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Abstract
We investigate singular points of the invariant density for a class of multi-
dimensional maps with finite range structure. In particular, we concentrate on
maps with countably many discontinuity points which do not satisfy Renyi’s
condition and do not necessarily satisfy the Markov property. Such maps
occur from number theory quite naturally. Under some conditions, we show
that indifferent periodic points must be singular points of the invariant density.

1 Introduction

We consider multi-dimensional piecewise smooth maps which are almost expanding.
These maps generally do not have the Markov property, but they have a similar
structure,which we call a “finite range structure”(FRS) and leads to a nice countable
state symbolic dynamics[22]. Many examples of such maps come from number theory
(see section 4). The maps we study are typically only C'-smooth, and they need
not satisfy Renyi’s condition( uniformly bounded distortion for all iterates).

In [4], sufficient conditions for the existence of absolutely continuous invariant
measures were given for systems with FRS. Before [4], analyses of absolutely con-
tinuous invariant measures appealed to Renyi’s condition and to the Markov prop-
erty(e.g.[1],[2],[3],[6],[8],[9],[11],[15],[19],[23] ,[25]), both of which may fail(with in-
teresting consequences, as we will see) for systems with FRS. If Renyi’s condition
holds, then the invariant density obtained is bounded. However without this con-
dition, the invariant density of the finite measure may be unbounded (see section
4).We study singularities of the invariant density ( see the definition in section 3)
and relate them to the existence of non-hyperbolic periodic orbits.We also provide
a sufficient condition for the validity of Rohlin’s entropy formula.

We now establish some notation and recapitulate some definitions. We say a
map T on a bounded domain X C R has a “finite range structure”(FRS) if there
exists a countable partition Q@ = {X,}.cr of X and a collection of finitely many
subsets of X, {Uy, Uy,...,Un} such that
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1. each X, is a measurable, connected subset with piecewise smooth boundary

and intX, # @,
2. each U, has positive Lebesgue measure,
3. for each X,,T|x, is injective, of class C! with det DT|x, # 0,

4. if intX,, Nint(T7'X,) N ... Nnt(T VX, ) # 0, let X, 0, = X, N
T-'X,,N...nT--1X, . Then T"X,,. ., = Uy for some k € {0,1,...,N}.

Remark A Here a partition means a collection of disjoint sets. In 2, U, can inter-
sect U; for j # k, and in particular one of the U can be equal to X. In 3,
det DT|5x, = 0 is possible. When we say a function is C! on X,, we mean it
agrees on X, with a C! function defined on a neighbourhood of X, in R4.

If there exists a constant C(> 1) such that

up.cx,, ., | det DT™(z)|

C
infocx,, .. |det DT(z)]

for all n > 0 and all X,,. ,,, then we say T satisfies Renyi’s condition. If int(X, N
TX;) # 0 implies X, C T X, then we say T has the Markov property.

In section 3, we explain that indifferent periodic points must be singular points
of the invariant density, and we discuss the characterization of non-singular points.
In section 4, we apply our theorems to examples on which precise discussions are
shown in [21]. In section 5, we consider Rohlin’s entropy formula. Proofs of our
results of section 3 and of section 5 are given in [21].

2 Notation and preliminary results

We call X,, . .. a cylinder of rank n with respect to T. L™ denotes the family of all
cylinders X,,. ,, of rank n and £ = U2, L". For constant C > 1,X,,. ,, is called
a R(C.T)-cylinder of rank n if

