFREEBOEKICHWS,

S @ monomial % X°Y# = X7V ... X;OY V.V fora € N',f € N* T&b L.
S @ monomial D 2& % My TRXb4 I Eicd 3.

Definition 2. S ® monomial ordering 2Ll T O#ICE D 5.

XYP <5 XY = wd(X°Y*?) < wd(X"Y?)
wd(X°Y?) = wd(X'Y?) and X°Y*? > XY w.r.t. lexicographic

22T, wd(X*YP) = total degree of p(X*YP) .

CDEE.0FFfeESKKOPVWT <5 KET2H/ADIA% f @ initial term & T in(f)
TERbLIT LT 3. X, S Dsubset Fic>WT, F O initial term %

n(F) = {in(f) |0 # f € F}

i

Definition 3. S ® ideal I & I @ finite subset F ic > W\ T

(in(1)) = (in(F))
“iited & & F % ] @ Grobner basis W5, #Hiccodt & F izl 24KT 5.
RicEODIEEEED 5.

Notation 4.
1) k[H] @ subset J ic>W\T
M(J)={X*YP € My | p(X*Y*) € J}
B B J={t)ors M =MJ) EEL LT B,
2) X°YPe M, (ue H) itoWn<T

S(XYP) = {X"Y¢ e M, | X°YVP >4 XY4)

EEL.
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Remark 5. TE&X DKM I >.
1) XeY? X'YP€e My ic>WVWT,

XYP-XYely < XYPeL(X'Y% or XYV% e D(X*YF)

2) X°YP e My ico0T,

(XY £ ¢ = X°YP e (in(Iy))
3) X°Y? % £(XY%) ® minimal element & 5 ¥ L(X*Y#) = 4.
4) (o, ) < (7,6) in N™*™ ig>W0n T,

S(XY) £ ¢ = BXY)#£¢

5) XeYP - X Y8 eIy, JCk[H] ikowT,

XYPeM(J) < X'YPeM(J)
6) 1<i<rico0T,

X°YPe M((z;)) = XY -X,XYiely

7) lSZST!C’Dh\T\
YPeM(zi) = X(YP)#¢

HIROEEEZEET 5.
R={XYP-X"Y°e S| XY ec M(X*Y?) and Ged(X°Y? X'Y°%) =1}
CD&E, Remark 5. & RC Iy LR BBHEICKRE L, 5.

Proposition 6. Iy =(R) »2. (in(Ix)) = (in(R)) .
%€ - T. Iy @ Grobner basis i3 R OfFh 5#E XS,

3 Buchsbaum #ic>oWT

R O subset Ry, Fg %

Ry = {X°YP - XYSeR|X(Y?) = ¢}
Fy {f €Ry|in(f)=YF, BeN"}
F' o= {fe€Rylin(f) € (in(Fn))}
EBLCETCR (In(Iy)) = (in(Ry)) bbb, COLEHIL>ENRbH > TV D,

Remark 7. ®&Riz[E14E.
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1) k[H] & Cohen-Macaulay .

2) (in(In)) = ((Fn)) .

Definition 8. (YA ... ) Y#) Bk %if7-¢ & & condition (B) 273 &5 9.
B-1) 1<i<rico20nT, S(Y%) = ¢.
B-2) 1<i<nic2>20wT, Y% e M([(z;) : m]).

1

IA

B-3) i£j<nico20T, YPi ¢ M([(z;) : m]) .
B4) 1<i#j<ric20WT, Ged(YP YF)=1,
B5) 1<i<j<ric20wT, 3IX;Yh - X,YP € Iy.
(B) %724 monomial @ sequence D 2{k% Ay T&b L.
G ={X;YF — X Y% | (YP,...)YP)e Ay, 1<i<j <1}
EBL.
D& &, k[H] ® Buchsbaum fEic > W TR D HfT T BB oM 5.

Theorem 9. The following conditions are equivalent.

1) k[H] is Buchsbaum.

2) We can choose a Grobner basis of Iy from Fyp UGy
(or equivalently, (in(Ig)) = (in(Fr UGg)) ).

Theorem 9. QIFFHD - DK >h#EH%2 T 5. TERIECKATEDBRR2>ELDLD S,

Lemma 10. £[H] »* Buchsbaum &3 3.
1) X°Yf e M([(z;):z;]) and iy =0 &5 5 &, YP € M([(z:) : z,]) -

2) YPe M([(z;):z,]) and S(YP) =g &4 5 & 3(YA,...)YP) € Ay st. f= 5.

