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Ky -LOCALIZATIONS OF SPECTRA X WITH KUX = ZeZ
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0. Introduction

Let E be an associative ring spectrum with unit. For

any CW-spectra X , Y we say that X 1is quasi E*—equivaleht to

Y if there exists an equivalence h : EAY - EAX of E-module
spectra (see [10] or [5]). Let - KO and KU be the real and
the complex K*spe¢trum respectively. We denote by SK the
Ky-localization of the sphere spectrum S = ZO . Since the

K*vlocalization of an arbitrary CW-spectrum X is obtained as

the smash product AX ([3] or [91), we observe that two

Sk
CW-spectra X and Y have the same K*4local type if and only

if X is quasi S, ,6-equivalent to Y,

Kx* ‘
- . 2 .
Let n : 2182/2 - Zo and n : = - 8Z/2 Dbe an extension
and a coextension of the Hopf map n : Zl - ZO . Their

cofibers C(n) and C(F) are quasi KOy -equivalent to 24 and

27 respectively. In [12] we first dealt with CW-spectra X
‘such that KUOX = Z and KU1X = 0. in order to study their
Ky-local types. Such a CW-spectrum X with XKSQ = SQ 1is
quasi KO*—equivalent to either of ZO and 24 , and more
precisely it has the same Ky-local type as either of 20 ‘and
c(n) (see [12, Theorem 1.2 i)] or [4, Proposition 10.6] ). In
particular, the cofibers C(n) and Z—3C(H) have the same
K*—local type. A

The purposé of this paper is to determine completely the

Ky-local types of CW-spectra X with KUOX®KU1X = ZeZ {(see [13]

for details). Such a CW-spectrum X with XASQ = (ZthO)ASQ
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. -y
is quasi KO*—equivalent to the wedge sum ZtVZO ’ Et 4VZO )
4] 2] 4] - 2
ZthL , Zt+lv2‘l or the following cofiber Y = T 1C(n ), Cln)
2
or C(n°) according as t = 1 , 2 or 3 mod 4 . A CW-spectrum

X 1is said to be a Wood spectrum if it is quasi KO*—equivalent
to C(n) , and an Anderson spectrum if it is quasi KO*—equivalent
to C(n~) . In the previous paper [12, Theorems 1 and 2] we
have determined thevK*—local types of Wood and Anderson spectra

except when t = -1 , applying the following powerful tool due

to Bousfield [4] (see [12, Theorem 4]):

Theorem 1. Let Y Dbe a certain CW-spectrum such that

i) KU,Y 1is either free or divisible and [ZlY, YASQ] = 0 , or

1 0

is quasi KO*—equivalent to Y and the stable real Adams

ii) KU,Y = 0 (or KU,Y = 0 ). Assume that a CW-spectrum X

operations wg on KO,X®z[1/k] and KO,Y®Z[1/k] behave as the

same action. Then X has the same K*flocal type as Y .

1. Spectra wilh KUuX ¥ ZeZ and XasQ = «ztvzlrasa , t = =1

1.1. Recall that the homotopy groups ﬂiSK are given as
follows ([9] or [31): 2Zez/2 for i = 0 ; Z/2 for i = 0 mod 8
with ; # 0 3 Z/202/2 for i = 1 mod 8 ; Z/2 for i = 2 mod 8 ;
Z/m(2s) for i = 4s-1 with s =# 0 ; Q/Z for i = -2 ; and O

otherwise where m(2s) is the numerical function defined

explicitly in [1]1 or [2]. We first realize generators of the
homotopy groups niSK except 1 = -2 Dby constructing maps
between small spectra. By the solution of the Adams conjecture

we get an Adams’ K*— equivalence

(1.1) A+ 207Sz/m(4r) » SZ/m(4r)

such that the composite map jAri : 28r~1 - ZO is the generator



of the J-image, where SZ/m denotes the Moore Spectrum of

Py
type Z/m . Set

o = JA_ Z8r_lSZ/m(4r) » 5% and 5= A_i =T SZ/m(4r)

r r r r
and consider their cofibers C(Br) and C(Br) for which there
exist K*-equivalences

- 8r+1
(1.2) e, C(pr) - ZO and e; . s°F - C(pr)
For r > 1 we denote .by
. o(o 8r+l , . 0 .

