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Association schemes and Spin models
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1 Introduction

Spin model & Jones 33 (Pacific.J.Math.1989 [15]) T E& L 8 &T
HBENR, CCTREROPEDT LICDOWT introductory % ZxFH % T AHo

‘1. Jomes [15] ,Jaeger [14] ICHE 5> T spinmodel DEE L ZNED
X 5 1 L link invariant. #3i8 { 2»Dfi#dk, % % association scheme
& DB EIc O wT o R

2. SRBC-HPA [18] IC X B generalized spin model DB A Dk, FICH
WN-IA [5] IK & 52—kt % generalized generalized spin model
DEEEDEA,

3. COHBTOE L\ L DhDHIEIC DT DffEs,

BEHEEICL D X DH L\~ introductory 2R & LT, 4545
(1993)55-75, KRR X et REWHES IR —T Vv 2 —va vy 2% —
LOBREDFEE - IBELTLEE v



2 Spin model

E¥ 2.1 AHRES X ¢, UTofl i vy, w- : X x X —
C BWHEHET D L%, (X,wy,w-) % Spin model with loop variable D &\~

5o
HL., D’=|X|=n

(0) (symmetric condition)
wy (o, B) = wi(f, @)
w- (o, B) = w-(6, @)
(1) w+(a)ﬁ)w—(a7ﬁ) =1
2) Y wi(a,z)w-(z,B) = nbap

zeX
(3) (star-triangle relation)
E w+(a, CL‘)’LU+(,3, :II)U)__(’)’, CB) = D'LU+(O£, ﬁ)w—(ﬁ) ’Y)w—(’)/) Ol)
z€X
for any o, 8,7 € X

it 1750 Wi = (wa(a, 8))aex pex DT EETHWNDZ B L,

(0) Wy =W,, tW_=W._
(1) WyoW_=J
(2) W W_=nl

(3) WiYgy = Dw_(B,7)Ypy
Bl Wi ik Wy 0BEEfTHI & L, #FH ot Hadamard product, J &
ETOBERB 1D nxn 750, I it n ROBNFTIEF 5,
7 YVgy = (w4 (B, 2)w-(7,2))sex En RDO~7 P,

Spin model BFAETIIE. £ Db link invariant 2L FO X 5 ICL
TVELN B T & A, Jones KX > TRE N o

1. L #M & 37 b Twi\» link diagram & 3%,



2. I DEBOES G HE & GCEREEI . BHET 5 R B X
5% 5,

3. BB EIEA, RESAZTEL, TbcBBTCH LT X 5 I
5% £+ 7 signed graph %O< %,

‘% Dt
AR

4. state o % L OJHE»D X ~OBEBE L L. KT partltlon function #%
EET b,

Zy =D 3 ] wa(o(a), (b))

o:state edges

BL. b(L) BREHEOBEH. a,b REDOHIM. L1k 2 OTOFF
¢35, +5&, Z IZ, unoriented link diagram 7»& C ~o
BB ERhD,

EH 2.1 (Reidemeister) HFR[E D Reidemeister moves IILIIT TR Y
&5 2250 link diagrams IZ FEICH 2,

Reidemeister moves

I,Q:.: z.(?

R



HE Zr, ¥+ Reidemeister move ILIII T ARZE
/ ~

+

. . <>

i
209_) = a'2( ~) ey
OB
Z( /Q) = aZ( —~ )  forsomea€C (3)

oriented link diagram I & crossing ICxt LTy HD X 5 IC&3E 8 ¢ 1Kk
LT sign(c) #B&T %,

S

w(l) := > szgn(c)

cicrossings

Ry = a"w(z)ZL



FH 2.2 Ry 1k, oriented link invariant T 5,

Spin model( X, wy, W_) BFETHE. RO T &35 D ILDo

lus(a,a) =a  w_(a,a)=a"?

> wi(a,z)=Da™! Y w_(a,z) = Da

z€X z€X

BHL, ae X BEE a#0

2.[Prop.2.16 in Jones [15]]
% z€C KL Ty Ha,b)|wyi(a,b) =2z} B n OEHTH 5,

En1, 2, HEEERTI {HL A association scheme DYEEIC
T <\ HARIC association scheme % Fi\»C Spin model #VE% € & 23%E %2
bitdo

3 Assiciation scheme

EF 3.1 (Association scheme) FFEES X ¢, X Lo d+ 1 @
Btk Ri(i = 0,1,...,d) (F&bb R EiE. X x X oBWIES) o
X = (X, {Ri}oci<d) T~ 2E¥DOEHE (1)-(iv) 72T b D% association
scheme & X 5%,

(i)  Ry={(z,2)|z € X}
(i) RoURU...UR;=XxX %D RNR=¢ ifisj

(1)) i €{0,1,...,d} LT R = {(z,9)|(y,2) € R} LEHET 5
& &'R; = Ry for some ' €{0,1,...,d}

