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§0. Introduction

Let K be a nonarchimedean local field of characteristic zero with its ring of
integers O. let 7O be the unique maximal ideal of O, and let q be the cardinality of
the residue field O/=O.

Fbr a polynomial f(x) in K|x], where x = xl, x2, -++, x1), the Igusa’s local zeta

function of { is defined as

10=] 11)°|ax.
OIl
where | | is the usual absolute value on K and dx is the usual Haar measure on K
such that fhe measure of O is 1.

As a function of s € (, it is known [I] that I(f) is holomorphic for Re(s) > 0 with
a meromorphic continuation to the entire complex plane, and it is fationa.l in t= q_s.

Let f(x, y) € O[x, y], and let { be the natural projection of f under O — O/ 70 N
IFq. We assume that the curve defined by {(x, y) = 0 has iis only singularity at (0, 0).
By the resolution process, Meuser [M] showed that there is exactly one simple pole comes
from each ‘characteristic exponent" of the puiseux expansion of f.  Characteristic
exponents were first considered in connection with the above zeta function in [I].

Aiming at finding an algorithm to compute the local zeta funcitons named after
him, Igusa introduced the p—adic stationary phase formula (SPF in short), which turns out
to be a very powerful tool, as our result shows. A clarification of the relation between the
arithmetic desingularization of the curve f(x, y) = 0 and an algorithm via SPF to
compute I(f) was asked by Oesterlé. In fact, in general, there is a correspondence
between the desingularization by monoidal transformation and the computation of Igusa’s
local zeta functions by SPF.

In this paper, we shall carry out this program for n = 2. We assume that in the

puiseux expansion of f(x, y) = 0 only characteristic exponents appears and they are with
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coefficients 1. An explicit formula for the Igusa’s local zeta function is then obtained in
terms of these characteristic exponents. It will become evident in our algorithm that those
terms with noncharacteristic exponents {with integer coefficients) make no comtribution

to our zeta function.

§1. The tool: SPF
Lemma 1. (sPF)

Let f(x) € O[x] = O[xl, x2, -++, x"]. Under the projection O — O/10 ¥ Fq, 1(x)
is mapped to f(x) € F q[x]. Then
10=] 161 ax|
J on
=1-q "N¥ + (N F-sFy(1q )1y

+q )| egEmlax| (1)
xOGOnmod r of
ioes
where N={xe¢ Fgl I(x) = 0}

S = {x effl‘| i(x) = vi(z) = 0}

and N¥ = card (N), s# = card (S)- (In case of emphasizing its depandence to f, we shall
write N(f), N#(f) etc.). t=q °.

§2. Igusa’s local zeta funciton of y™-—x!!

For the computation of the Igusa’ local zeta function, the most simplest case is the
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following.

Exa.mple 1. f(x,y) = y2—x3.

Let T=1() = [ o I¥*<"1" dx] layl.

Apply SPF te I(f), since

N = {6 o)) ueF),
(0 = {0, 0),
NF(f) = q.

We get

1= 1-q7 + a7 g A0 4 a? [ () (m)lax] ey
0

where

2 3 2 2 3¢ i
[ 1m0 Plaxl 1yl = | Iym|® Jax 1yl
02 02

Introduce the following notations

2 3
=y —=
L =1 )
then I=1- q_1 + q_l(l—q'—l)zt.(l—-q_lt)_'1 + q_'2 211 X (2.1)

Apply SPF once again to I(f1 1), since

N(fl,l) = S(fl,l) ={(,0)| e fq}

we have



?

x,€0/7" 07
in which the summation equals to

2 3
t-q- J |y =" dx| | dy|
02
(here we make te change of variable x — x,+mx).