Sup,cx. | det DT"(=z)| c
1.--Gn < i
in-fzexa,...a. | det ‘DT’.(:B)I

R(C.T) denotes the set of all R(C.T')-cylinders. We say that a cylinder X, ,, satis-
fies the local Renyi condition for C if for all cylinders X, ;,, such that Xy, 4,.4,...00 €
L™ Xy, boayan € R(C.T). We say that T satisfies the local Renyi condition if
there exists a constant C(> 1) such that R(C.T) is not empty and for all X,, ,.€ R(C.
satisfies the local Renyi condition for C. We call the constant C' a local Renyt con-

stant. For z € X and n € N, we define

SUPyc x,,...an(z) | det DT™(y)|

C =
(M) = x| 3 DT(3)]




where X, ..(z) is the unique cylinder of rank n containing z. As C(n, z) is constant
on X,,. ..(z), we sometimes denote by C(a; ...a,) the constant. For point z € X,
if there exists a constant C > 1 such that for Vn > 0,3i,(> n) so that C(i,,z) < C,
we call the point z a limit point of R(C.T)-cylinders. For C > 1, we define

DI ={Xy.4, € L5Xu..a,¢ R(C.T) for all j =1,2,.,4}

D= U ZXaoan

Xa,...a;evﬁc’

B;(C) = {Xbx...b.' € £i;Xbl...bi_1 € D:(fzixbl---bi € R(C‘T)}’
and
B,(C) = U Xby..b;

Xb]...b"evgc)
In particular, for i = 0 we define Dy = X. We sometime write v, for (T|x,)" and
"pa]...a., for (Tnlxdl..‘ﬂg)_l.

Theorem 2.1 Let T : X — X have a FRS and satisfy the local Renyi condition
, and let @ = {X,}.cr satisfy the generator condition, i.e., VX_o T ™Q = e(e is

m=0

the partition into points). Assume that the local Renyi constant C(> 1) satisfies the
following:

1. (transitivity condition) for all j € {0,1,.., N}, there ezists a cylinder Xoy..au; €
R(C.T) such that X,, war; C U; and T'J'X,,,___a',j =X,

2. T2, M(DEC)) < 0o , where X is the normalized Lebesgue measure.

Then there exists a finite , ergodic invariant measure p which is equivalent to A, and
with respect to p T is ezact.

(cf [4],[20]).
Remark B If we replace the condition 2 by the weaker condition

lim A(D{®)) =0

n—00

, then we still have an ergodic invariant measure which is equivalent to A. This
measure need not be finite (although it will be o-finite)(see[4]).

Remark C The finite measure p of Theorem 2.1 does not depend on C ( in par-
ticular the invariant density of x does not depend on C) (cf [24]).
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3 Singularities of the invarinant density

In this section, we assume that T satisfies all assumptions of Theorem 2.1. We say
a point zy € X is an indifferent periodic point if there exists a p > 0 such that
TPzy = zo and |det DT?(zo)| = 1. A point z € X is called a singular point of a
measurable function f if Ve > 0 the essential supremum of |f| on B,(z) is infinite,
where B,(z) is a e-neighbourhood of z.

Theorem 3.1 Suppose z¢ ts an indifferent periodic point, and
(M) z0 ¢ (Uj‘v=o OU;\ U,er 0X.)-

Then zq is a singular point of the invariant density of u.

Remark D If T satisfies the Markov property , then 8U; C U,c; 80X, for every j
and so the condition (M) is automatically satisfied.

The following results are needed to prove Theorem 3.1.

Proposition 3.1 If zo is an indifferent periodic point, then for the local Reny:
constant C, ¢y € D(C),

n=0 ~“n

Lemma 3.1 If zy is an indifferent periodic point, then lim,_,o C(n, o) = co.

Lemma 3.2 If 2o is any point such that lim,,_,,, C(n,zo) = oo, then for the local
Renyi constant C, there ezists a number No(C) such that T"zo € N2y DLC) for all
n > No(C). In particular, if zo is a periodic point, then zq € N, D(C).

