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5E%% 1 Define an n — 1 dimensional hyperplane U in n-dimensional euclidian space R™ by
U=U(e,B)={z e R" :< a,z >= F}

where « € R* — {0},8 € R and < -,- > denotes the usual inner product. We suppose that
elements of R™ are column vectors. For a;,---,ar € R* — {0} and f1,---, Bk € R, define

&:(ah'"aak) GM(nXk)hé:(ﬁl,aﬂk)eM(l Xk)

where M(m x n) denotes the set of all m x n matrices with real components.For (&, 8) a

union of hyperplanes
k

B= B(&,B) = U U(e, B:)

1=1
is called @ linear boundary (or simply, boundary) defined by (&, B). For (&, B) define a
function w : R® — {0,1}* by

w(z) = (sgn(< ag,z > —p1), - ,sgn(< ak,z > —P))

where ‘
_J 0 (t<0)
sen(t) = { 1 (t>0)

The set bof signs of regions is a subset of {0, 1}* defined by
Q=a,B) = {w e {0,1}*: w=w(z) for some = € R"}.
The polyhedral region (or simpiy, region ) with a sign w € Q is
R,={z € R":w(z) =w} forw € Q.
The union U{R. : w € N} is a partition of R ;
R" = U R,; and

weN

R.NR,=0ifw#uw
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5€#% 2 A mapping f : R® — R™ is piecewise-affine if there is a linear boundary B =
B(&, B) such that

(1) f is differentiable at all points which do not belong to B;

(i1) for each w € Q(&, B), the derivative Df(z) is constant in the interior of R, i.e.
z,z’ € int(R,) = Df(z) = Df(z'). ‘

If f:R™ — R™ is piecewise-affine, then for each w € Q(&, B), there are A, € M(m x n)
and ¢, € R™ such that

f(z) = A,z +q, for z € int(R,)
A, = Df(z)for z € int(R,)

When f is piecewise-affine, we will say that f is piecewise-linear (abbrev. PL), according
to custom. In general, a PL map f: R® — R™ may be discontinuous at points on B. If f
is continuous on B, and so, on R", f is called a continuous piecewise-linear map (abbrev.

CPL map).

2 —m®

5E#% 3 A continuous piecewise linear map from R™ to R is called a continuous piece-
wise linear function of R™. A continuous piecewise linear function is abbreviated as CPL
function. The set of all CPL functions of R™ is denoted by CPL(R").

If we denote a continuous piecewise linear map f : R* — R™ by

f(z) = (fi(2),- -+, fm(2)), =z €RT,

each f; is a continuous function of R™.
Now we will consider to express a CPL function using by a absolute value function
|-]: R—R;
z (z20)
|z| =
-z (z<0)

SEF% 4 Define a set of formal expression of variable z € R™, Ly(R"), (k > 0), inductively
as follows;

Ly(R") = {f(z)=<a,z>+b:a€eR",beR}
Li(R™) = {fo(z)+ i&'ilfi(.’r)l : fi(z) € L1 (R™) (0 <2< N),
Ge(-L1) (L<isN), N20)
where N = 0 means that the summation is not taken. Then the following holds;

LR c Ly(R")C---C Li(R*) C---
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Hence Li(R™) is the set of all linear expression with at most k-ply absolute value function.

Define -
Leo(R™) = |J Le(R™).

k=0

An element of Lo (R") is called an ezpression of CPL function of R™.
5E€#% 5 Define a mapping S from L (R") to CPL(R™) by
S(f)(z) =F(z) for f(z) € Lo(R")
where F(z) € R is a value that a formal expression f(z) takes when z € R™ is substituted
to f(z).

Remark. Forz € R, fi(z) =1—|z| + |1 — |z|| and fo(z) = |z + 1| + |2z| + |z — 1]
are considered as two different elements of L,(R). However, if we substitute any z € R to
them, we have fi(z) = f2(z), so they are same function as element of CPL(R). That is,
S(fi)(z) = S(f2)(z). In general, when f,(z) = fo(z) for all z € R while they are different
elements of Lo, (R™), we say that they are different expressz'on of same CPL function.

