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Generalized Classes of Multivalent Functions
“with Negative Coefficients

Tadayuki Sekine
BMRET (BXE)

1. Introduction and Representation
Let An(p) denote the class of functions of the form

o0
f(z)=z? — 3 ag.2z"(a.20, and p,n€N)
k=p+n

which are analytic and p-valent in the unit disk U={z: | z| <1}.
Let A,(p;{Bx}) denote the subclass of A.(p) consisting of

functions which satisfy the following inequality

00
2 B.=1 (Bx>0,n€EN) ,
k=p+n

By means of A.(p;{B«}) with particular values of n or B,
we have the following representation for subclasses of analytic

and p-valent functions with negative coefficients([1],[2].[3] and

[51).

- x _, (. §(+B) (k=p) + (B—A) p)
(L) ThH(AB)=Ap 51 5 ,)(m)

| _ (kL U+B) (k=p) + (B—A) ply
(L2) €, (AB) =4 (pi TR )
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_ g Rk (1+0b)
(1.3) T, (a,b) —Al(p TR (=) p}) (ren.

) C,(ab) = p i R e,
(15 T* (pa) =Ayp =2 oD,

(1.6) € (poa) =Ayp:EEZE @3,

A _ ) m—1+k
01wy e cfrezeen [ o

2. Distortion theorenms
Theorem 1. If f(z) € A.(p;{Bx})) and B.<B..:,then vwe have

+n
|z [7*" .

|z|f’+"} SIf (2) ISlzld—

ptn

.
(2.1) A4ax{&|z| 3

p+n
The estimate is sharp for the function

1

pt+n

2z ptn

(2.2) | f(z)=z”——B

Let p=1 in Theorem 1. Then we have
Corollary 1([4], Theorem 1). If f(z) € A,(1;{Bx}) and Bx=Bu«+:

then we have

L}

|
Bn+1

The estimate is sharp for the function

Iz |n+1.

(2.3) Max{o,|z|— IZI"”}élf(Z)I_S_IzI+Bl
. n+1
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n+1

z

(2. 4) f(z)=z_B,.+1

Let n=1 in Theorem 1. Then we have
Corollary 2. If f(z)€ A,(p;{Bx}) and B,<By.:, then we have

[z |e+t
p+1

o1
(2.5) Max{O,lzI B

p+1

2l )s1f (2) Islz fr

The estimate is sharp for the function

zp+l

(2.6) f(z)=z"—Bl

p+1
Theorem 2. If f(z)€ A.(p;k{B«}) and B«x<By.,, then we have

1

p+n

(2.7) Max{O,Plzl"“—B Izl"*""}élf' (z) |

1

p+n

sSplz| '+ | z[#+n-t,

The estimate is sharp for the function

1

(2.8) f(z)=2z°— T z Pt

Let p=1 in Theorem 2. Then we have
Corollary 3([4],Theorem 2). If f(z) € A.(1;k{B«}) and

Bx<B«+:, then we have

1

n+1

|z|"}_s_|f' (2) IS1+5 21

n+1

(2.9) Max{O.l—B

The estimate is sharp for the function -
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1

—_ n+1
(2.10) f(z)=z TETN A

Let n=1 in Theorem 2. Then we have
Corollary 4. If f(z)€ A,(p;k{By}) and B« <Byx.,, then we

have

tzlv}élf' (z) |
1

p+1

(2.11) Max{O,pIzl"“‘—Bl

p+1

Splz|o '+ Z |+,
plz| B |z |

The estimate is sharp for the function

1
(p+1) B+

zp+l

(2.12) f(z):zl’—

We now show the distortion theorems for f ¢’ (z)(2=j<ntl).
First we need the following lemma.

Lemma 1. Let

IJ‘[ (k=1+i) = é Aik! (j=22,REN)

i=| i=l

Then

j , J
S Ai(n+p) it = _I_'_[Z(n+p—1+z') (n,p€N).

i=|

The proof is the same as that of Lemma 1([4]1).
Putting p=1 in above Lemma 1, we get Lemma 1([4]).
Using Lemma 1, we havé
Theorem 3. If f(z)€ A,(p:k*{B«}), Bx=<Byxs+: and 2<q<p+n,

then we have
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J
(2.B3) (D) If9(2) s T (p+1—i) [z|

=]

_IZ_IZ( n+p—1+1i)

EIR

(p+n) "' B,

179 (2) 12 [T (p+1=i) |2

ﬁ(n+p—1+ i)
i=2

(p+n) " 'B,s,

j
T (n+p=1+i)
i=

(p+n) q_pr+n

l z ,P+n-j

(2.14) (D) |f9 (2) s

(pt1=< j<p+n).
Let p=1 in Theorem 3 (1) . Then we have
Corollary 5([4], Theorem 3). If f(z)A, € (1;k*{Bx}),Bx<B,.,
and 2= q=<n+tl, then we have

.I_Z_I(n-i-i)

(2.15)q|f P (z) |[s—="
(n

n—j+1 <7< .
+1)q-—1Bn+l|Z| (2—]_n+l)

Let n=1 in Thorem 3. Then we have
~ Corollary 6. If f(z)€ Ai(p;k*{Bx}), Bi<B.., and 2<q<ptl,

then ve have

; )ﬁz(p+i)
2.16)| f < —i S
( )lf (Z)' il;[l (P+1 l)lzl + (P+1) q—pr+l

!z Ip—j+|,

j _ﬁZ(P"‘i)
j) = — 3 P—Jj__ L=
19 (2) 12 [T (=) |zl e e

(2=sj=p),

p—j+1
|z | ,
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,lilz(p+i)

£ () () ISy (G=pHD)

Remark 1. Substituting some values for B,.; in Corollary 2,

we have the following estimates of f(z).