Let S be the set of all singular points of the invariant density of x, and P be the
set of all periodic points for T. We remark that a point zo in P with period p
satisfies | det DT?(zo)| > 1. In fact, the generator condition does not allow the case
that | det DT?(z,)| < 1. Now we ask , is the converse of Theorem 3.1 true? Some
examples in the next section show that the answer is no! A singular point of the
invariant density is not necessarily a periodic point (Examples 7,8). A singular point
of the invariant density which is periodic is not necessarily an indifferent periodic
point( Examples 5,6,7,8). In general, it is unclear how to characterize singular points
of the invariant density. For limit points of R(C.T') -cylinders, we can obtain the
following answer:

Theorem 3.2 A limit point ¢ of R(C.T)-cylinders is a singular point of the invari-
ant density of u if and only if

f: Z | det Dapq,. 4, (z)| = o0

n=0 -xdl w.dp €Dxn



For some class of one-dimensional piecewise C%-smooth Bernoulli maps, it is possible
to characterize completely the singular points of the invariant density by indifferent
fixed points, that is, Renyi’s condition holds iff there is no indifferent fixed point
(Thaler [18]). However, under C2?-smoothness, the existence of an indifferent fixed
point leads to an infinite ergodic absolutely continuous invariant measure([17]). On
the other hand, in our setting the invariant measure which we obtain is a finite
measure. In fact, our one-dimensional example in section 4 which satisfies all as-
sumptions of Theorem 2.1 does not have C2-smoothness on any neighborhood of an
indifferent fixed point(Examples 3,7). In all multi-dimensional examples of the next
section, at a singular point zy of the invariant density the derivative has at least
one eigenvalue of modulus one, and sup,., C(n,z) is infinite. So we can ask, for
example

Question 1 Can arepelling periodic point (i.e.,all eigenvalues of the derivative have
modulus strictly greater than one) of a piecewise C! map satisfying conditions
of Theorem 2.1 , be a singular point of the invariant density?

The following result is a possible tool for approaching Question 1 when the domain
of T is one-dimensional.

Corollary 3.1 (One dimensional case) Let TPzy = 2o, |(T?)'(zo)| > 1 and as-
sume that there exists € > 0 such that T restricted to a e-neighborhood of zo is of
class C?. Then sup,., C(n,zo) = Cy < 00. If Cy < C, then conditions of Theorem
3.2 are satisfied ,and so

i Y. |det Dy, a.(20)| < 00

n=0 Xg,. .4,€Px
iff 2o 18 a non-singular point of the invariant density of u.
We use Corollary 3.1 for analyze Example 3.

Remark E A possible class of maps satisfying the conditions of Corollary 3.1 are
piecewise expanding maps which have smoothness of the class 1 4+ o at the
endpoints. Such behavior occurs for Lorenz-type maps.

Question 2 For a repelling periodic point, is sup,5o C(n,2,) finite? (In the case
of direct product of one-dimensional maps,there is a partial answer (Corollary

3.1)).

Question 3 When P consists of repelling periodic points, can the invariant density
have singular points?

41
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4 Examples and applications

In this section, we will first show some examples which satisfy the assumptions
of Theorem 3.1,and thus have ergodic finite invariant measures with unbounded
densities whose singular points are indifferent periodic points. Examples 1, 2, and
4 are number theoretical two-dimensional maps. Example 3 is a one-dimensional
map which does not relate to number theory. This is also one of examples for which
we can verify the condition of Theorem 3.2 to use this result. As we mentioned in
section 3, this example suggests that the appearance of indifferent periodic points
does not necessarily lead to infiniteness of our invariant measure without (piece-wise)
C?-smoothness. In the case of two-dimensional map, even if C?-smoothness is valid,
from Example 4 we can say the same fact as in the case of one-dimensional map.
Next we will show some two-dimensional examples which suggest that the singular
points of the invariant densities are not necessarily indifferent periodic points. All
of examples 5,6, and 7 have singularities of invariant densities at periodic points
with period p which are not indifferent, but at these points the derivative of p-th
powers have at least one eigenvalue of modulus one. The last example, 8 shows that
singular points of the invariant density are not necessarily periodic.