Lemma 11. (in(ly)) = (in(FgUGy)) &7 5.

1) XeYP=X"Y?% € Iy withZ(Y?) = gand X°YP > XY ico0wT . 3(YA, ... )YPr) e
Ag st. f=0; forsome 1 <1< r,

2) Rg=F'UGy.
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BHic, % [2) c& 3 k[H] © Buchsbaum DB # M 228 F T <.

Theorem. (Goto) XX [EfH.
1) k[H]is Buchsbaum.

2) k[H] is quasi-Buchsbaum. (or equivalently, z%, ..., 22 are weak sequence (w.r.t. m)
).

Lemma 12. ¢t ... t*» € f[H] ic2 WV T

4

[, ) 2 ] = D O[(E™) : t7)

=1

Proof.  [(t*,...,t*») :¢*] D LI, [(t%) 1 t'] GHS A S H P EOTEERT.
Ve[, ..., i)t o0 T, f=Y" ¢t c;#0andw; € H (1<i<m) & &
iR

tf = icit”w‘ € (t*, ..., t*r)
1==1
Th 5. (t,...,t%) k. gradedideal 25 1<V j<mic>WT
e (1. 1)
ERD,.1<3i<m,heH BH-T

tv+wj — .th+u,'

EET . (le "t € (1%))
Eh ot e(t™) 7] &Y

P
fed e : ]
=1
BIRE T, a
Proof of Theorem 9. 1)=2) f = X°YP-X"Y% € Ry ic2>2VT.in(f) € (in(Fy))
Ed B lDEE.>s OFELIVSB 1<i<j<rBboT
f=X;X"Y? - X, X"'Y*

LEIFB. To&E, Remark 5,5) £ 0 XYP € M([(z:) : z;]) . Eic Ged(X*, X7) =1
727 5. Lemma 10, 1) & v
Y? e M([(2)) : ,))
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L1 RELD S(YP) =4 #£5 5 Lemma 10, 2) &£

YA )YP) e Ag st B =5

LB, - T
IX,YP — X.YP € Gy and in(f) = X*Y? € (in(Gr))
)
(in(Ig)) = (in(Fy U GH))
TN

2) = 1) Lemma 11,2) & BHEOFEEL D
Ry=F UGy = =z? ..., 27 are weak-sequence (w.r.t. m).
BEANTRVAY Lemma 12 0 1 <1< j<ric20W T
[(z7) = 23] = [() : m]

2HErONERG. 22T [(27):2]]#[(z?):m] L LTFEEEL.
XYP & M([(z2): 22]\[(2?) :m]) OB/NTET Z. RELD. oy <1 TEYP) =4

7 13

THbd. D& & Remark 5,6) &b
XIXYP - XIXY eIy
bL.S(XY) #¢ moilE XV 2D(XY°) 0BPTETEERLS LI LD
(XY =¢

ELTEW. 40 XY ¢ M((z2) oy, <1Th 5.
T IT. Ged(X2XYP XIXTYE) = XrYY &L

XJZX"Y‘; = X*Y?XMY" and X2XY® = XFYVX MYV

LB, CDEE, gi= XHMY" — XY € Ry\ Fyg Eiro g€ Gy &18B. —HT
y,l(j)>0and Moy > 0 Xh o
X" = X; and o,y = 1
L7135, o T
Xyt e M(z;[(z;) : m]) € M([(z?) : m])
LD FE. O
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Corollary 13. k[H] % Cohen-Macaulay T 72> Buchsbaum ring ® & &

dim(k[H]) < hts(Iy) (ie. 7 <n)

Proof. k[H] it non Cohen-Macaulay 724> & Remark 7. & »
Gn# ¢
fe->T.3IYP . YP)eAy., CCT
n; = #{k€{1,...,7}| Bir) > 0}

&4 niF. Definition 8. D&H B-2) &0 B#0 K>S n; >0, fE- T,

r<dm
=1
LB, —HT (BA) Ged(YO, YY) =1, (k#1) TH-1h 5
Z’I’L,‘ Sn
1=1
£ -7T
r<n

4 codimension 2 ? Case (Z2WT

TR n=2 ® Case ic2 T k[H] » Buchsbaum &7 % [y ® minimal basis %*
EH 5.

[3] i€ & © Cohen-Macaulay & 752 & @ i3 ¥]-> T %% 5 non Cohen-Macaulay, Buchs-
baum iIC>2WTHO TRV, £ I TKRERT.

