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On the volumes of integral convex polytopes satisfying

certain conditions
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Let P be an integral convex polytope in R", i.e., P s
the convex hull of finite points of Z". Assume that dim P =
n and that Int(P) n Z" = {0}. Then the dual polytobe P* := ¢
vV € Rn | <v,u> 2 -1 for’all ue P} is the convex hull of

finite points of @". Let Xp be the union of X :=

Spec@[(RZOF)* n Z"] for all faces F of P, where (RgoF)*

{v € R"™ | <v,u> 2 0 for all u e R,F }. Then Xp is a
compact toric variety- whose anti-canonical divisor is ample
and (—KXP)n = n!vol(P*). On the other hand, Hensley[3] showed
that the volume of P has a upper-bound K(n). However, K(n)
is much greater thanv the volume of the following example Pm

first given by Zaks, Perles and Wills[4] and no examples are

known whose volumes are greater than vol(Pm).

Example. Assume that n 2z 3. Let yp = 2, ¥y9 = 3 and Y =

Yi¥g e+ Y-y * 1 for k 2 3. Then yIl toee. * y;fl t Yy, -

-l o= 1. Let P be the convex hull of the n + 1 points

Yy -1,-1, voo =1, Y(-1,y0-1,-1, ow -, e, Ye1, L,

_1:yn_1_1s-1)! t(—ly LI ,‘1,2(}’“"1)"1), t(-ls—ls LI 3"1)-
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Then  Int(P ) n Z" = {0}, Py is integral and vol(P ) =
1

'n—ryl oo yn_12(yn—1)

2 (y,-1)2.

In this note, we show that the above example has the maximal
volume among n-dimensional integral convex polytopes satisfying

certain additional conditions, if n 2 3.

Theorem. If n 23 and P 1is an n-dimensional integral
simplex in Rn such that Int(P) n Z" = {0} and that p* is
also integral, then vol(P) £ vol(Pm).

Remark. (1) If P is a simplex, then XP is isomorphic to
the quotient of Pn under the action of a finite subgroup of
(¢*Hh, (2) Xp is Q@-factorial, i.e., Xp is a @-Fano
variety, if and only if each (n-1)-dimensional face of P is

a simplex. In particular, if P 1is a simplex, then XP is a

Q-Fano variety.

Assume that n 2 3. Let P be an n-dimensional integral
simplex, i.e., P is the convex hull of n + 1 points U, Ug,
and u,,, of Z" such that wu; - up,;, Uy = Up,gs +e-

and Up = Upyg are 1linearly independent. Assume that
Int(P) nZ" = {0}. Then the dual polytope P* is the convex
hull of the n + 1 points Vis Vg see s Voo of Qn defined

*

by <Vj’uk> = -1 if j # k. Also assume that P is integral,
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i.e., vj € Zn. Hence aj HES <Vj’uj> + 1 are positive
integers. Let wu, = aIlu1 + aalu2 tee. agilun+1. Then

_ _a1 _ _ a1 -1 _ R | -
<vj,u0> = -ay oo a1 * o2y (aj 1) 8511 oo ans1 =
1 - {E:%agl for all j. Since 0 € P* = ViVg <+ Vpepr We
have:

Pt - -1 -1 -1 _
Proposition 1. Uy = 0 and ap” tagt t ... tapiy < 1.

1

Proposition 2. vol(P) £ m

3.1&2 e o 0 ano

Proof. Let L be the sublattice of Z" generated by u; -

and u. - u Then nl!vel(P) = [Z™:L].

Upnsegs Ug = Upyqy eee n n+1°

On the other hand, <Vj,aE1(uk—un+1)> = Sjk for 1 g j, k £ n.

Hence the Z-module M generated by aIl(ul - un+1),
agl(u2 - Upeq)s cos and agl(un - Up,q) contains z".
Therefore, [Z":L] £ (M:L] = 8189 +e. An. q.e.d.

Hence the theorem follows from the following proposition.

be positive

1 -1
a9

Proposition 3. Let a;, ag, .«. and an+1

+ +

integers  such that aq < aq € ... £ an41 and that aI

-1

LI ) + &n+1

= 1., Then 8189 eee A, S YYg oo yn_12(yn-1).

For the proof we need the following two lemmas.
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Lemma 4. Let a1, a9, ««. and an+1 be those as in
Proposition 3. Then there exist positive integers bn_1 and
bn satisfying the following three conditions.

(Cl) anj_q» by s b
(c2y bply + brt g el warl wanlocptlow b -7
(C3) 2b,_4b, 2 a,_qa,.
Proof. Since n 2 3 and ah-9 S a,_1, We have an-1 2 3.
1 -1

There exists a integer q greater than 1 such that q * g a

because a_ £ a Hence if

-1 -1
+a,,; < (g-1) . Then 2q 2 a,, n = 2ah:1

q 2 8h_-1> then bn—l = an. and bn = q satisfy Cl, C2 and C3.

