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\S 0. Introduction

The purpose ofthis report is to makea survey of our recent trials to develop the exact WKB

analysis of the Painlev\’e transcendents. The motivation of such trials is two-fold: On one

hand, in view of the WKB-theoretic expression of a monodromy group ([SAKT],[AKT3])

we want to analyze isomonodronic deformations from the viewpoint of the exact WKB

analysis, which naturally leads us to the study of the Painlev\’e equations with a large

parameter (Table A.1); on the other hand, such equations admit instanton-type formal

solutions, which seem to be crucially important to describe the connection formula for

Painlev\’e transcendents with a large parameter, and hence to describe the monodromic

structure in question. Unfortunately we have been unable to obtain complete solutions to

these problems. Still we believe that the results which we report here will convince the

reader of the importance of the subject.

This report is organized as follows:

In \S 1, we review some basic facts concerning the $\backslash 1^{\gamma}KB$ analysis of isomonodromic

deformations of some Schr\"odinger equations, which we call $(SL_{J})$ (cf. [AKT2]). One

important feature of our analysis is that an isomonodromic deformation inevitably brings

a double turning point into the theory (Proposition 1.2 $(i)$ ). This is really an unpleasant

feature of the problem, but it is the starting point of the nexv approach to the Painlev\’e

transcendents; first of all, this degeneracy is a counterpart of our way of constructing new

formal solutions of the Painlev\’e equations (Proposition 1.2 (ii)), and furthermore a subtle

and interesting analyticity property of a KVKB solution of $(SL_{J})$ at such a double turning

point is established (Proposition 1.2 (iii)). The analyticity property seems to reflect the

fact that suclI a point is tied $u_{1)}$ with the apparcnt singular point of $(SL_{J})$ .

In \S 2 wc first introduce soinc basic notions suclI as a Stokes curve for thc Painlev\’e

cquations. They arc closely relatcd to tbc Stokes $ge()111ct_{1)}$. of $(SL_{J})$ in a (currcntly still)

$111yst_{t_{-I}^{Y}}\cdot ic)\iota\iota s$ way $t1_{1}\iota\cdot()\iota\iota g1_{1}\dot{t}11$ intriguing relation (2.4). $\backslash \iota:_{(}$ . then establish an $i_{1}n_{1}$ ) $0\iota\cdot t_{\dot{c}1}nt$

transformation $tl$ ) $COl\cdot C\ln$ for $St$) $111C$ particular $r^{)}:\iota i_{11[.\backslash }t^{\backslash }Vt_{-t\iota_{\dot{c}111^{c})(C11(\iota_{t^{\backslash }11}t\searrow}}’..$. to the cffcct that $t1_{1}ey$

can bc mutually $t\iota_{\dot{c}}t1lsfo1^{\cdot}111C(11\langle)Ci\iota 1\iota_{\backslash }$ , (Theorem 2.3). It is $1$ ) $\iota\cdot 01)_{\dot{\subset}}\iota 1\supset 1y\backslash :_{O1}\cdot t1_{1}$ emphasizing that

tlte transformation is constructed $\backslash \backslash :itl\iota t1_{1t^{1}}$ a id of the transformation of $(SL_{J});alth_{0\iota 1}g1)$ we

are interested in $t1_{1}et_{1it11}s\cdot f_{ol111i\downarrow}$ tion of the $P\cdot\iota i_{1}\iota 1_{t_{-(-}^{\backslash \backslash }}’\backslash$ equations, it is achieved by studying
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the underlying Schr\"odinger equations (together with their deformation equations). Slightly

weaker version of these results are announced in [KT].

The formal solutions discussed in \S 2 generate another class of formal solutions of the

Painlev\’e equations; one of their characteristic properties is that they are infinite sums

of terms containing exponential factors, which give rise to a periodic structure concern-

ing the location of the singular points of their Borel transforms. We call such solutions

“instanton-type solutions”. These solutions are the main subject of \S 3. As is easily imag-

ined, instanton-type solutions are important ingredients of the connection formula for

Painlev\’e transcendents with a large parameter. We exemplify this fact by a concrete com-

putation of the connection formula for the solution discussed in \S 2 in the case of Painlev\’e I.