5EF& 6 For f(z) =< a,z > +b € Lo(R"), the b € R is called a constant term of f(z).
Inductively, for f(z) € Ly(R"),if

_ N
f(@) = folz) + 2 eilfi(2)l,  filz) € Lia(R™) (0S4 < N),
i=1
each constant term of f;(z) is called a constant term of f(z).

SEF® 7 For f(z) € Li(R"), define an expression f(z,y) by multiplying —y € R by all
constant terms of f(z). Clearly f(z,y) has at most k-ply absolute value function, hence

f(z,y) € Ly(R™") (z,y) € R" x R =R
Define a function Fi» from Ly(R™) to Liy(R™1!) by

Fen(f)=T.

Remark. Assume fi(z), fo(z) € Li(R") are two different expression of same function,
le.

fi(z) = fa(z) forall z € R™

Then fi(z,y) and fo(z,y), which are given by multiplying —y € R by all constant terms
of fi(z) and f>(z), may be different function. ,
For example, fi(z) =1 — |z|+ |1 — |z|| and fo(z) = |z + 1| + |2z| + |z — 1] satisfies

fi(z) = fo(z) forall z€R.
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Then, since

filz,y) =—y—|z|+ |-y —|z|l, and
fa(z,y) = |z — y| + [22] + |z + y],

we have

f1(0,1) =0, and £(0,1) =2,

ie. fi(z,y) a,ndfg(:z;,y) are different function.
However, it is proved that if y < 0, then

f(z,y) = folz,y) forallz e R", y<O0.

$E3% 8 For f(z) € Ly(R™), define an expression f(z,3) by multiplying

S+l) eR)

by all constant terms of f(z). Clearly f (z,y) has at most (k+1)-ply absolute value function,
hence ‘ ‘
f(z,y) € Ligy(R™)  (z,y) € R* x R = R,

Define a function G, from Li(R™) to Li41(R™?) by
Gk,n(f ) = f .
5E€#% 9 Using two functions F) kn and G, we define a function T}, as follows;

Ten : Le(R™) x Li(R™) — L (R™);
Tin(f,9) = Fin(f) + Gralg)-

5E3% 10 Define subsets L2(R™) ,L5(R™) and LE(R™) of L,(R™) as follows inductively;
L(R) := {az + g{:v +|z|} : a,b,z € R}
LS(R) := {c+ fjff(m —z): fi(z) € LI(R),c€ R,z; e R,N > 1}
LER) == { f(:c)ll LER) : S(f)(z,y) = 0 for allz€R and y=0}
where f(z,y) = G1.1(f)-
- L3(R?) = T (Li(R), LY(R))
L5(R?) := {c+ }N:f,-(x —z;): fi(z) € Li(R?),c€ R,z; € R*, N > 1}

i=1

LY(R?) := {f(z) € LS(R?) : S(f)(z,y) =0 for allz € R® and y=0}
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‘where f(a:,y) = Ga.2(f).

Ly(R") := Tooyn-1(Loy(R™Y), Ly (R™Y))
Ly(R") :={c+ f:fi(w —z;): fi(z) € L3(R"),c € R,z; € R", N > 1}
LA(R™) = { f(a:;=el LR : S(f)(z,y) =0 for all € R* and y =0}
where f(m,y) = Gpn(f)-
SEH 1 Any CPL function of R", f(z) € CPL(R"), has an ezpression in L¢(R™).
Example 1. Define a new notation [z]° for z € R and € € {0,1} by

[:I:]e — { -;—{33 + I$|} (6 = 1)

z (e=0

Assume that all a’s belong to R, all b’s belong to R and all ¢’s belong to {0,1}.
(1) L$(R) consists of all expression with following form;

aoz + a1[z)° for z€R

L$(R) consists of all expression with following form;

N
dafz+b]% for z€R
i=1
Clearly
Li(R) = L{(R)
holds.
(2) L%(R?) consists of all expressions with following form;
N ,
> aiz + by for (z,y) € R?
=1

L5(R?) consists of all expression with following form;
N
Z ailz + ¢ + by + 7?1 for (z,y) € R?
=1
(3) L5(R?) consists of all expression with following form;
N

Z (1,'[113 +c + b,[y + di]552]=n for (:lj,y, Z) € R?

i=1
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L§(R™) consists of all expression with following form;

N ,
> aifz + 2] + bily + di[z]]?] for (z,y,2) € R?