-1 -1 -1 -1
Now assume that g < an-1° Then an_1 *tap *foapyg > Zan_l.

(1) First, we consider the case that an_1 is even, i.e.,
2r for a positive integer r. Then r1 o« agll + agl +
< 1. Hence there exists a positive integer b such that

n
b = r and b satisfy C2 Since r-1 + a7l = 2571 + all
n-1 n ° n n-1 n

-1 v oaZl 4l we have b, 2 a,. Hence b, _; and b,

n-1 n n+1? n

v
o

satisfy Cl and C3.

(Il) Next, we consider the case that an-1 is odd, i.e.,

ap_q1 = 2r + 1 for a positive integer r. Then q g 2r.

n
-1 -1, -1
n-1 " &n * &pn+y

(i) Assume that q < 2r. Then 1 > a 1

v gz (ar+ey”l v (2r-1)7°

2 (2r+1)”
> r L, Hence there exists a

positive integer b, such that b, _; =r and b, satisfy C2.
1

since (r !+ (ay + DL - qarl v arl + a = ((2r+1)” 1 -
-1 1

n-1 n n+1)
-1 - -1 -1
an+1) + (r “(2r+1) an (an + 1) ) > 0, we have bn 2 a, +
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2. Hence bn~1 and bn satisfy C3, because 2rbn - aj_12, 2
2r(an + 2) - (2r+1)an = 4r - a, 2 4r - 2q > 0.

(ii) Assume that gq = 2r. Suppose that r = 1. Then q_1 £1 -
arly - apl g1 - 2¢2r+1)™! = 37h Hence r = § > 1. (ii-D)
Assume that r~l ¢ a;ll + agl + a,,;1- Then there exists a
positive integer bn such that bn—l = r and bn satisfy C2.
since apl, + arl +all < (2r+n7h o+ (2r-17 = arcar?-nl -
r1 oy r_1(4r2—1)'1, we have b, > r(4r2-1) > 2(2r+1). Hence
2rby, > (2r+1)4r 2 anh_12n° Therefore, bn—l and b, satisfy Cl1

Ce s -1 -1 -1 -1 .

and C3. (ii-ii) Assume that an-1 ta,  *t ajy; S r . Since
(r + 7L < (2r + 1)1+ (2r)71 = a;ll + q—l, there exists a
positive integer bn such that b,y = r + 1 and bn satisfy

C2. Then b, 2 r(r+l), because r ' = (r+1)71 + r7l¢r+1)7l,

Hence b and b satisfy Cl. Moreover, 2b b 2 2r(r+1)2

n-1 n n-1"n

> (2r+1)4r 2 an_18,> if r 2 3. Finally, we consider the case
that r = 2. Then an £ 2q = 8. If an £ 7, then 2bn-1bn 2
- ~1 -1 -1 -1

2.3.6 > 35 2 an_128n- If an = 8, then ap_q tap toapyg £ 5
+ 871 + 871 - 9/20. Hence b, 2 (9/20 - 1/3)"1 > 8.  Theretore,
2bn_1bn 2 2.3.9 > an-18n" g.e.d.
Lemma 5. Let 81, dg, .. and a, be positive integers
such that ay < aq S «.¢ & an. iIf aIl + agl + eee + a;l < (
resp. £ ) 1 £ ( resp. <) aIl ¥ oaa. 4 3511 + (a, - 1)~1, then

8189 +ev A, S Y1¥g «v. ¥, ( resp. Yi oo yn-l(yn - 1) ).
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Proof. In the case that n = 3, it is easy to verify the

lemma. So assume that n 2 4.

Sublemma. Let ¢ be a positive real number not greater

than 1/2, 1let a, b, ¢ and d be positive integers with ¢ g

d. Assume that a~!l + b~ ! ¢ ( resp. £) € & (a - 1)_1 and
that e’ v a7l o« ( resp. £ ) £ £ ( resp. <) el 4 (d - 1)"1.
Then ab 2 cd.

Proof. Since a ! + b™! g (a - 1)"!, we have b 2 a(a - 1).

Clearly, a £ c. If a = ¢, then b 2 d and hence ab 2 e¢d. So

assume that ¢ - a 2 1. Since a l v+ plcels (- 1)'1, we
have b > ae(d - 1)(a(e+d-1) - c(d—l))_l. Hence ab - ed >
c(d((c-a)(d-a) - e¢) + a(d-a))(a(e+d-1) - ec(d-1))"1. Here we
note that a(e +d - 1) - e(d - 1) > 0, because a”l ¢ el (d
- 1)"1. Hence if E := (¢ - a)(d - a) - ¢ > 0, then ab > ecd.
Since ¢ - a 21, if d 2z a + ¢, then ab > ed. So we assume

that d < a + e. Since (a - 1)'1 2 el v g7l sy o1 (20)_1,

we have ¢ - a > % - 1.