(1.3) Py C(pr) > X and pl. i = - C(pr)

the ‘top cell projection and the bottom cell inclusion.

Let n : leZ/Zm - ZO and 7§ Zé - SZ/2m be an extension
and a coextension of the Hopf map n : 21 - ZO . We construct

the following maps of order 2 (cf. [12, (1.13) and (2.5)1):

(1.4) U = ;‘,‘Ari : 281‘4’1 - ZO , M} - \jArﬁ’ . Z8:[‘4'1 5 20 ,
-, -8r+ - 0 , .o ~-8r+ -8r-1_,~
T S lC(or) S0 W= g T8, el

-r -r r

where ir : C(Er) - ZgrSZ/m(4r) and J SZ/m{4r) - C(Br)

r

denote the canonical projection and inclusion respectively.

Choose an extension and a coextension

B 8Tt gs m(sr+d) » =°  and I 8T sy m(8r+4)

of the generator gr of the J-image, and then construct the

following maps

- % s , - 0

—p-1 T Bplppyq P2 Clpgpryy) = 2 and
) o 5 . <«—8r-5 -16r-9_., ~

Blp-1 % doraifr 0 % -z ClPgypsr)

(1.5) £

Consider the cofibers Cc({n) and C(7) of the maps n
2182/2 - ZO and 7 : 22 - SZ/2 . The homotopy groups
niSKAC(E) = ni+3SKAC(ﬁ) are given as follows: Z for i = 0 ;

Z/2 for 1 = 4 or 6 mod 8 with 1 # -2 ; Z/287/2 for i

1}
(@3]

mod 8 ; Z/m(2s) for i = 4s-1 with s = 0 ; Z/28Q/2 for i =

-2 ; and 0 otherwise. We next realize generators of the

homotopy groups niSKAC(E) except 1 = -2 by constructing maps

between small spectra. Choose maps 2 : C(E) - ZO and X : 23

- C(7) satisfying a1 = 4 and JX = 4 where 1 : ZO - C(n)

37
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and” § : C(F{) - 23 denote the bottom cell inclusion and the .top

cell projection., We now construct the following maps
. - -3 .~ - 8r-1, - 0
s, = Ap, ¢ Z8r'1 - X C(r) s; =p A X 7 ¢(n) » =,
o ., <~ 8r-1 /- -3 /o
(1.6) s, = Ap_,. : Z C(p,.) » = "C(7) and
s _ 9 T . <«—8r-1.,, - -8r~-1_, -
sl =plx = C(n) » = C(p,)

Take the composite maps h = in : SZ/2m -» C(7) and K = nj

C(7) » =%sz/2m where T : SZ/2 » C(7) and J : C(i) » £°82/2
denote the canonical inclusion and the botgom cell collapsing
respectively and the maps n are the canonical maps;between

Moore spectra. Then we can construct the following‘maps of

order 2 (cf. [12, (1.13) and (2.5)]1):

moo= hali o 20570 o 5 %(H) , my o= saE 22T %) - 20,
(1.7)  m__. = hi_ z“gr'3c(5r) > z“chﬁ) and |
o= gk 2000 - 2T (s )
Choose maps n : ZSSZ/IG » C(n) and 1 : Z4C(5) -+ SZ/16 with
jn = 3v and Ti = 3V , and moreover choose maps ﬁr: 28r+6SZ/m
-» C(n) and Gr : 28r+40(ﬁ) -» SZ/m with 3ﬁr = égr and ﬁrf =

8gr where v 23 - ZO is the Hopf map and m = m(4r+2)/8

Using these maps we can construct the following maps

n_ Z8r+3 - Z_SC(H) , n; : Z

- T . «—8r-5_ - - .
_p-1 T hpigpyy P2 Clpgpyy) » Z 7C(N)  and

s . ~ . <—8r-5_ - ~-16r-9,,, -
nlpop T JppeqPp P Z Cln) » = ClPoryy)
Using. the composite maps ou_q = cﬁil : C(El) - ZO and

uila = jlﬁo : 29 - C(Bl) where o : 27 - ZO is the Hopf map,

0

8I‘+3C(5) s 3 ,

(1.8) n 3

we introduce the following two maps

i

) Al - 0 Y
(1.9) O 4m¢1 +on_y ¢ Clpy) » = and
m 0 -9
9& = 2 ei + ullo‘: -z C(pl) .
whose cofibers are respectively denoted by SZm and SZ& for

mz=1. Denote by V., and Vé respectively the cofibers of

the composite maps in leZ/Z - SZ/Zm—l and nJ : lez/Zm_l -

4

SZ/2 . The spectrum Z—zVé is quasi KO*—equivalent to % Vm s



and more precisely it has the same

(use [12, Theorem 1.2 and (1.3)1).

