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On the Wronskian of the hypergeometric functions
of type (n+l,m+1)

by Michitake Kita

BiE ke B % R BN

Introduction
Many specialists believe that the rank of the hypergeometric system

E(n+l,m+1) is equal to ( m;l ). Although this fact is fundamental in

studing the hypergeometric functions, there is no rigourous proof of

the fact in general case: Aj§ Z (1<j<m), 2 25 § Z. This is the brief

resume of [K] in which we gave a proof of the fact based on the
perfect pairing of certain twisted rational de Rham cohomology and

twisted homology associated with the hypergeometric integral of type

(n+l,m+1).
§1. The hypergeometric function (HGF) of type (n+l,m+1) {n<m)
Let
w w e W
90 01 Om rank w=n+l 1
Wosl, me1' = 1 w = . € M(n+l,m+1,C) ggigmn¢0 [ )
Yno -Ynl °77 Ynm
n
[tovtlv h h 'tn] € CP [
n . A
_ i . .. . _ n+1l
€= iEO(-—I) tidtO A A dti A A dtn : an n-form on C .
Let I=(AO,A1,'~~,1m) € (C\Z)m+1 be exponents with the condition
m .
(1) > xj+n+1 = 0
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Then, for each w € W the n-form |

n+1,m+1’

A
.. J.
; (wOJ-t0 + + wnjtn) T

m
n
=0

can be seen as an n-form on CP™ because of (1). Taking a suitable

twisted cycle o as a domain of integration, we define a function by‘

the integral

[(=0=

n P
i= :

o Y

which will be called the HG integrai (or function) of type (n+l,m+l)

[ ho d 1
h
1
act on

The groups GL(n+l1,C) and Hm+1:=- .
0 .
1 hm J

\ from left and right, respectively as w ——gwh. ®(X,w) is

n+l.m+1
homogeneous under the above two kind of group actions:

(2) I d(X,gw) = HE%—E d(X,w) for g € GL(n+1)
2
~ m A5 ~
®(xX,wh) = jgohj B (X,w) for h € Hoppe
Since
2 t_t m A
97® - P _q 1
e = A _A m (2 w,.t.) "«
OwW._Ow. P q I - ij-i ’
ip“"Jja 5 | % wipti)( % Wiqts) =0
we have
2. 2
3 ® 2K ) ..
= (0<i, j<n, 0<p,qsm).
awipaqu awiqawjp

Hence, passing to the Lie algebra version of (2), we have that
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~

d{x,w), viewed as a function on W satisfies the following

n+l,m+1’
system E(n+l1,m+1;X) of differential operators:

n
a3 i
[ igowip L = Aape (O<p<m) ( H - homogeneity )
« J m o0 - . . ) 1 )
(%) 2w S. .0 (l<i, j=<n) ( GL(n+1)-homogeneity )
W p=0 1P OW;p t
! elp alq b = 0 (0<i,j<n, 0<p,qs<m)
Jp Ja

We set

those matrices of which every minor of \

W’ = weEW . .
n+l,m+1 \ n+l,m+1 order n+l in w is non-zero [

which is an open dense subset of W For each w € W’

n+l,m+1° n+l,m+1
there exist geGL(n+l) and heHm+1 such that
1 v 1 <. 1 1
1 Zn,n+1 Zn, ,m-1 -1
Using ui*—'ti/tO (l1<isn) the non-homogeneous coordinates
in CPn, we set
( fi(u) = uy (1si<gn)
4 fj(u) = 1 + leu1+ R +,anun {n+l<j<m~-1)
n
fm(u) =1 - _; u .
i=1

From now on we keep this notations. Then the integral ¢(X,w) takes
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the following form

_ m A
Y(x,z) = f m f.(u) J'dulA -+ A du
.:0 J n
o J
where, by our assumptions, l:(ll’."’lm) satisfies the conditions
f A &2 (lgjsm)

{ m
1 jéllj %‘Z.

If we take the integration over the twisted cycle \An(w) associated
with the n-simplex
n

A" = { uer™ | Osu; (lsizn), 3 u;<1 }

I N L

where o = dlog{ i

Has
ot

i

then we obtain the following power series expansion of @(A,z):

n
m ) e ..
) i=1(0tl, % vij) " (853 % vij) ,
$(r,z) = const 2 5 z
v (v; v, . )u!
i,g o
where
Vi,n+1 7777 Y1i,m-1
v = € M(n,m—n—l;ZzO)
Yn,n+1 7777 Yh,m-1
and
n
o, = Ai+l, BJ = Ay & Yy = —iglzl— Ao~ n.