Hence

_ -1 -1
Ill_l_q +q tI12

b} b

in which

_ 2.3
I o =1y o), fjo=m—"

For similar reason, we have

2.3

RS R |
Lp=1-q +q th,
_ -1, -1.2
12’2-—1—q +q 't 12’3
in which
I, ,=1f,,) f,,=y° —1°x
9,2 =1fy 9): 22=7Y
Ls=1 fha=1

summarize (2.2), (2.3) and (2.4), we get

-3,4

1t+q—2t2) +q tI

-1 —
11,1 = (1-q ")(1+q

Compare (2.1) with (2.5), we obtain the local zeta function of y2—x3 as

Li=1-qt+q? [ 1w - lxgrm®Plax] lay]

117

(2.2)

(2.3)

(2.4)

(2.5)
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- - — 4 -1, -1 —1,\—1
1(y2=3) = 1t 1q 7144 R I R T e B g )

In the general case, let f(x, y) = ym—xn, where m and n are coprime and

1 <m < n. Proceed as in the Example 1, let fO 0= f and
§
10’0 = jO2 Ifo,o(x» y)|"dxdy

then I=1I(f) =1, Apply SPF to I, , once, since N#(f) =q and S = {(0,0)} we

get

— —1.2 — -1 \— -
I o=1-q 4 - )2 ) + g2 |1, o7 7y)[5ldx]| [dy|-
0,0 0200

m
Let fO’O(rx, 1y)=7 fl,l(x’ y), then we have

Proposition 2.0.

=Ty, = 1-q 1+ D2 a7ty + q_Ztmll’l (2.6)
where Il,l = I(fl,l)’ fl,l(x’ y) =y — 2200
For 1<i<m,[(i-1)n/m]+1 < j< [in/m] + 1, define
ymginTIm if j < [in/m] |
fiy)=q , (2.7)
,(Jt1)m-in yo ", if j= [in/m]+1.
L =15,

then we have

Proposition 2.1.
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. - -1 s s
1-q +q W™ 4y if §<in/m]
_ -1, 1% . e
Iij—* 1-q "+q 7t Ii’ j+1, if j = [in/m] (2.8)
1 lm-r

T T

where in=[in/m] - m+r, 0<r<m
Proposition 2.5.
I = (-a7)a e R + q_(n+m—2)tm(n_l)lm’n (2.13)
where
e finmp Y im/nl
P(t) = q "+ Y q ™, (2.14)
i=1 j=1

Theorem 1. (Igusa’s local zeta functions for y - x")

Let I be the Igusa‘s local zeta function for 1(x, y) = yO—x", where n > m > 1

and they are coprime. Then

0 1= @=L o asg i aq )T+ TR} (215)

I e I (e et i (ORI

T e _q—lt)—lq—(m+n—2)t(n—-1)m} (2.16)

where the polynomial P(t) is given by (2.13) and I, , is defined in the proposition 2.0.
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§3. The general setup of the computing algorithm

Let f(x, y) € K[x, y]. We may assume that y is expanded in the puiseux series in

the ascending exponents:

g—1

in which m, and n. are coprime integers and n, > m, > 1 and aj i 0 forall 1<j<eg.

the corresponding g exponents

nl/ml, ny/mym,, -, ng/mlm2 e my

are called the "characteristic exponents" of the curve.
In the following sections we shall assume

aj0=1 for all j and a.ji=0 for all j,all i#0.
It will become evident in our algorithm which appears in the following sections that
those non—characteristic terms (with integer coefficients) will have no contribution to the

integral.
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Notations. For 1<i <gmy and m, are coprime and n, > m, 2 2.

‘= I m,, m'= I m, m= [ m,=mim!
A 7 1< A 1<A<g A i

2= ¢, for all natural number ¢.
l)‘ = n)‘—nlﬁlllm/’\, 1<A<g
(then ¢, >0 for A>1,and ¢ =0)

6=4-6_m)
n.m/?
Let y = )% x ' ! be a puiseux series with fractional powers, and let
i=1
& kn Am')'\ n Aﬁ'l :\
f(x,y) = I [ - 2 € x
k mod m

A=1

be the product of all conjugates of the puiseux series, where ¢ is a primitive root of unity

of order m.

Let 19 =1, 10) = y9)

=100 = 10 y) Pl 1ay]
0

We shall assume that (0, 0) is the only singularity for { = 0 over Fq. Then we have
Main Theorem.

Let g be a natural number. For 1<i < g n and m, are coprime and

n, > m, 2 2. Given a puisenx series
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8 coom) L
ni(mlm2 m,)
y= 2 x .
i=1
Let f(x, vy) be the product of all mm, --- m, conjugates of
n.
y— )% X 1(mlmz---xni)"l. Let I(f)-—-I l(x, y)|® |dx| |dy]|, then we have
i=1 2
O

) 10 =1-q+(N1)q 2-q 10 + g 2™

?