in(ejnl)+ni(on_qynl)

<
1

it

(1.10) Y (eiAl)iﬁ+(M:jOAl)ﬁj
¥ o= ﬁj(elAl)+i5(o“_lA1)

v

m

1]

(ejal)fij+(u onl)in
whose cofibers are respectively deno

For convenience’ sake we set

2 _—
z SZ1 and AVl =

on. KOZSZ1

"
AVm

AVl = SZi . As i

(1.11) i) wj = -1 = Ko

KOZSZm =

2

on KOZSZ$ = zZ/207/2 whene
.. 3
ii) yp =

m+1 for m= 1

m =
142 on KO4AVm =
Z/2

Applying Theorem 1 by means of
(cf.

following result [4,

Theorem 2. Let

Z/2m on which wg = 1

K*—local type as one of the following small spectra:

sz/2™Ac(n) Sz, » SZ_AC(n) , V. ,

Ky-local type as

KO4AVm

X be a CW-spectrum such that

and KU1X =0 ,

s~

VmAC(n)
Consider the following maps

='sz/2 » = % (5 1asz/2™ 7!

m-1

zlc(Bl)ASZ/z - S7/2

stsz/2™ 1 5 27% (5, )asz/2

- 71 [)
ted by AVm , AVm A\m and

V! o=

1 sz/2 ,

v, = fsz/2

s easily seen,

szi = z/4 , and wj = (1 9)

ver m = 2.

KOzAVm =

y
KOZAVm =

n

(1.11) we obtain the

Proposition 10.5]).

KUOX =

X has

Thén the same
sz/2™ |
2, -2 ]
Vm , AVm and X AVm

1.2. Let X be a CW-spectrum with KU, X = ZeZ and KUlX
= 0 For such a CW-spectrum X we may assume that XASQ =
(ZZtv ZO)ASQ for some integer t = 0 . When t is odd, X
is quasi KOyg-equivalent to the wedge sum ZZVZO , ZGVZO y 22v24,

6

= VZ4 or the cofiber The

C(n)

KUOX®ZL1/k]

matrices as left action (cf. [2,
t
: 1/k~- 0
Ak,t,0 [ 0 1] and
When t 1is even, X

Adams operation wg on

is represented by either of the following two

Theorem 7.181]1):

R _ { 1/k" o]
k,t,1 1-kxt 2kt 1

is quasi KO*—equivalent to the wedge sunm

99
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0 0

2vVET L, Z4v20

y ZOVZ4 or Z4VZ4 . If X is quasi KOy~

0 4 _4

equivalnt to either ZOVZ or Z/VZ , then wg on

KUOX®Z[1/k] behaves as the following matrix

A ] ( 1/x" o]
k,t,m m(l—kt)/m(t)kt 1

for some m , 0 < m < m(t) . If X 1is quasi KO*—equivalent to
either Z4VZO or ZOVZ4 then wg on ,KUOX®Z[1/k] behaves as
the matrix Ak,t,Zm for some m , 0 m < m(t) Applying

Theorem 1 we easily obtain -

Theorem 3. Let X be a CW-spectrum such that KUOX T ZeZ
KU1X = 0 and -XASQ = (ZZtVZO)ASQ for some even integer t
Then X has the same K*—local type as the following small
spectrum Y

i) Y = C(mpr) , C(mpr)AC(ﬁ) , C(msr) or C(msé) for some

m, 0 <m< m(4r) when t = 4r ;

ii) Y = C(mir) , C(m&r)AC(E) , C(mnr) or C(mn;) for

.some m , 0 < m < m(4r+2) when t = 4r+2

Theorem 4, Let X Dbe a CW-spectrum such that KU X = ze7

0

KU1X = 0 and XASQ = (ZZtVZ )ASQ for some odd integer t

i) - If X 1is quasi KOy-equivalent to the wedge sum ZZVZO ,

then X has the same K*—local type as the following small

8r+2 _0
v

spectrum Y : Y = Z z or C(p%_lno) if t = 4r+l1 ; and

8r—ZC 0

Y = % (n)vz® or C(m)_jno) if t = 4r-1

ii) If X is a Wood spectrum, then X has the same

K,-local type as the cofiber C(ué) or C(m;) according as t

= 4r+1 or 4r-1.