In the final section (\S 4), we discuss the exact XVKB analysis of $(SL_{J})$ , that is, some of

our conjectures on the transformation of $(SL_{J})$ whose coefficients contain instanton-type

solutions. Our expectation, though not yet fully confirmed. is that the connection formula

for all instanton-type Painlev\’e transcendents should be deduced through the transforma-

tion of the sort from the results for Painlev\’e I, a part of which is given in \S 3.

In ending this introduction, we would like to express our heartiest thanks to Professor

T. Aoki for the stimulatin科 discussions with him.

\S 1. Deformation of WKB solutions.

First let us fix our notations.

Throughout this article we use the symbol $(P_{J})$ to denote the J-th Painlev\’e equation

with a large parameter 77. As is stated in the Introduction, the Painlev\’e equations $(P_{J})$

( $J=I,$ $\cdots$ , VI) naturally arisc a $s$ conditions for isoInonodroInic deforinations (in the sense

of [JMU]) of the rclcvant $Sc111^{\cdot}\dot{(}i$dinger cquations

(1. 1) $(- \frac{\partial^{\underline{}}}{\partial_{1}\cdot\sim^{)}}+\uparrow 1’\sim^{)}Q./(.\iota\cdot, t, \int))t_{f}’’./(.\iota\cdot, t, \uparrow l)=0$,

$w1_{1}ic1_{1}$ will bc denoted by $(SL./)$ . As a matter of fact, these $Sc\cdot 1\iota I^{\cdot}\dot{(}$) $cli_{1)}gt^{\tau}1^{\cdot}$ equations $(SL_{J})$

$C\dot{1}11$ bc is $()111()1lt)(1\iota\cdot()11\downarrow ic\cdot:\iota 11\backslash \vee\cdot(\iota_{t^{\iota}}f()1^{\cdot}111$ ( ${}^{t}C1$ if the $ttl\iota k\iota lt$ ) $\backslash \backslash 11$ func tion $|r/,p$ satisfies tlze dcforlnation

equation

(1.2) $\frac{\partial_{1}f_{J}}{\partial t}=-\cdot 1_{J}(.\iota\cdot, t, ’\backslash )\frac{\partial_{1/’.\prime p}}{\partial\iota}-\frac{1}{\underline{)}}\frac{\partial A_{J}(.\iota.\cdot.\cdot t,\prime\backslash )}{\partial\iota}1_{r}’ j$
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where $A_{J}$ is a certain rational function. The Painlev\’e equation $(P_{J})$ can be obtained as

the compatibility condition for the simultaneous equations (1.1) and (1.2).

As for the explicit forms of $(P_{J})$ , we refer the reader to Table A.l in the Appendix

below.

Definition 1.1. Let $F_{J}(\lambda, t)$ den$ote$ the coefficient of $\eta^{2}$ in $(P_{J})$ . Then $F_{J}(\lambda, t)$ is a

rational function of $(\lambda, t),$ $i.e.$ , a ra$tio$ of two polynomials of $(\lambda, t)$ . We den$ote$ by $F_{J}^{\dagger}(\lambda, t)$

the polynomial in the numera $tor,$ $which$ is $n$ormalized as in Table A.2. (We note that the

$n$ormalization factor is slightl.$\gamma$ different from $[I_{1’}T].$ )

We also list up QJ (resp. $A_{J}$ ) in Table A.3 (resp. Table A.5). In writing down the

potential $Q_{J}$ , we use in Table A.3 the symbol $K_{J}$ (whose list can be seen in Table A.4),

which is the t-dependent Hamiltonian with $(\lambda, \nu)$ obeying the Hamiltonian system

(13) $\{\begin{array}{l}\frac{cl\lambda}{dt}=|t\frac{\partial\Lambda_{J}^{-}}{\partial\iota/}\frac{cl\nu}{di}=-l|\frac{\partial\Lambda_{J}’}{\partial\lambda}\cdot\end{array}$

This system is known to be equivalent to the Painlev\’e equation $(P_{J})$ (cf. [O] and references

cited there).