* _14+B+ (B—A) p
(2.17) If f(z) ETP (A,B) Bp+l_ (B—A)P N then

_ (B-A) p
1+4B+ (B—A) p

lz|? lzl*"'s | f (z) |
(B—A) p

p+1
1+B+ (B—A) p 2]

slz|°+

([1], Theorem 3).

 (p+1) {1+B+ (B—A) p}
(2.18)T f f(z) GCp(A,B)(B,,+1-— B—A) o )
t he;;
o (B—A) p* o1
2= s B s By pT 217 SIS (=)
(B—A) p?

‘Z |p+l

Sz (14B+ (B=4) p)

(cf. [1], Theorem 4).

_(p+1) (1+b)

DI f(2) € T, (a,b) (Ben=—Tg=os |, then

|2 |7— 26 (1=-b) p
(p+1) (1+0b)

lz|**'=lf (z) |

2b (1-b) p

(oD by 2!

Slz|*+



([2], Theorem 6).

(2.200If f(z) €C, (a,b) (Bw: (;b+(11)—ja(l)+p2) ’

then

2b (1=b) p? \
P e P+S
2 =i T avpy 2I7E ()]
2b (1—b) p?
slz|o+ o1
Lzt ey 2!
([2], Theorem 7).
% ptl—a
(2.20If f(z) €T” (p,a) |Bpny=————|, then
pe P2 g pgp P71 e
|z p+r_aIZI _If(Z)I§|ZI4-p+1_ lz|

([3], Theorem 3.1).

(2.22)If f(z) €C (p,a) B, = (p+1) (p+l—-a)
o p(p—a)

), flze ﬁ

. p(p—a) a1
|z | '(p+l)(p+L—a)|zl slf (z) |
p(p—a)

Sz =03 (pHi=a)

|Z |p+l

([3], Theorem 3.2).

(2.2 I f f(z)ENpmJBMFﬂ(m+p)L then

1 o+t oy L
)IZI élf(Z)IélZI+3(m+p)

|zl_3(m+P

lzf~*' ([51).

Remark 2. Substituting some values for B,,, in Corollary {4,
we have the following estimates of f’ (2z)

123
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1+B+ (B—A) p
(p+1) (B—A) p

(2.20)1F £ (2) €T% (A,B) (Byur=

_(p+1) (B-A) p
1+B+ (B—-A) p

plz|e! lzlrslf (z) |
(p+1) (B—A) p

+B+ (B—A) p |2

splz|t+

([1]), Theorem 3).

14+B+ (B—A) p

(B—A) p* , then

(2.25)q1f f (z) €C, (A,B) [Byn=

(B—A) p?
1+B+ (B—A) p

plz|'— lzlrslf” (z) |

(B—A) p*
1+B+ (B—A) p

splz|"'+ lz|”

(éf. [1], Theorem 4).

1+b -

(2.26)1f f(z) €T, (a,b) Ben=0v a5/

then

_2b(1-a)p
I+0b

plz|*! lzl*s|f” (z) |

2b (1—a) p

< P-1_..
splz| '+ .y

|z |”

([2], Theorem 6).

_ (p+1) (1+b)

2.20)If f (2) ECIP (a,b) |Bou = 55 (1—a) p* ) then

2b (1—a) p?

) oy 2=l (=)

plz|s!

2b (1—a) p?
(p+1) (1+0b)

Splzl '+

|z |?
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([2], Theorem 7).

* _ pt+l—a _
@215 £ (2) €T* (p,a) (Bri=—gir i), then

_(p+1) (p~a)
pt+l—a

plz|*! lzl?=|f" (z) |

(p+1) (p—a)
pt+l—a

éplzlp—l+ lzlpA

(f3]1, Theorem 3.1).

(2.29)I f F(z) €C (p,a)(B,H=h—£ii:li—), then

p(p—a)
plalmi—ElBZ8) g (2)
;Splzl”“%llif::gl—lzlp

pt+l—a
([3], Theorem 3.2).

_3(m+p)
(2.30)Iff(z)€Np,m BPH—T’ then
p~l___£ﬂ___ P ’ < r-1 p+l p
plz| _3(m+p)lzl_|f (z) |=plz| +3(m+p)IZI
([e]).

Remark 3. Substituting some values for B,., in Corollary 6,
we have the following estimates of f” (z)

1+B+ (B—A) p
(p+1) (B—A) p?

2.3DI1f f(z)ECp(A,B)PLH= ), then
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vy (p+2) (B=A) P (i
p(p—1) Izl 1xB+ (B—A) p lz|>tslf” (z) |

(p+2) (B—A) p* ..
+B+ (B—A) p lz| (p22),

sp (p—D) |z|?+

3(B—A)

HzB—a  (PTD-

lf7 (z) =

_I+b
(2.32)I f f(z) ECp(a,b) B"”_Zb (l—a)pz)’ then

by 2(p+2) b (1—a) p* ., ”
p(p—1) |z| (p+D) (140) lz|?t=lf” (2) |

vz 2(p+2) b (1—a) p* -
sp (p-1) |lz|"*+ (p+1) (140) | z | (p22)

(cf. [2], Theorem T),

3b (1—a)

+b (p=1).

lf7 (z) |=

_ ptl—a
(2391 f £ (2) € C(p,@) (Bor="5T17 5 (p=a) ), then

P(p+2) (p—a) ‘zlp_lélf” (z)l

— P2 __
p (p—1) |zl tl—a

p(p+2) (p—a) |z (p22)

< —_— p—2
=p(p 1)IZIO+ S ti—a

(cf. [3], Theorem 3.3),

£ (2) n§3—(2‘§;“—1—- (p=1) (141, G.4)).
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