(iv) ¥i,5,k € {0,1,...,d} k3t LT pf; == #{z € X|(z,2) € Ry, (2,9) €
R} i (z,y) E Ry B LTy (z,y) DE D FC X bF—F



FICROGE (V) 2T 0%, T#ik association scheme &FFTF
St (Vi) BT b D%, SFik association scheme & PR,

(U) p?j = p;c' fOT Viaj)k :
(vi)*R;=R; for¥i

(X#i % association scheme (3 AJ#A 7 association scheme [C %4 % T & (X[E
HbICHH» D)

A; % R; cxt$ 3 adjacency matrix &3 3%,

1 if (z,y) € R

0 otherwise

(Ai)ay = {

DR, AiA; = zd:p?jAk DL DILH Ao, A, ..., As TER IS M,(C)
(EFRfus C _l::0)k=no RELFTFIER, %27 L n=|X|) ® subalgebra A =<
Ao, Av,..., A3 > % X @ Bose-Mesner algebra M35, D& ¥ A ik,
d+ 1@ primitive idempotents Fy, Eq,..., By 3D, TD L & Ey =
1/nd & LTH—BEELEDbE

AD2DODHIE Ao, A1,...,Aq & Ey, Er, ..., By OZHTH] P,Q

1.e.
(Ao, Al, . e ,Ad) = (Eo, El, ey Ed)P

n(EOJ El) .- ~7Ed) = (AO)AI’ .. ')Ad)Q

EFBE, PQ=QP=nl DD,
e, P=Q &b e %, Xitself-dual TH3B &5,

od = 1 D&, Trivial association scheme X = (X,{Ro, R:})

Ag=I1,A = J—T %D Wy = toAg+t1 AL, D = —(t1)?— (t1)2,a =
to = —(t1)73¢ L THI¥K 2% Spin model(Potts’ model & XX %) iE,
Wi +eW_ = (et +471) (DI +eJ) %7 Ly T bTE 5 link invari-
ant {3 Kauffman(SEZBZIC Ix Jones)polynomial DFFFRIETD %,



od = 2 DEFE D association scheme (F 7% b % strongly regular graph )
2»6C¥ % Spin model 3, Wi +eW_ = (et; +t7) (DI +eJ) %%k L
b TEF 3 link invariant 3 Kauffman polynomial OFEHEIC %4 %
T &2 Jaeger IC X > TiRn& o

T T T, strongly regular graph S {cxf L Spin model 28F¢7EF % 4%
B4, S 23 locally strongry regular graph T3 5% T &,

EHR 3.1 (Jaeger [14])

(1) <W,,J,- ><§_‘< W_,I,0>
W, — DW_
(2) < Wy, J,-> % Hadamard product B L CPACL T3 A b ik,
(1) < W4, J,» > (& self-dual assciation scheme @ Bose-Mesner alge
d

. d
(ii)W+ = ZtiA;“C*%i’Wf W_ = thiE,'
) 1=0

1=0

Eﬂ 3.2 (Jaeger) X = (X, {Ri})o<i<a % self-dual % association scheme
& LA %%o Bose- Mesner algebra &ﬂ”Z)
ADTEW, W_% W, = Zt AL W = th B e T BEE (X, W, W)
2% Spin model & 7 Z>,Z~§+6}%{¢ht\ =

(iy PT =DT-

(1) Yi,j€{l,...,d} st. ti #t;, & (B,7) € RiCKIL T
E;Ys, = 0

TH5bo
BL T =" ..., ta), T~ =451, ...,t7%)

4 Spin model O—B¥L

FEFE 4.1 (generalized spin model) [Munemasa- Watatani [18]] FBREE
B XLDTOGEL2HLTER v, v X x X — C BHEET S L &



(X, w+,w_) % generalized spin model & X %

(1) UJ+(,8, O()’U)-(O(, ﬁ) =1
(2) Z:a:GX w—(a1 m)w+(m,ﬁ) = néaﬁ
(3) Tasex wi(e, 2)ws(s, fw-(z,v) = Dwy(e, B)w-(8, v)w-(a,7)
for o, B,vy€ X
Fe’2L D? =n=|X|

D generalized spin model 7> HFl & FERIC LT oriented link invari-
ant 7};{/}5 (‘Qn":) o

S —HA (18] 11 |X| =3,4,5 D & FOFIEVES oo
BN —EA [4] i KEBE G = Gn(= Z,,) @ group association scheme
X(G,,) # b generalized spin model 2SHHEIICHERKTE 5 T L %R L %o

53 4.2 (generalized generalized spin model) KN —3KAW [5]] A
RREEE X &, ROGH%TRTEH wi: X x X — C (1= 1,2,3,4)
BELET D EE (X, w,wy, w3, wy) % generalized generalized spin model
i,