Theorem 14. n =2 O & & KRII[EH.
1) k[H] & Cohen-Macaulay <724y Buchsbaum ring .

2) dim(k[H]) =2 © Iy 127X ® minimal basis % #>.

b1 a;; —1 ,ai,+1 ai) +1 yai 15,1 a a b c
ywrt =X, X, LX) YT Y - XX X Y- XY

(2 2

}/2¢:~1y Y2c+1 _X

(&

IT.oa, az b, c€ Ny, {31, 2} ={1, 2}.
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D& E.HX2<(b+c, 0), (0, b+c¢), (arc—1, azc+1), (a;b+1, azb—1) > as semigroup .

UF.(htlg=)n=2<¢,L. EEOHXHO b HE>rH#fFE 4T 5. TITFg 2RD
subset 43 E(9 5.

Fir = {f€Fulin(f)=Y, be N}
Fy = {f€Fu|in(f)=Y5, ce Ny}
Fs = {f€Ful|in(f)=YYs, bc€NL}

CDEEF, # ¢ 1255 in(F,) © minimal element BEET 5. £ T T. in(F,)
(resp. F3, F3) ® minimal element % Y (resp. Y52, YPY®) &<, Eic, f € F,
(resp.Fa, F3) e 0Ty in(f) =Y (resp. Y52, YPYP) o & &4 f % Fy (resp.Fa, Fs)
@ minimal element & B35,

Lemma 15. k[H] %% Buchsbaum @ & &
(in(Fr)) = ()", Y32, Y, Y5)
Proof. (in(Fy), in(F,)) = (Y, Y2) £ 5. in(Fs) C (Y2, Y2, YPYS) svwih
&,
2T =Y YS — X € Fysuch that YRV ¢ (Y2, Y2, YY) S LCFEEEL.

(CDE&E . b<b,c<c; THDB. )
F3 ® minimal element %

fs=YPYP — X ¢ Fy
93, CoEE,REPS by>bandes<c THEhby<bandcy>c TRIFHIEK
5T,
63>band03<c 35 ¢
g:= )/lb;g—bf _ YZ —c3 f3 — Xa; Y2c-—c;, _ Xaylb;;—b c IH
Y27 YT o (in(Fy)) 7% 5 Theorem 9. &
in(g) € (in(Gu))

2T in(g) = XSV 45 & IXYE— X,YE € Gy b T X YE i3, X0y,
%% 3.
Eatsvie M((z;) o)) 225 Y € (in(Fy)) . B~ T

Yot € (in(Fy)) and c —cs + 1> ¢,

L Llecaa>08Sc—c+1<c<c THRIFAERSKL, X->TFE.
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in(g) = X°YP P ELCbEMICFET 3.

by <bandcz>c &L THE LA S Lemma 15, /R H 7. O
S(Yh) (resp. Y52, YPYS®) @ minimal element % XYy (resp. X©2Y?, X)) & L.
A=Y = XYy eF

fr=Ys = XY €F,
fz= Ylbsyzc3 — X €F;

EBL.
Remark 16. Z(X“Y) = ¢ (resp. X?Y®?) #2515 ¢; < ¢y (vesp. by < by)
Lemma 17. k[H] % Cohen-Macaulay T 7\ Buchsbaum ring @ & & dim(k[H]) =
2T

Gy ={X, Y2 — X,,Y,27'} where {4y, 12} = {1, 2}
Proof. Corollary 13. & » dim(k[H]) =2 HEATW%. &5z, Theorem 9. & ¥

XY - X, Y €Gy with b< by, c<c
WHBH., JDOEE,

Yy € M([(zi,) : m]) € M([(21,) : 1))
T&» B» 5. Remark 5,2) and 7) £ b

Y/t e (in(Fr))
& 7}& 5. ﬁé > T.

b+1>b,
IR=IN

b+l:bl
E7R3B,. BRRICL T c+l=c, bE A 3.