Example 1 (A skew product two-dimensional map which is related to
Diophantine approximation in inhomogeneous linear class)

Let X = {(z1,2z2) € R2:0< 2z, <1,—2z; < z; < —z3+ 1}. Define T on X by
T(z1,22) = (1/z1 — [(1 — z2)/21] = [(22/21)], [ (22/21)] — (22/21)).

The invariant density of the finite invariant measure of 7' is :

1
2log2(1 — z,2)

h(zl, z2) =

([5]), so the singular points of the density h(z;,z;) are (1,0) and (—1,1). These
points are periodic points with period 2 and are indifferent.

Remark F In this example, the local Renyi constant is unique. In fact, under
the assumptions of Theorem 3.1, the appearance of the indifferent periodic
points gives us to the following condition for the local Renyi constant C: C' <
inf{C(n,z) : n > 0,z is an indiffrent periodic point }.

Example 2 ( A real two-dimensional map which is related to a complex
continued fraction expansion)

Let X = {z = zja+ za@: —(1/2) < 21,23 < 1/2}(@ = 1 + 1) and define T on X
by Tz = 1/z — [1/z];, where [z]; denotes [z, + 1/2]a + [z2 + 1/2]a@ for a complex



43

number z = 20 + zoa@. Let the index set I be ; I = {na+ ma : m,n € Z}\{0}. T
induce a continued fraction expansion of z € X,

1

1 )
—1
“ut art——7—

“ant...

z =

where each a; is contained in I.( Figure (1)). 7 has indifferent periodic points+2,
+21, and the invariant density which was obtained by S.Tanaka([16]) has singularities
at these points and no others.(Figure(2)). He showed by his own method that
finiteness and ergodicity of the invariant measure. On the other hand, T satisfies
all assumptions of Theorem 2.1 and 3.1.Further dynamical properties (for example
weak Bernoulli property) are discussed in [20]. So about this example, we omit
further details.

Example 3 (A one-parameter family of maps on the interval [0, 1])
Let X = [0,1] and for o with 0 < & < 1 define

falz) = TRy on Xo = [0, (1/2)!/°)
* (1/2)7/a—1 + 1—(1/12)1/«: on X, = [(1/2)1101’ 1]

In the case of a direct product of one-dimensional maps, if one of the Invariant
densities of the maps gives an infinite invariant measure, the direct product has
an infinite invariant measure, too. The next example is defined by using a one-
dimensional map with an infinite invariant measure, but the map itself has a finite
invariant measure with unbounded density.

Example 4 ( Two-dimensional map which is related to Brun’s algorithm,“B:
mapﬁ’)

First, we define a one-dimensional map T : [0,1] — [0,1] by

_| & onXo=[0,1/2)
Ti(=) = { 1-1 onX;=[1/2,1]
(Figure (3)).
Now ,we define Brun’s map T. Let X = {(z1,2;) € R%; < 2z, < z; < 1}, and let

for 1 € {0,1,2}, X; = {(z1,22) € X;2; + 21 > 1> 2,41 + 2.}, where we put zo =1
and z3; = 0. T is defined by

(Tl(zl)’ '1_2;) on Xp
T(z1,23) = (Tu(21),2) on Xy

52 T]_(ﬁl)) on Xz

z1?



(Figure(4)). Note that 7(0,0) = (0,0) and | det DT(0,0)| = 1, so (0,0) is the indif-
ferent fixed point for T, and 7T is a piecewise C2-map. This map is one of examples of
Markovian MCF algorithm with the weak convergence property (Lagarias [7]), and
Schweiger determined the unique absolutely continuous invariant measure which is
ergodic. This invariant measure is finite and the invariant density h(zq,%3) is the
following([12], [13],[14]); .

