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On growth estimates for Fourier coefficients of Jacobi forms and

an application

by

Winfried Kohnen

Introduction

In §1 of this note we shall briefly discuss some results and
open questions about growth estimates for Fourier coefficients of
Jacobi forms. In §2 we shall indicate an application to estimates

for Fourier coefficients of Siegel modular forms of genus two.

§1. Estimates for Fourier coefficients of Jacobi forms: results

and open questions

Let ¢(t,z) be a Jacobi cusp form of weight keZ and index melN
on the Jacobi group SLZ(Z)N 22, i.e. ¢ is a complex-valued holo-
morphic function on HxC (where H denotes the complex upper half-

plane) satisfying the two transformation formulas

at+b A : k . cz? ab
¢ Cgremg = (c1+d)exp (2mim_—=) ¢ (1,2) (‘d(C 3T
and
(1) é(T,z+A14u) = exp(-2mim(A21+212)) ¢ (T,2) (¥ (A, u)ez?)

and having a Fourier expansion

21i(nT+rz)

dp(t,z) = ZE c(n,r)e

n,reZ,r?<4mn

with c(n,r)ec [1,81].
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In the following we shall set

D:=r2—4mn.
Formula (1) then implies that the Fourier coefficients c(n,r) de-
pend only on D and the residue class r (mod 2m).

We shall be interested in estimates of the type

c(n,r) << IDIC

é (IDl = =),

where the exponent c>0 only depends on k.

Note that that there are natural linear maps defined on Fou-
rier coefficients from Jaqobi forms of weight k to elliptic modu-
lar forms of (half-integral) weight k—% [1,§5]. Although these
maps in general are neither surjective nor injective, one may hope
that most results or conjectures about estimates for Fourier coef-
ficients of modular forms of half-integral weight should have na-
tural "pendants" with essentially the same bounds for Jacobi forms.

k/zexp(-Zﬂmyz/v)[¢(T,zH

Using the fact that the function v
(where v=Im(t), y=Im(z)) is bounded on #H¥C¢ and applying the classi-

cal Hecke argument one immediately finds that

c(n,r) << lD}k/Z.

¢

Note that here the Hecke argument applied to the Fourier coeffi-
cients a(n) (neWN) of a cusp form f of weight k—% gives the better

exponent k/2-1/4, i.e.

(2) a(n) <<f nk/2—1/4-
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Spaces of cusp forms of weight >2 on congruence subgroups of
SLz(Z) are generated by Poincaré series. As is well-known, the
Fourier coefficients of the latter can be explicitly expressed as
infinite sums whose general term is the product of an ordinary
Bessel function and a Kloosterman-type sum. Using obvious bounds
for the Bessel functions and bounds é‘la Weil for the Kloosterman
sums one arrives in this way at bounds for the Fourier coeffi-
cients of elliptic cusp forms which in general are much better
than those obtained from the Hecke argument.

The above method can also be applied in the context of Jaco-

bi forms and leads to

le/2—1/2+€

(3) c(n,r) << l (e>0)

d,e

if k>2 (for references cf. §2). A similar result with the same
exponent is known for cusp forms of weight k—% [3,81]. In both
cases the Kloosterman-type sums which arise can explicitly be
evaluated in terms of Salié sums. Note that Iwaniec in [37] used
the latter fact together with some sophisticated estimates for
sums of Salié sums to show that actually (2) for n squarefree and

k>2 can be improved to

(4) a(n) << co(n)(log 2n)

k

where oo(n) is the number of positive divisors of n, |[{fll is the
appropriately normalized Petersson norm of f and the

constant implied in << only depends on k. We expect that using
Iwaniec”s method one can prove a similar result as (4) for the

coefficients c(n,r) of ¢ if D is a fundamental discriminant (i.e.
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is the discriminant of a quadratic field) and k>2.

Let us mention that a classical theorem of Landau ([8], cf.

also [9])) when applied to the Rankin-Dirichlet series of a cusp

form, usually also implies estimates for its Fourier coefficients.
In general, however, when used just like that it does not seem to
give better bounds than the method of Poincaré series and

Kloosterman sums, so we do not discuss it here.

Finally we would like to point out that there is the analogue
of the Ramanujan-Petersson conjecture for modular forms of inte-

gral weight which predicts that

k/2-3/4+¢

(5) c(n,r) << |D} (e>0)

9,¢€

provided that D is a fundamental discriminant (if k=2 one has to-
suppose that ¢ lies in the orthogonal complement of the space of
theta functions). Note that by Waldspurger’s results [11] applied
in the context of Jacobi forms [2,Chap.II,§4), the inequality (5)
for an appropriate Hecke eigenform ¢ in case (D,m)=1 is equivalent

to

€

(6) LF(k-T,xD) << [ DI (e>0)

F,c

where F is the normalized newform of weight 2k-2 on Fo(m) which
corresponds to ¢ under the Skoruppa-Zagier 1lift [10] and LF(s,XD)
denotes the Hecke L-function of F twisted with the quadratic
Dirichlet character XD of conductor D. Inequality (6) can be

viewed as a generalization of a well-known conjecture on the
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values L(%,XD) (where L(S,XD) is the Dirichlet L-function attached
to xD) and -in fact- is the main motivation why one should expect
(5) to be true (thus the motivation here is rather different from
that in the integral weight case). Similar remarks as above, of
course, apply in the context of modular forms of half-integral

weight C3,s811. -

§2. An application

The proof that leads to the estimate (3) -when carefully ana-
lyzed~- in fact, shows that

1/2 lDlk/2—3/4

1/2+€>
m(k-T)/2

(7)  eln,r) <<y (m+ IDi ol (e>0)
where \I|¢ll is the usual Petersson norm of ¢ [1;§2] and the con-
stant implied in << depends only on ¢ and k (6,§1;7,81) . The impor-
tant fact here that we want to make use of in the context of cusp
forms of genus two, -besides of the appearance of the norm of ¢
(compare (4))- is the appearance of an appropriate power of the in-
dex m in the denominator on the right-hand side of (7).

ILet F be a Siegel cusp form of weight k on SpZ(Z) and denote
by a(T) (T a positive definite symmetric half-integral (2,2)-
matrix) its Fourier coefficients. Recall that F has a Fourier-
Jacobi expansion

F(z) = EE ¢m(T,z)eZWimT’ (Z=(; i,)sH2:= Siegel upper

mx1
half-space of genus two),

where the coefficients ¢m are Jacobi cusp forms of weight k and

index m [1,§6].
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n r/2
r/2 m

(n,r)-th Fourier coefficient of ¢m. By Theorem 2 in [6] we have

If we write T=( ), then by definition a(T) is the

mk/2—2/9+€

e (e>0)

Mol <<p

(the proof is based on Landau’s method mentioned above applied to

-S

the Dirichlet series 2: H¢mH 2m which was introduced and

m2>1

studied in [51). From (7) we therefore easily infer that

8) al(T) <p . m5/18+€(m+lDl1/2+2€)1/2|D|k/2_3/4 (£50) .
4
The estimate (8) implies that
(9) a(r) <<, _ (det m)k/2713/36%e (£>0) 3
14

in fact, both sides of (9) are invariant if T is replaced by U TU
with UeGLz(Z), hence we may assume that m=min (T), where min(T) is
the least positive integer represented by T, and then in (8) use

1/2

that min(T) << (det T) by reduction theory.

Note that (9) is somewhat better than Kitaoka”s bound

k/2-1/4+¢

a(T) << (det T) (e>0)

F,e

(cf. T4]) obtained previously by the method of (Siegel-) Poincaré

series and (matrix-argument) Kloosterman sums.
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