OX = KUlX = Z . For

such a CW-spectrum X we may assume that XASQ = (Z vVZ T )IASQ

Let X be a CW-spectrum with KU
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for some odd integer t . Thus wg = 1 on KUOX®Z[1/k] and
wg = l/kt on KU1X®Z[1/k} . Then X 1is quasi KO,-equivalent
to the wedge sum ZSVZO , Z7VZO ) ZBVZ4 s Z7VZ4 or the cofiber
C(nz) . Similarly to Theorems 1.2 and'1.3 we obtain

Theorem 5. Let X be a CW-spectrum such that KUOX = KUIX
Z Z and XASQ = (Zthlvzo)ASQ for some odd integer t = -1

i) If X 1is quasi KOy,-equivalent to the wedge sum ZSVZO s

8r+3 0
\%

then X has the same Ky-local type as the wedge sum X =

or Zsrulc(ﬁ)vzo according as t = 4r+l or 4r-1

ii) If X 1is quasi KOy-equivalent to the wedge sum Z-IVZO

then X has the same K,-local type as the following small

spectrum Y : Y = 28r+30(ﬁ)v20 or 28r+30(m

8r-1,50 o z8r"1c(u_r;1a) if t = 4r-1

_poploal)) if ot =
4r+l1 ; and Y = £
iii) If X is an Anderson spectrum, then X -has the same

Ky-local type as the cofiber C(uén) or C(m;(nAl)) according

as t = 4r+1 or 4r-1

1

2. Spectra with KUyX ¥ KU;X ¥ Z and XaSQ = (=~ vzl asa

2.1. we here realize elements of the homotopy groups
n_oSk = Q/Z and n_ZSKAC(E) = Z/20Q/Z by constructing maps
between small spectra. Given an integer n = 1 we take the

minimum r = r{(n) = 1 such that m(4r) 1is divisible by n ,

and then set

-2 - 0’
T/ 5 MPLP_L = C(pr) - =
1 - 3 . -2 -8r-1 ~
(2.1) Ti/n = MP_pPyp ¢ 22 > C(pr)
L -2, -3 -
tl/n = Xty ¢ =z C(pr) - = "C(n)
3 - ) 7. -2 = -8r-1 o
ti/n = Tipr ¢ T Cn) - 2 C(p,.)
in which r = r(n) and m = m(4r)/n . Whenever f is one

1/n
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of the maps given in (2.1) we simply write fa = Qfl/n for each

rational number o = £/n . Notice that the cofibers C(ta)
and C(t&) have the same Ky-local type, and C(ta) and

C(t&)AC(H) have also the same K,-local type. For simplicity

—8r—lC

- - y - — . -
we hereafter set Da = C(pr) anq Da =3 (pr) with o

2/n € @ and r = r(n) both of which have the same-K*—local

type as ZO . The exact sequences

b O ) ’ )
0 - SK_lc(ta) - SKOZ - SK—ZDu - SK_2C(ta0 - 0
’ - ' ' )
0 = SK-lc(ta) - SKOC(n) - SK—ZDa - SK—ZC(ta) -» 0
are respectively given in the following forms:

n 0

0 1 (e 0) n

0 - ZeZ/2 ( ) ZeZ7/2 - Q/Z - Q/Z -» O

(2.2) n

. ;
Z . = Q/Z - Q/Z - 0

Is

0 - Z

where n 1s the denominator of o € Q . Then we can show

Proposition 6. Let o and B be rational numbers.

i) If the cofibers C(t&) and C(té) have the same
K*4local type, then o = 8 mod Z

ii) If the cofibers C(t&) and C(té)' have the same

Ky-local type, theﬁ o = f mod Z

For any rational number o = 2/n we now construct the

following two maps

e L a2 -3 ., -
(2.3) we = Tine, + 2ty ¢ Z C(p,) » Z "C(A) and
_ o ’ L w2, = -8r-1_.,~
wh = epndd + Qty ¢+ Z 7C(n) - I c(p,)
where r = r(n) 1is the integer used in (2.1) and e and e;
are the K -equivalences given in (1.2). Notice that the

cofibers C(Wa) and C(w&)AC(E) have the same K,-local type.