2z,(1+ z;)

So (0,0) is the only singular point of h(z1,z;). In fact, T satisfies all assumptions
of Theorem 2.1 and 3.1.

h(:cl) 1!2) -

Example 5 ( A modification of Brun’s map with a finite partition)

Now we define a modification of Brun’s map such that two pieces of the partition
touch at the fixed point 0. The domain X is the same as in Example 4. We devide X,
into two pieces X, = {(=1,22) € Xo; 21 > 222} and Xg = {(21,22) € Xo; 2, < 22,},
and define 7* on the se pieces by

(Tl(zl),l—z_%:; on X,

(Ty(z1), 2222)  onXg

1—2;

T‘(zla 22) = {

On X; and X,, T* is defined as in Example 4. This changing in the definition of
T* allows us to have the non-indifferent fixed point 0. In fact |det DT*(0,0)| = 2.

We remark that the dynamical properties of T* in which we are interested are not
changed essentially[21], and still the fixed point 0 is a singular point of the invariant
density.

Example 6 (A modification of Brun’s map with a countable partition)

Let the domain X be as in Example 4, and let devide X, into countably many
pieces,

2z 2z
Xa). = {(31,32) € Xo, k—-{_—l_z S Ty < % +11}(k > 0).
On each X,, , define T**(z;, z,) = (2L, ¥2+D=/2-=1) On X, and X;, the definition

of T** are the same as in Example 4.

Example 7 (A product of one-dimensional maps with a contable parti-
tion)

Let X = [0,1]? , and define T on X by
T(mlv 32) = (Tl(zl)’TZ(xz))a

where

_ 331(2 bt \/2!_1)2 21(2 - \/H)Z
T =y mr = vay)




and Tp(z2) = 2z, — [2z3]. (Here [z] denotes the Gauss part of z.) T(0,0) =
(0,0),|det DT(0,0)| = 2, so (0,0) is a non-indifferent fixed point. First we re-
mark the properties of 73. T1(0) = 0,(71)'(0) = 1 and T}'(0) = oco. 0 is an in-
different fixed point of T!, and on any neighbourhood of 0, 7} is only of class C?,
not of class C2. In fact 7} has a finite invariant measure with a unbounded density
h(z1) = 1/,/z{(Thaler [17]).The indifferent fixed point 0 is exactly the singular point
of the invariant density h(z;). Since the invariant measure of T3 is the Lebesgue
measure, the invariant density h(z,, z2) of T is given by h(z1, ;) = 1/,/=1, and this
gives us a finite invariant measure. Hence this example shows that a periodic point
which is a singular point of the invariant density is not necessarily indifferent and
singular points of the invariant density are not necessarily periodic.

Example 8 (A product of one-dimensional maps with countably many
cylinders in D)

Let X = [0,1]* , and we define a product of the one-dimensional map f,(0 < @ < 1)
in Example 3 and the Gauss transformation which is related to the simple continued
fraction expansion, that is T is defined by

((1—_;:'«)7?’1:% -1 on Xop)(l € N)

((1/2)713—1 + 1—(1/2)/= ;17 - l) on X1,

T(z1,25) = {

where X(o;) = {(21,22) € X;0 < 21 < 5im, 57 < 22 < 1} and X1 = {(=1,22) €
Xi(GM <z <1,y <z <)

T has an invariant density h;(z;)h2(z2) , where hi(z;) is the invariant density of
f« and h(z;) is the invariant density of the Gauss transformation,(it is well-known

that hy(z;) = m) We have already known from Theorem 3.1 that h; gives a
finite invariant measure and at the indifferent fixed point of f,; 0, 2; is unbounded.On
the other hand, the Gauss transformation satisfies Renyi’s condition,so hy(z;) is
bounded from above and below. As a result, we can obtain a finite ergodic invariant

measure whose density is unbounded on {0} x [0,1].
5 Rohlin’s entropy formula

When Renyi’s condition is satisfied Rohlin’s entropy formula is true ([13]). In
our setting, the invariant densty has singular points, however the entropy formula
is still true under some conditions

Theorem 5.1 (Rohlin’s entropy formula) Let T satisfy all assumptions of The-
orem 2.1.Assume further