Note that the equations $(P_{J})$ to be discussed here differ from the original Painlev\’e

equations in that they contain a large $pal\cdot anleter?7$ . In fact, the original one can be obtained

by substituting $\uparrow 7=1$ in the expression of $(P_{J})$ (cf. Table A.1). The situation is the same

also for the other equations, i.e., (1.1), (1.2) and (1.3). In particular, in this formulation
$\lambda$ and $\nu$ are, in addition to satisfying (1.3), supposed to have the following expansions in
$\eta^{-1}$ :

(1.4) $\lambda=\lambda_{0}(t)+?7^{-1}\lambda_{1}(t)+\uparrow\prime^{-2}\lambda_{2}(t)+\cdots$

(15) $l/=t/0(t)+\uparrow l^{-1_{t/}}\downarrow(t)+\uparrow l^{-2}2\cdot$

$\backslash v1_{1}ilc$ thc variables ( $i.c.,$ $\iota$

. and t) $a11(1$ the othcr constantS (snclI as $c\iota_{0},$ $\alpha_{1}$ , etc. in Table

A.1) arc supposed to bc indcpendcnt of 77. This $\backslash v\dot{\iota}y’$ of introducing the parameter $\eta$ is

compatible $\backslash vitll$ the ordinary procedure of conHucnce of singularitics in the Schr\"odinger

equations $(SL,)$ and tlte Painlev\’e equations $(P_{J})$ (cf. e.g. [O]).
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Now let us consider IVKB solutions of the Schr\"odinger equation $(SL_{J})$ :

(1.6) $k” J(x, t, ?7)=\exp\int^{x_{S_{J}(x,t}}7\mathfrak{j})dx$ ,

where $S_{J}=?t^{S_{J,-1}}+S_{J,0}+\uparrow \mathfrak{j}^{-1}S_{J,1}+\cdots$ is a formal power series (in $\uparrow 7^{-1}$ ) solution of the

Riccati equation with a parameter $t$ :

(1.7) $S_{J}(x, t, \uparrow 7)^{2}+\frac{\partial S_{J}(x,t,\eta)}{\partial x}=7\mathfrak{j}^{2}Q_{J}(x, t, 7\uparrow)$ .

When a non-zero $1\prime VKB$ solution satisfies the deformation equation (1.2), $\lambda$ and $\nu$ should

obey the Hamiltonian system (1.3), hence the Painlev\’e equation $(P_{J})$ appears. Further-

more we then encounter several interesting phenomena concerning the structure of $(SL_{J})$

itself and the logarithmic derivative $S_{J}$ of $1_{r}/,J$ . In the remaining part of this section we

explain these phenomena which will be used in the WKB analysis of the Painlev\’e equations

below. Let us begin with the follo$\backslash ’\cdot ing$ proposition.

Proposition 1.1. Suppose that a non-zero $l^{s}VIc^{\nearrow}Bsol$ution of $(SL_{J})(J=I, \cdots, VI)$ sat-

isfies (1.2). Then $S_{J}$ , i.e.. th $e$ loga $l\cdot itl_{1J}nic$ deriva tive of the IVKB soln tion satisfies the

following $eq$ uation:

(18) $\frac{\partial S_{J}}{\partial t}=\frac{\partial}{\partial.\iota}(.4_{J}S_{J}-\frac{1}{\underline{9}}\frac{\partial A_{J}}{\partial_{\backslash }z})$.

Remark 1.1. Thc relation (1.S) entails that

(1.9) $\omega p=S_{J^{(}}l_{1}\cdot+(A_{J}S_{J}-\frac{1}{\underline{9}}\frac{\partial A_{J}}{\partial.\iota})clt$

is a closcd $fo\iota\cdot 111$ . Hcnce wc can $co\iota 1st_{lt(}\cdot t$ a $\backslash \backslash \gamma I\backslash B\backslash \backslash ()[\iota t;_{t}$ ) $111_{j}^{j}$ of $(SL, )$ satisfying (1.2) by

setting $\uparrow l’\int=ex_{1}$) $\int^{(1.l)}\omega$ .

Making usc of Proposition 1.1, we $C$ itll actually analyze tlze structure of $(SL_{J})$ and

the logarithmic derivative $S$, of $t_{r’J}/$ . $\backslash l^{\gamma}e$ sunnnarize them as follows:
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Proposition 1.2. Under the same assumption as $iJl$ Proposition 1.1 the folloxvin$g$ hold:

(i) Let $Q_{J,0}$ den$ote$ the leading part of $Q_{J}$ . that is, the part which is $homo_{\circ}^{\sigma}eneous$ of

degree $0$ svith respect $to\uparrow 7$ . Then we lind the following:

(1.10) $Q_{J,0}(x, t)|_{x=\lambda_{0}(t)}= \frac{\partial}{\partial_{iX}}Q_{J,0}(x, t)|_{x=\lambda_{0}(t)}=0$.