& & A5 Definition 8. @ B-1), B-2) ic &

(Y LY Yedy = (YWLY€ Ay
TS

Gy = {)(nYll"_1 - X,,Y27'} where {4, i} = {1, 2}
155,
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Proof of Theorem 14. 1) = 2) Lemma 17. & v dim(k[H]) = 2 © Gy =
(XY = X, Y527} where {01, 2} ={1, 2} TH3. CCT b=b—1, c=c—1¢&
& i} i Theorem 9, Lemma 15. & ©

fl — Y1b+1 _ XiqugnYZq € }'1
fz — Y2c+1 _ XimX;” Ylbz € F,
fs= YPYS - XX e F,
g= Xilylb_XizYZC €Gn

B Iy @ Grober basis TdH 5. I I T,
Y? € M([(z:,) : m]) C M([(2:;,) : 92])
25 YEY, € (in(Fy)). BB, Ylb“Yzc3 BYYY, 2o hidBsiRw. - T,
C3 =1

fr=1Y, — X{" X,"

% TR OD relation 2R 3.
Xi;fl _ Ylg — X,‘2Y1Y26 _ X21n‘,+1X:;1i2 Yzcx € IH

T <c+1THo-eho

ari, +1
t

X, Y - X X% ely
215, a, =045, (H-1),(H-2) eX9 5. #- T,
g =YiYsma — xpatixie Tl ey
b>0 X Y1 ¢ (in(f1))=(YP+1) TH3H» 5
c—c >0
L 78> TIRD relation 21§ 5.

ays, +1)(a1,-2 -1 € I
. . H

gl - YZC—CI—1f3 = Xflil XZ‘? Y'2C_q_1 - Xu 23
LT R(YS ) =4 TH B SBHU (H-1),(H-2) £ .

ail=a151+1, a,'2=a1z~2—1, c—c1—1=0

Lixs. Hb,
fl — Y1b+1 _ X?il_le‘i2+1Y2c—l

1 12
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L85, FRiICL T,
qs1+1
3]

f2 — Y2€+1 _ X

85, 5. f1, f2, f3, ¢ & Iy ® minimal Grobner basis Td 20 S5u(lyg) <4. —AT
u(Ig) <3 725 k[H] i Cohen-Macaulay &> TL & 5. - T,

aip =1y, b-1
X,m Y

u(lg) =4
£ - T fi, fa, f3, g K ® % minimal basis .
2) = 1) dim(k[H]) =2 T Iy 12X ® minimal basis 2> &3 3.

fi= PP - XPHXETIYR e Fy
f2 — Y25+1 _ X;1—1X52+1Y1b2 € }-2
= Y, - X' X7 € F3
g = X2Y2C—X]}/1b GQ'H

Z @ & &, Buchberger’s algorithm [1] it & » fi, f2 f3, ¢ & Iy © minimal Grobner basis
I8 5.

Z 2T Theorem 9. ®&H 2) ic& b (YL, YY) € Ay WD NIT L\,

& AW Iy © Grobner basis i3¥]-> T3 5 (B-1),(B-2),(B-4),(B-5) $8H». -
T. (B-3) ZH2r DRV,

YPe M([(z1) :m]) &4 5 &

XY — XA XEYAYS € Iy with S(Y'YS2) = ¢, dy >0
EAMN. DY) =¢ 5 dy =0 &7 D monomial ordering D FEHH 5
X2Y1b € (in(Iy)) = (Y1b+1: Y3, Y1 Y, X5Y5)

LI FE.
Yy € M([(z2) m]) ELTCHEBLTFET 255

(Ylba Yzc) € Ay

UL E# 5 Theorem 17. O EEENE A 12,

D& H 0BT ERD S, H=Y!_ Nh £20T
hl = (dh 0)) hZ = (01 d2)a h3 = (d317 d32)) h’4 = (d41) d42)
EB L & relation f3 € Iy 25

hs + hy = ar1hy + azh,
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?}t’)f\
d,h‘ = a,-d,' —d3,' for 1= 1,2

Ehit A, IR relation g € Iy £ 0.
h2+Ch4:h1+bh3

Kb
bds; = cdy —dy
bdsg = Cd42 + dz
J: el T ~
bdgl = c(a1d1 - dgl) —_ d1
bdgz = C(Clgdz — d32) + dg
L, IhExFEHi &

d31 = ﬁz(alc—l)
dgg = 5%22(020—{"1)

2183, BlcInx2B¥ O relation icfRA T 1 id

d41 = b_d{f‘c-(alb + 1)
dig = ﬁ;(azb —-1)
L1835, £IT.
T: Q@ — Q- Q-isomorphism

(,g) +— (b+c)(p/dr, q/d2)

L+ IR D semigroup PEIEINE SN B,

H2T(H)=<(b+c, 0), (0, b+¢), (aic—1, agc+1), (a1b+1, azb—1) >

2% X
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