1. log|det DT( )| € L}(X, A)

45



2. UDI < 00

3. there i3 a constant K > 0 such that

sup (E > mf'd‘ | det D, ..a.(2)]) < K

»
Xa€B1 =0 X4,..dn€Dx »CT=X

4. there is a number | > 0 such that sup, C(n,z) = O(n').
Then h(T) = [x log|det DT(z)|du(z).
Remark G

If -gﬂ B, is bounded from above, then the condition 3 is valid. We can verify the
condition 3 explicitly for our new class of examples (Examples 1,2,3),s0 we can apply
the theorem for these examples(Cf.[20]).

Lemma 5.1 Under the assumptions 1,2, and 3, we have

H(Q) = —z;:u'(Xa)log y‘(Xa) < oo.

Lemma 5.2 Under the assumptionsl,2,and 3, we have
log | det DT( )| € L} (X, p).

Lemma 5.3 4 allows us to have

1
lim — log —_————— = lim — log det DT (=
L N X ) R o8l DT

6 Appendix
Let define for C > 1,
B9 = {X, € L'; X, € R(C.T) and X, satisfies the local Renyi condition}
D, = L1\B{®.
B{ = {X,, € L% X, € DIV, X, € B{9}

DI = {X44, € L% X4y, Xay € DY,
and inductively define

B,(mC) = {Xbl...b. € Ln;Xbl...bg—l S DS;C—)I’an € Bgo)}



DO = {X4y..a. € L% X4y...q € DI fori = 1,2,.m}.
Notice that

B C { X4, 40 € L Xy b, € D, Koy, € R(CT)}.

Under the above new definition of D,, and B,,, still we have Theorem 2.1 and Theorem
3.1. Here we show sketch of the proof(see [4]).

Let Tr : U2, B; — U2, B; be the jump transformation, that is, Tpz = Tig for
z € B;. The index set of the partition with respect to Tr is J = U2, {(a1...a,) €
I"; X,,..an € B,}. So each cylinders with respect to Tr have sequences of symbols
in J,(oq ...a,,),a; e J.

Theorem 6.1 (cf[ 4 ]) Let T satisfy all assumptions of Theorem 2.1 under the
new definitions of D, and B,,. Then Ty still satisfies all conditions for the ezistence
of a finite ergodic invariant measure with a bounded density, that is the following
conditions are valid: '

1. (generator condition) the partition for Tr with the indez set J is a generating
partition,

2, (transitivity condition) each U; contains a cylinder X ag.a, such that Ty’ Xap..a.,j
X,

3. Renyi’s condition.

For 1, we have to show that the o-algebra generated by cylinders with respect to
Tr coincides with the one with respect to 7. Under the new definition, we have
still D,, = B,41 U D41 , and D, = U, Bn+i (mod 0), so it is almost the same as
in [4] to show that every cylinder with respect to T is a disjoint union of cylinders
with respect to T. To show this, we used only the “local Renyi condition”. In
fact, if X,,. ., € D,, we can show immediately. If X,, .. ¢ D,, then still there
is a maximal number ky € [1,n] such that Xayoan, 15 @ cylinder with respect to
Tr. X Xop 410 ¢ Dp—,, then there is a [ with 0 < ! < n such that Xoggsrmar €
Bi_(ke+1)+1 and the local Renyi condition allows us to have X, ;. 4, € Lry,1.e.,X4,. .4
is a cylinder with respect to 7. This contradicts to the maximality of k;. So
Xag,o_H...a. € Dn—h.- Thus Xa,,._H...a. = U:j—_1 Bn—ky-l»k nXag..H...a. and hence Xal...a., =
Xay.any NT® (U Buky+t ﬂXak”l._.a‘). For 2 and 3, it is immediate to show the
ergodicity of T' with respect to ), T-invariance of 4 and finiteness of 4 as in [4].