8§82, Twisted de Rham theory of HG integrals
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Since, in case of ZijeR’ twisted cycles become visiblie, we assume,

from now on, that

(H.2) zijeR for 1<i<n, n+l<j<m-1.
Set
n : n m
Hj—{ueC I fj(u)=0}, X=C \j:lHj, (HJ)RijﬁR

and suppose that
(H.3) m hyperplanes and the hyperplane at infinity are in general
position in cp®

For simplicity of writing we set

m X .
U(u)= "f~(u) J)
g=1 Y
df . df .
. . Jq Jp
p<J> = (p<J1,°",Jp> = 5 A A N
Jl Jp

We know that

#{bounded components of RN U HJR} = ( m;l ).
J

Taking a bounded chamber A with the standerd orientation of Rn

together with a branch of U(u), the following integral

- A, df; af |
[ ooy, --ovig> = [ nog5w) gt Av a2
A A J1 In

is called a hypergeomeiric integral where Re Aj>0. Classical

m-1

examples suggest that ( n ) hypergeometric integrals

I U(u)g<l,---,n> taken over (m;l) bounded chambers may be all
A
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linearly independent solutions of the HG system

E(n+1,m+l;10,xl—l,---,An—l,xn+1,~-~,xm). To see this, it is necessary

to study the twisted de Rham theory associated with the many-valued

function U(u). For weF(X,eg), we have d{Ugp)= U(dw+mA¢) on the

universal covering manifold X where we set
df .
2. J
J fj'

m
0 = 5 = .E

J=1

Hence instead of considering the exterior differentiation d on X, we
are led to study the covariant differentiation

Vw@ = dw+mA@.
Let .‘!w={heoX | th=0}.which is a complex local system of rank one. It

is known the following results:

1. The comparison theorem.

‘ { vw—closed rational p-forms }

which are holo. on X
rational(p-1)-forms }
on X

P(x ~ HP 1=
H (X,gw) ~ H (X,Vm) : - {
W

which are holo.
2. HP(X,Vm)=0 for p=n,

{{ @fjl""tjn>| 1$j1< v . <jn$m 1}
o {T o<y i T Is§;< -+ <G _=m I’

H?(x,vw) ~

a {{ w<j11""jn>‘ 1$j1< ... (jnﬁm-l }}
and

. n _ {m-1
dim H (X’Vw) = ( n ).

3. Let y; be the dual complex local system to yw; then

Hp(X,QZ) = 0 for p=n,
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Hn(x’g;) = 2 C~Av(m) (direct sum)

where summation runs over the twisted cycles

associated with (m;l) bounded chambers,

4, A perfect pairing.

H (X,97) x HM(X,9,) -2 perfect pairig | .
I
é C-a, (@) x {{ @<iqy i) 1€§y< --- <j <m-1 }} C
( o, ¢ ) , f U-
g

That the above pairing is perfect is equivalent to

det( f U-@<d> ) = 0.
Av(m)

§3. The Wronskian of the HG function of type (n+l,m+1).

3.1. To show the linear independence of the HG integrals
f U-@p<l,--+,n> (1 <vzsx (mgl) )
a,(e)

we must make a proper choice of partial derivatives of the integrals
and prove that the Wronskian is not zero. To give a better
understanding of the paper, we begin by illustrating our idea by some

important examples.
Example 1., E(2,3+¢) Appell’s Fl (¢=2) Lauricella’s FD (£=23)

ooooo

1 0 1 +---- 1 1
w = o 1 1 € M(2,3+4;R)



148

z=(2, 1Z,)
Set
f1=u, f2=1+z1u, vy f£+1=1+z{u, f{+2=1-u
L+2 X
U= m f.Y, o = dlogU, @<i> = df./f.
j=1 J 1’71

(o) g (o)
DB, GG
~1/zy /2, Tz, T

01’ ey, o{+l : a basis of Hl(X’gZ)

Let o € Hl(X,QZ) and let

F(z) f U-@<l>

ag

X A A A
[tz w) ™ o0 (egw) HH 1oy 442 QU

o)

be a HG integral; then we have

9F _ du )
3z, - *2 I U'tdzd = o f U-9<2>,
1 1 1
ag lo} .
A A
8F . 3 f U-@<3>,  ~on-- , 8F T4+l I U-@<e+l>,
9z, 2, Z, ¢
g ) g
Let
f Us@<l>  eeees ,f U-@<1>
91 Te+1
= _9 cd<lS eeean _9
W | g f U-<1> 2 f U-@<1>
91 S|
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be the Wronskian of {+1 HG integrals I U-¢<1>; then we have

o
Xg **° X
W= _2 11 et I U-¢<j> ) = 0
Z, v Z
1 <
g
v
because of the perfect pairing.
Example 2, E(3,6).
1 1 1 1
w = 1 7214 Z19 -1 € M(3,6;R),
1 -1