) 10 = g D @) R Y + o

+ (1 Y ™.

(ii) 0 = 08

.53 EPPN S N mjm

=(1—q ) ) (-r) (1=t N )T (@ympt N oer Ty

A=1
g1 m{m
Ly 1y e =10

- 2 (1'_7')‘_*_1) {(1— )'Q'(mlmA)(l_"l t
A=1

-1 ~ | -1
- (14 )Q'(mlmA)T TA(¢)\+1 b T,\_+1)
s N 7 —1 _1
— @R @ T T
“ -1, ~1
- q-(mlm/\)(l—m)ﬂ_lq )T 1'/\_'_1}

+ (=) (B m) g gy

where N, is the number of solutions to f(x, y) = 0 over F ¢ P(t) is defined by (2.14),

. -1
{ry} are defined recursively by (5.3), m{ = I m,m= [0 m,¢=¢ ,¢

and ¢, are defined respectively by (5.4) and (5.5).
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§8. Examplesfor g=2 and g=3

Example 2. y = x3/2 4+ /4

£ = (y—=x> 2x® 4y (g3 2334y 3P Ay 13 2101

— (2= — xSy O

— - -1,2 —-1,\—1 —2.4
1) = 1-q "+ a (-0 H20—a T + R4

— - 2 —
I(0) —5412)~1 (1Y) 14q T2 q 2t q38)

—48.q.

=(1-q
+(1-q )

For g = 2, the general formula for Q is

R R (B (R S

- (1q7 a7 1) = (9= 1) — (1-myq H)ar 7y}

+ (1=r9) - my(1q t(1-g ) -
In Example 2,
f=4"=3
T=1 = q—5 12 =(q -5 12) (@ 1t2) 13t30
by =aqt +q_88 Py = 0+ 8
2 = (17 g g
e B I (S TR ey (R ey
_ (l—q—l)tz _ q_1t3 _ (1-—2q~1)q—7t18}
+ (17220 Thaq Ty g R,
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Example 3. y = x3/2 4 x7/4 4 \17/8

I=1-q " +(Ng-1)tq 2(1q )1ty L2
0 ~5,24)-1

’

Ig %: (14 (1 H1+qltt4q

For g = 3, the general formula for Q is

-1 —1, MMz, MoMg -1
Q=(1-q ")(14q 't )t -(1-7))

mg

1 _ m s _
+ (=) {1 DN Yy myet Ser

— (a7l 2 Y, + (1q7D)g. (=717,

1(05

-1.4 2t8+q -3 16

79

-1 ~1, —1
+(py—7 To) + q-(1-myq )7 To}

m
— (1=rg) 7 {(1—a g my- (17t 3)—17—172

__qmz(l—-m3q_ )7'_ 7'3}
-1 -1 ~1,\—-1 -1
+ (1'—73) (m2m3)(1—q wi—q t) 7 Tg.

In Example 3,

h1=bh 4=5 4=

24 —524 _11
'r--'rl—q_5 79 =(q Y(q— ) 52

b

-(1—q~ )qm T ‘r2 (4)3 Ty 3)——m

11 52,2 —-25 110
T3 = (q )(a )
-1 2 —1 - -1 —
T 7'2 = q_st 8’ 2 3 =q 14 58 T 7_3 =q 20t86
by =1+ q 028 y g = q 12 4 714458

)+ (1

T

_4t16

2(‘/)3 ; 'ro)

0



-1,3 —14,58
¢2_t +q—628 ¢3=q1t +q "t
— - —1,4\-1 4
Q = (1q ) g g Y
-1,2,—1 -1, —6
T I (¢ B I o B 6 By e
—1,4\— -1 —6,28
=~ (1= (1—a ) - (g0t

- -1, —5.2
+ (1=q Vg + t2 + a—2¢7 1028

—25,110y—1 ~1,2,-1 ~1, , —6,30, —19,86

— (g B AT 217 (04T
—6, -7,31 -1, -1

— (g7 1)-2q7030 — 2q 7743 _a(1-2q7)q 1980

25,110\~ —1,\— -1, -2
+ (1= 2 gy a1 7 20
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