As is easily seen, the exact sequence

0 = SK—lc(wa) - SKODa - SKIC(ﬁ) - SK—Z(wa) - 0

igs given in the following form:
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) (%) s e

(2.4) 0 - 2 [Qa zez/2 /40 1/2) 7 06q/2 - Q/Z - 0

where o = 2/n € @ . By virtue of (2.4) we can show
Proposition 7. Let o and B be rational numbers. If

the cofibers C(wa) and C(WB) have the same K*—local type,

, then o« = 8 mod 2Z

Let X be a CW-spectrum such that KUGX = KU X = Z and

XA8Q = (Z—lvzo)ASQ . If X 1is quasi KO*—equivalent to either

of ZSVZO and C(nz) , then 8 = Z and Sg_oX = Q/Z

K-1°

For such a CW-spectrum X the exact sequence

0 = X - KO_4X =~ F_ X = SK—ZX - 0

Sg-1
is written into the following form:

n o n
(2.5) 0 - Z = Z - Q/Z =~» Q/Z - 0

with some o = &/n € Q@ where F denotes the fiber of the Ky~
localized unit tp ¢ SK - KO . Then the cofiber sequence
-1 1 . .

SK(p) - Ad(p) - 2 "SQ - Z SK(p) induces an exact Sequenég

0 = Sp_yXeZ ) =~ Ad ) X = SQuX - Sy oXez ., - 0
given in the following form for each prime p

n :

-4, (2,/n 1) n ©

p) 7 Z(p)%%(p) M S

with some Qp € Z(p) satisfying QP = ¢ mod nZ(p)

For the rational number « = 0/n obtained in (2.5) we set

(2.6) 0 = Z(

8 = o or otl according as (QZ—Q)/n € Z(Z) is even or odd,
where Qz is given in (2.6). Then we obtain the followihg

result as one of our main results.

Theorem 8. Let X be a CW-spectrum such that KU X =

KU,X £ Z and XASQ = (z_lsz)ASQ

1
i) If X is quasi KOy -equivalent to the wedge sum stZO )
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then X has the same K,-local type as the cofiber C(t&) for
some o € Q with 0 < o < 1 .

ii) If X 1is an Anderson spectrum, then X has the same

Ky-local type as the cofiber C(WB) for some B € Q@ with 0 <

B < 2

2.2. Let Nam,2 ° ZZSZ/4m - S7Z/2 be a map satisfying
n4m’21'= 7 and jn4m,2 =7 . Using the composite map u_; =
n240’211 : C(Bl) - ZGSZ/Z we introduce the following map
(2.7) iney + (onl)ii_y @ =°C(p;) = SZ/2
whose cofiber is denoted by AMl . The map 2(prA1)
Z8r-10(51) - C(El) is factorized through AMl as Z(QrAl) =
jM§r for a suitable map v : 28r+1C(51) - aM; where Jy ¢ aM
- 220(51) denotes the .canonical projection, becéuse ozh =0
and 9P, = 0 for any r = 2 . For any integer n 2 1 we set
(2.8) vy = mvo(p_Al) t C(p)AC(Ry) - My
where r = r(n) and m = m(4r)/ﬂ‘. For any rational number
= 0/n we now introduce the following map
(2.9) o, = iyileney) + Quy ¢ Clp )AC(py) - aMy
where iM : SZ/2 - aMy denotes the cahonical inclusion. Note

that the cofiber C(wa) is quasi KOy,-equivalent to the wedge

sum Zle2 . For simplicity we hereafter set Da 1

b
C(Er)AC(Bl) » which has the same Ky -local type as ZO via the
Ky-equivalence e ey . Since the induced homomorphism © o %

SKODa,l - SKOAM1 is expres§ed as the matrix (Q}4n 192) 1 ZeZ/2
- 7/20Q/Z and 0ux ¢ SKlDa,l - SKIAMI is an epimorphism, the
exact sequence

0 = SpCleg) =2 SgePy,1 = SgedMy = SgeCley) - 0
is written into the same form as (2.4).