(1) First, we consider the case that ¢c - a 2 3. Then
(¢ - a)2 2 3(c-a)>c-3. Hence E > (c - a)(d - a) - (¢ -
a)2 -3 =(e - a)(d -ec) ~3 2 (e - a)d-c¢ - 1), Therefore,
if d > ¢, then ab > ed. (i) Assume that ¢ = d 1is even,
i.e., ¢ =d = 2r for a positive integer ©r. Since r o= el

a-l < € s el (d - 1)_1 < {r - 1)-1, a=7r or r + 1. When



a = r + 1, ab 2 a%(a - 1) = r(r + 1)%2 2 (2r)% = ed. When a -
r, b lgse -l eyt v 2r - )b - b= a7 leer -
1)"1.  Hence ab 2z 2r?(2r - 1) > (2r)2 = ed, because r = § 2
§§§ > 2. (ii) Assume that ¢ =d 1is odd, i.e., ¢ =d = 2r + 1
for a positive integer r. Since (r + 1)'1 < e 1 4+ gl s € s
el 4 (d - 1)"1 < r—l, a =r + 1. Hence bl S g - a~l s el 4
(@ - 171 - a1l = (3r + 1)2r(2r + 1)(r + 1))"1. Therefore, ab
2 2r(r + 1)%(2r + 1)(3r + 1)"1 > (2r + 1)2 = cd, because r 2

3.

(I1) Next, we consider the case that ¢ - a = 2. Since a 2
3 and % - 1< e -a =2, we have 5 £ ¢ £ 8. (i) When ¢ = 8
( resp. 7 ), d < a + ¢ =14 ( resp. 12 ) and b 2 a(a - 1) = 30
( resp. 20 ). Hence ab 2 6-.30 > 8.14 > c¢d ( resp. ab 2 5-20 >
7.12 > ed ). (ii) When ¢ = 6, ab 2 a®(a-1) = 48. If d < 8,
then cd < ab. If d 2 8, then E 2 2(8 - 4) - 6 > 0 and hence
ab > cd. (iii) When ¢ = 5, a = 3. If d 2 6, then E 2z 2(6 -
3) -5>0. If d=5, then bl gel +(a-1"1 -al=17/60

< 1/8 and hence ab 2 3.9 > 5.5 = ed.

(I11) Finally, we consider the case that ¢ - a = 1. Since
a 2 3 and % -1 <1, we have 4 S ¢ £ 5. (i) When e = 5, b 2
aa - 1) = 12 and d < a + ¢ = 9. Hence ab 2 4:12 > 5.9 >
cd. (ii) When ¢ = 4, b 2z 6 and 4 £ d < 7. If d4d = 4, then
ed = 4.4 < 3.6 gsab. If d =25, then b} ¢el + (a- 11 -

-1

a 1/6 and hence ab 2 3.7 > 4.5 = ed. If d = 6, then b~

H

< 7/60 < 1/8 and hence ab 2 3.9 > 4.6 = cd. q.e.d.
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Proof of Lemma 5 continued. Suppose that aIl + agl + e

+ a;I < ( resp. £ )1 £ ( resp. <) aIl I agll t(a, -
-1

1) and that 8189 «.. ap > Y1Y¥g9 +++ ¥p ( resp.
Y1 o yn—l(yn - 1) ). Let g =1 - aIl - .. - a;£2. Then
3511 + agl < ( resp. £ ) g€ £ ( resp. <) a;ll + (an—l)—l
and g £ %, because n 2 4. Hence we may assume that azl + agl
+ ae. * agfl <1 g aIl el * a;12 + (a1 - 1)'1, by using the
above sublemma repeatedly. On the other hand, (an - 1)'1 2 (
resp. > ) 1 =~ aIl - aEl - ..o Ay 21 - yIl - ygl - e -

Ynt1 = (vp - D7, by [1,2]. Hence a s y, ( resp. £ y, -
1 ). Therefore, 8189 +.. ap 4 > Y19 e« Yp-1-° By the’

induction for n, we have aj8083 > YY9¥Vg, @ contradiction.

qg.e.d.

Proof of Proposition 3. By Lemma 4, there exist positive
integers bn—l and bn such that bn = maxi{ bj Il 1 £j £ n i,
that b7l + b3l o+ ooe bl g byt oo v bzl v b -7
and that 2b,_;b, 2 a,_;a,, where by = éj for j = 1 through
n-2. Hence 8189 ... a, < 2b1b2 .o bn 4 2y1 eee Yuo1(¥yy~1), by

Lemma 5. q.e.d.
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