Acknowledgement I would like to express my sincere gratitude to Professor
D.Rudolph, Professor M.Boyle and Professor M.Yacobson for their encourage-
ment and numerous discussions. I thank Professor F.Schweiger for valuable
information on number theoretical examples.

References

47



48

[1] R.L.Adler.F-ezpansions revisited, in Recent in Topological Dynamics,1-5.New
York,Springer-Verlag,1975.

[2 ] P.Billingsley. Ergodic Theory and Information, New York,Wiley,1965.

[3 ] R.Bowen.Invariant measures for Markov maps of the interval. Comm. Math. Physics
(1979),1-17.

[4 ] Sh.Ito & M.Yuri. Number theoretical transformations with finite range struc-
ture and their ergodic properties. Tokyo J.Math. 10 (1987),1-32.

[5 ] Sh.Ito. Diophantine approximation in inhomogeneous linear class and its met-
rical theory. Preprint.

[6 ]| R.Kaneiwa,l.Shiokawa & T.Tamura. A proof of Perron’s theorem on Diophan-
tine approximation of complex numbers.Keio Engrg.Rep.28 (1975),131-147.
byte 60524

[7 ] J.C.Lagarias. The quality of the Diophantine approximations found by the
Jacobi-Perron algorithm and related algorithms. Preprint.

[8 | H.Nakada. On the Kuzmin’s theorem for complex continued fractions. Keio
Engrg. Rep.29 (1976), 93-108.

[9] A.Renyi. Representations for real numbers and their ergodic properties. Acta. Math
Acad.Sc.Hungar.8 (1957),477-493.

[10 ] V.A.Rohlin.Exact endomorphism of a Lebesgue spaces. Amer.Math.Soc. Transl.$
2. 39 (1964), 1-36.

[11 ] F.Schweiger. Some remarks on ergodicity and invariant measures.Michigan
Math.J.22 (1975),181-187.

[12 ] F.Schweiger. Invariant measures and ergodic properties of number theoretical
endomorphisms. Dynamical systems and ergodic theory, Banach center publica-
tions.23 (1989),283-295.

[13 ] F.Schweiger. On the invariant measure for Jacobi- Perron algorithm. Mathematicc
Panonica.(1990),91-106.

[14 ] F.Schweiger. Ergodic properties of multi-dimensional subtract algorithms.
Preprint.

[15 ] Y.G.Sinai.Markov partitions and C-difféeomorphism. Anal. and Appl.2 (1968),
70-80.

[16 | S.Tanaka. A complex continued fraction transformation and its ergodic prop-
erties. Tokyo J.Math. 8 (1985),191-214.



[17 ] M.Thaler. Estimates of the invariant densities of endomorphisms with indif-
ferent fixed points. Israel J.Math.37 (1980),303-315.

[18 ]| M.Thaler. Transformations on [0,1] with infinite invariant measures. Israel
J.Math. 46 (1983), 67-97.

[19 ] M.Yacobson. Topological and metric properties of one-dimensional endomor-
phisms. Dokl. Akad. Nauk USSR. 243 (1978),866-869.

[20 ] M. Yuri. On a Bernoulli property for multi- dimensional maps with finite range
structure. Tokyo J.Math. 9 (1986),457-485.

[21 ] M.Yuri.Invariant measures for certain multi-dimensional maps. Preprint.

[22 ] M.Yuri. Multi-dimensional maps with finite range structure and countable
state sofic systems. In preparation..

[23 ] P.Walters. Invariant measures and equilibrium states for some mappings
which expand distances. Trans.Amer.Math. Soc. 236 (1978),121-151.

[24 | P.Walters. An Introduction to Ergodic Theory. New York, Springer-verlag,
1981.

[25 ] M.S.Waterman. Some ergodic properties of multi- dimensional f-expansions.
Z.Wahrsch. Verw. Gebiete. 16 (1971), 77-103.

49



50




51

(Figure 2)
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