Similarly to Proposition 7 we can show

1

&
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Proposition 9. Let o and B8 be rational numbers. If
the cofibers C(wa) and C(wB) have the same K,-local type,

then o = 8 mod 2Z

Let X be a CW-spectrum such that KU,X = KU, X = Z and

XASQ = (2u1VZO)ASQ . If X 1is quasi KOy -equivalent to the
wedge sum = *vs® , then Sg_oX ¥ Q/Z and Sy ;X = ZeZ/2 or Z
according as wg =1 or (é %) on K01X = zZ/207Z/2 . For such

a CW-spectrum X the exact sequence
SK—IX - KO_1X - FOX - SK—ZX - 0

is written into the following form:

_ (n 0) o n
(2.10) Ze7/2 - Z - Q/Z - Q/Z - 0 if SK—1X = ZeZ/2
n o n »
Zz - Z - Q/Z - Q/Z - O if Sp X 2 Z
with some o = 2/n € Q . Then the exact seguence

is given in the following form for each prime p

(2.11) 1) In the case when S X = Z®Z/2 and p = 2',

K-1
n 0
—QZ 0 (Qz/n 1 0) n
R ; [¢] 1 @
0 qz(z)@z/z - z(z)ez(z)eaZ/Z - Q - Z/2° -0
ii) In the case when SK_1X 2 Z or p is odd,
[-2,) |
0 z e z z e/ ) . 7/ 0
> Zp) 0 2(p)®%(p) A A
Here Qp € Z(p) satisfies Qp =z 2 mod né(p) for each prime p

Similarly to Theorem 2.3 we obtain the following result as

another of our main results.

Theorem 10. Let X be a CW-spectrum such that KUyX =

KU1X = Z and XASQ = (Z—leO)ASQ . Assume that X is quasi

KOy-equivalent to the wedge sum Z_leO

i) If wg = 1 on K01X = z/207Z/2 , then X has the same
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Ky~ local type as the cofiber C(t&) for some o € @ with O
o < 1

ii) If yp = (é %) on KO,X ¥ 7/20Z/2 , then X has the
; o

same K,-local type as the cofiber T “C(w,) for some B € Q

B8
with 0 < g < 2

References

<

[1] J. F. Adams: On the groups J(X)-II, Topology 3(1965), 137-171.

[2] J. F. Adams: On the groups J(X)-IV, Topology 5(1966), 21-71.

[3] A. K. Bousfield: The localization of spectra with respect to

homology, Topology 18(1979), 257-281.

[4] A. K. Bousfield: A classification of K-local spectra, J. Pure

and Applied Algebra 66(1990), 121-163.

[5] A. XK. Bousfield: On K,-local stable homotopy theory, Adams
Memorial Symposium on Algebraic Topology vol., 2 , London
Math. Soc. Lect. Notes Ser. 176(1992), 23-33.

[6] D. M. Davis and M. E. Mahowald: v;- and v,-periodicity in

stable homotopy theory, Amer. J. Math. 1083(1981), 615-659.

[7] S. 0. Kochman: Stable Homotopy Groups of Spheres, Springer

Lect. Notes in Math. 1423(1990).

[8] D. C. Ravenel: A novice’s guide to the Adams-Novikov spectral

sequence, Geometric Applications of Homotopy Theory 11,

Springer Lect. Notes in Math. 658(1978), 404-475.

[9] D. C. Ravenel: Localization with respect to certain periodic

homology theory, Amer. J. Math., 106(1984), 351-414,

[10] Z. Yosimura: Quasi K-homology equivalences, I, Osaka J.
Math., 27(1990), 465-498,

[11] Z. Yosimura: Quasi KO*—equivalences; Wood spectra and

Anderson spectra, Math. J. Okayama Univ. 32(1990), 165-185.



[12] Z. Yosimura: The K*—]ocalizaLions of Wood anq Anderson
spectra and the real projective spaces, Osaka J. Math.
{1992), 361-385,

[13]1 Z. Yosimura: K*~localizations of spectra with simple

K-homologies, I and II, in preparation.

29

67