(1) wi(a,flws(B,a) =1
wo(a, fwe(B, o) =1
(2) Toex wilo, z)ws(z, B) = ndag
Toex wila, z)ws(z, B) = nbag
(3a) Tiex wile, z)wi(z, Bws(y,z) = Dwi(a, B)wa(y, @)ws(v, B)
(3b) Leex wi(z, @)wi(B, z)wy(z,v) = Dwi(B, a)wa(ar, ¥)wa(B, v)

oriented link diagram L 7>b- Bil & [FKEIC graph #2< Dy TICRD
L5 WCHAEFEZTEMIGE & 5,



partition function:Zy := D=%D) o I wae=n)(o(a), (b))
o:statea—b

n(a —b): a 2 b ~DADFES

C® & %, T partition function %, Reidemeister move ILIII TA
%’C‘% 55

¢ Generalized generalized spin model DR AT E

(X, W4, W_) % generalized spin model &3 %,
W; = (wi(a, B))acx pex, {6,y ={+, -} & T 5%,

Wi, W, Wa, W D5 5D 200k {W,,'W.} KH D, B D 2D
{We'>tWe'} K@%%%%%i 5o

(1) Wy, W, € {W,,'W.},W;,W, € {W,,'W.} ©& &% Jones
type & X 5%

(2) Wl,W4 € {Ws,tWC},Wz,W;; € {WE:,tWEl} Dt é’ 75{ Psuedo
Jones type & X .5

(3) W17 W3 € {We, tW,}, Wg, W4 € {Wel, tWG,} DL 5’ % Hadamard
type & X 3%

SRS o spin model 1CBEF 2 BIRIL, LFRFNKIC W7 FIEFEK A5 L. Kauffman
B AKOHKES (199148 11 AE) K LT, 2D & & Jaeger DI [14]
preprint 3 b o T LICHEE b,

self-dual 7% symmetric association scheme @ _EICHT L \» spin model #37F
ET3D0TRAVD, EHEREBALT ECIEE ok ORI
Hamming association scheme H(d,q) k@ spin model OREARL (SRA-
AN-H=-) %k [7]) TH Y, T T Hamming association scheme DFEHE
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F X3 % modular invariance DPE FHW-HA [3]) ARICITL oo %
7z modular invariance #& % % ¢ & I¥ cyclic # Lo (generalized) spin
model OERK (FTN-IA [4]) Kok o7k,

¥ bk, BF [19) © Hadamard 77 7 _E® spin model DK D
Ao~ FEEER 7,

Hamming association scheme H(d, q) _E® spin model {. spin model @
TV NARENR, T/ spinmodel KRBT Ehb, TETT T K, 0 d 1
DEFED bHEK S spin model & LTEBICBOLND T &o T ST,
% @ link invariant {% Jones ZTHRA D d Fc A& V FH L » link invariant
BELAWT & D55, (dela Harpe-Jones IC X % 2 A v }), cyclic
group _E® spin model @ link invariant 23—INICAIIC & % 2 1% & A&
HihTwhwneBEbh 3, [symmetric 42%S Goldschmidt-Jones [12]
,Kobayasi-Murakami-Murakami [17] 1C X Y, % % non-symmetric A&
DFEEFIAB m = 3,4,5 FJIBH—c X WEHE I Tw3,] BF o spin
model (& Jones ZEXTRFITE 1 200 link ZXFITE 3 T & 45h
220 (Jones-Fit), 2Dkt > & b L/ invariant D1 Jaeger I X 9
5z b, (Jaeger [14] BFR)

generalized generalized spin model D\ < DD FliE, HWA-I|A [5] T
5z bt T\ % Hadamard 75 & Bk 3 % Hadamard type @ d 0D
PlilHKC X Y fx E 52 b Twb, (T b link invariants 3¢
»5PEFELDRTVAEN)

AP, BB LR E LTk,

o Attila Sali [9] Ic X b size D/ \» spin model D EF IR A & A X
nTws, |

o EHEA [13] 1k V. d = 2 ® non-symmetric association scheme
£ generalized spin model DIFFEMFEHE LTV 5,

e Balmaceda [1] i€ X » d = 2 @ symmetric cunference graph o
spin model DAFHDFEED H5 2 b TW3B,

A, CORBEOBRCHRINTOWVWDOBDHF LWFER & LT,



e symmetric association scheme EIC generalized spin model 23®#iX
% @ association scheme (1 self- dual Th XA bAVC &, 5%
T association scheme _F® modular invariance % fj\»T spin model
DR % 3T & 223, spin model DIFFEAS modular invariance %
BT, (FA-HRM-Taeger IC X 0 3RST % HEMHA)

o BAERIC XD, 5% b’ affine Lie algebra 7> b % OFEHR
#HwT, HL W family & LT® spin model 25 (BFRT7 — <1 B
L) BEkahsc e,

S Rk
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