221 Z92

[ 211 %12 ]
zZ = .
Z21 222

Set $§=°

f,=1+z u1+221u,, f4=1+z12+z22u2,
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Let o €

be a HG

Let

5 X
U= m f J, w = dlogU
J:
dfi dfj
P<ij> = e SUA N ek
i J
HZ(X,QZ) and let
F(z) = f U-p<l12>
(e
A A A X
_ 1. *2 3 4
= f u; Tu, (1+zllul+z21u2) (1+z12u1+z22u2)
g
A du du
5 1 2
(l-u;-u,) —_ A —
1 72 uy U,
integral. We have
O . [, u duy duy
Szll J 371 1+z11u1+221u2 uy U,
_ d(1+z11u1+221u2) du2 _
- z Uiz uFz 0 A - T f u- ¢<23>
11 1141722142 g
aFr _ I U- aF I
= -4 -@<24>, U-9<13>
9219 Z12 9zg4 ’
g
9F  _ 4 f U-<ld> 9%F *3 f U-9<34>.
8222 - Zgg 4 ¢ ! 9z 18z2 detz g
f U-@<12> eeean f U-@<12>
91 %6
2 c0<12> e ) .
T f U-<12> 52, I U-<12>
9 %6




-
-

) .
01'
82

Szllazzz

1

f U-@<12>
g

ccccc

-----
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2
'G‘EEZ j U-¢<12>
%6

52

_— U-p<12>
82118222 I

%6

be the Wronskian of 6 HG integrals f U-9<12>; then we have

g

211 Z12) %21

On the other hand, { ¢<ij>|

Xgy
Zgo detz

1<i<j<4 } forms a basis of HZ(X,Vm) and

hence the perfect pairing yields

3
(x324) .
W = 7 det( f U-@<ij> ) = 0,
n z..-detz o
i,j=1 * Y
3.2. General case.
1 1 e 1
1 Z1,n+1 777 Zl,m—l -1
w = h . . € M(n+1’m+l;R)o
1 n,n+t1 77 Zn,m-1 -1
We set
Z21,n+1 "7 21,m-1
z = : : € M(n,m-n-1;R)
Zn,n+1 """ zn,m-—l

& for simplicity,

J x det( j U-w<ij>).
(o)

v
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Zi. 4 eeea VAR
i1i,  v- i i1ky i1k,
z = det . y
k kg .- kp 2, ) e 2, 4
pl PP
df df .
. . 1 Jn
@<Jl)"')Jn> = T AR A )
Jl Jn
F(x,z) = f U-¢<12---n> where oeHn(X;QZ).
o
Set I={il,‘-‘,ip}, K={k1,~--,kp}, H={n+l,---,m}INK
L={1,---,n}\I = {Liy 5t __ }
’ ’ set 1 n=p
where we suppose
1sil< . <ipsn, n+lsk1< <kpsm—1, 1s£1< . <{n_p$n.
Then we get
n x. m-1 X . X
U= mu, Y« 10 (u;zq.+ +uz .)d(l-Su, )™
i=1 1t j=n+l 1135 n“nj i
p
o' F 1
= 2 ce A u u. - U-¢<1---n>
2z, v+ 87, k k I i i m T
11k1 lPkP 1 Py 1 P kek k
= T ox I U= é - dugac-ea du, .
keK p {1 {n—p keK k
Since
du, A---A du A df,_ A---A df
{1 tn—p k kp
. [ il . ip ]
= du, A---A du A Z du. A--+-A du.
44 tn—p k1 . kp i i
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- I 12 «-+-n .
= Z(K)sgn[ L I )dulA A dun

g

oPF sen('25%)
9z, v+ 9. - (I

11k1 lpkp Z K)
On the other hand, since

lgt < -0 < L p<hs n+igky< -0 < ko<m-1,

{¢<LK>} is a subset of the basis {w(jl--~jn>| lgjl< -ee < jnsm—l}.

Since

#{w<LK>} =
p

HMps

n m-n-1} _ {(m-1} _ . n
O(n-p)( P ) = ( n ) = dimH™(X, 9V, ),
we see that {¢<LK>} coincides with the basis {w<j1o--jn>}. Put N=(m;l)
and let 117" a0y be the twisted n-cycles associated with the N

bounded chambers, which form a basis of Hn(X,QZ). Set

F(x,x) = f U-@<1l---n>;
g

v
then
8PF
w = det Szi k ..... Szi k
171 pp /v=1,---,N
I’K
sgn(li"in)
= n T A Tt Ay x det(j U-¢p<LK>)}.
1,K Z(K) 1 p (<]

v

By the perfect pairing of Hn(X,Vw) and Hn(X,QZ), we have showed that

det(f U-@<LK>)=0 and hence the Wronskian W=0 if each z(é)#O.

g
v
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Remark Varchenké[Vl,Z] showed that det(f U-@<LK>) can be written ip

g
v

closed form as a product of a generalized beta function and critical

A .
values of fj J on bounded chambers A.
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