=1

Example 2. (1) fi(z) € L§(R), faz) € LE(R);

fi(z) = a1z + (a2 — a1)[z] + (a3 — a2)[z — 1] + ¢
fa(z) = —ag + agfz + 1) — ayfz] + ¢

(2) F(z,y),G(z,y) € L3(R?);

F(z,y) = fi(e,y) + fa(z,y)

= a1z + (a2 — a1)z] + (a3 — az)[z + y] — a1y
—ayly] + aqlz + [y]] — aslz] + caly]

= a1z — a1y + (a2 — a1 — ag)z] + (—as + e2)[y]
+(as — az)[z + y] + aufz + [y]]

G(z,y) = —ciy + az[z] + ¢ [y] + (a5 — a3)[z + y]
+(a3 — a3)[z + ]

(3) Hi(z,y) € L§(R?), Hy(z,y) € L3(R?);

Hy(z,y)=F(z+1,y-1)+Gz-1Ly+1)+ec
=aqz+1)—c(y— 1)+ (a3 —ay — ay)[z + 1]

+(—as+ &)y — 1] + (as — ar)le + y] + agle +1+ [y — 1]]
—ci(y + 1) + azlz — 1]+ iy + 1] + (a3 — a3)[z + ]

+(ay —a)e—1+[y+1]l+c

Hy(z,y)=F'(z+1L,y—-1)+G'(z-1,y+1)+ds
=—di(y —1) + bsfz + 1] + du[y — 1]

+(bs — b2)[z + y] + (b2 — b3)[z + 1 + [y — 1]]

+di(y +1) — bafz — 1] = dify + 1} + (b2 — b3)[z + ¥]
+(bs—b)[z—1+[y+1]]+d3

Hi(z,y,2) = F(z —z,y +2)+ G(z + 2,y — 2) — c3z
=az — 2] — a1 (y + 2) + (a3 — a; — a4)z — 2]
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+(—as + eo)y + 2] + (a3 — az)[z + y] + ay[z — z + [y + 2]]
—&(y — 2) + asfz + 2] + [y — 2] + (a5 — a3)[z + y]
+(a; —a3)[z +z+ [y — 2]] — cs2

Hy(z,y,2) = F(z + [2l,y = [2]) + G(z — [e], y + [2]) + dale]
—di(y — [2]) + bsfe + [2]] + du[y — [2]]

+(bs — b)[z + y] + (b2 — bs)[z + [2] + [y — [2]]

+di(y + [2]) — bs[z — []] - da[y + [2]] + (b2 — b3)[z + 9]
+(bs = bo){z — [2] + [y + [2]]] + ds[2]

(5) K(z,y,2) € L3(R?);

K(a:,y,;) = Hy(z,y,2) + Hy(z,y, 2)

=a1[z — 2] — 1y + 2) + (a3 — a1 — ay)[z — 2]

+(—as + )y + 2] + (a3 — a3)[z + y] + asfz — 2 + [y + 2]]
—ci(y — z) + ag[z + 2] + &y — 2] + (a3 — a3)[z + y]

+(ay —ay)lz + 2+ [y — 2]] — ez

—di(y — [2]) + bs[z + []

+dily — [2]]

+(bs — ba)[z + y] + (b2 — b3)[z + [2] + [y — [2]]]

+di(y + [2]) — B[z — [2]] — dily + [2]] + (b2 — bs)[z + 9]
+(bs — b2)[z — [2] + [y + [2]]] + da]2]
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