(ii) The top terms $\nu_{0}(t)$ and $’\backslash 0(t)$ in the expansions (1.5) and $(1.\prime^{\lrcorner} \neq)$ respectively satisfy

(1.11) $\nu_{0}(t)=0$ and $F_{J}^{\dagger}(\lambda_{0}(t), t)=0$ ,

$\iota vhile\nu_{j}(t)$ and $\lambda_{j}(t)(j\geqq 1)$ a $l\cdot e$ uniquely determined in a recursive $m$anner.

(iii) For a$I1y$ odd integer $jS_{J,j}(x, t)$ is holoinorph$ic$ near $(x, t)=(\lambda_{0}(t_{0}), t_{0})$ if $t_{0}$ is not

$cont$ained in

(1.12) $\triangle_{J}^{d}=^{ef}$ { $t\in C$ ; th $eJ^{\cdot}e$ exists $\lambda$ such that $F_{J}^{\dagger}(\lambda,$ $i)=\partial F_{J}^{\dagger}(\lambda,$ $t)/\partial\lambda=0$ }.

Proposition 1.2 (i) asserts that $x=\lambda_{0}(t)$ is a double turning point of $(SL_{J})$ : This

means that the Riemann surface of $\sqrt{Q_{J0}(\iota,t)}$ is degenerate (for each fixed $t$ ). The

degeneracy of this sort is a real problem in the study of the $Sch_{1}\cdot\ddot{o}di_{1_{A}}\neg ger$ equation (1.1) from

the viewpoint of the exact WKB analysis (cf. [AKT2]) and an isomonodromic deformation

inevitably causes such a degeneracy; it is a tragedy. This phenomenon, however, is a

starting point of our subject $tlle$ exact $\backslash \backslash r$KD analvsis cf tlte Painlev\’e transcendents”: As

Proposition 1.2 (ii) claims, starting with $\lambda_{0}(t)$ dcterinined in (1.11), we can obtain $\lambda_{j}(t)$

recursivcly whicli solves the equation $(P_{J})$ formally. Such a solution $\lambda_{J}$ of $(P_{J})$ is our main

concern in this article.
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\S 2. A local transformation theorem for $t1_{1}e$ solution $\lambda_{J}$ of the Painlev\’e equation

$(P_{J})$ .
In the subsequent part of this report we discuss mainly the formal power series solution

$\lambda_{J}=\sum_{j\geq 0}\lambda_{j}(t)\eta^{-j}$ of the Painlev\’e equation $(P_{J})$ . First we establish a local transforma-

tion theorem in this section: As we will see later (Theorem 2.3), the solution $\lambda_{J}$ of $(P_{J})$

can be locally transformed to $\lambda_{I}$ in the formal sense.

Let us begin with introducing the following terminologies.

Definition 2.1. (i) A turning point for $\lambda_{J}$ is, by definition, a point $t$ which sa $t$ isfies

(2.1) $F_{J}( \lambda_{0}(t), t)=\frac{\partial F_{J}}{\partial\lambda}(\lambda_{0}(t), t)=0$ .

Such a poin $tt$ is said to be simple if

(2.2) $\frac{\partial^{\sim}F_{J}}{\partial\lambdaarrow}(\lambda_{0}(t), t)\neq 0$.

(ii) For a $t$ urning $p$oint $\tau$ for $\lambda_{J}$ a (real one-dimension$al$) $ctJ^{\cdot}\iota:e$ defined by

(2.3) ${\rm Im} \int_{\tau}^{t}\sqrt{\frac{\partial F_{J}}{\partial\lambda}(\lambda_{0}(t),t)}dt=0$

is called a Stokes curve for $\lambda_{J}$ ($emal1\partial$ ting from $\tau$ ).

For example, in the case of $(P_{I}),$ $t=0$ is the unique turning point and the configuration

of the Stokes curves is as follows:

$C_{l}$

$Fig\iota tl\cdot e2.1$ .

The relevancc of these notions to tlie exact NVKB analysis of $\lambda_{J}$ , in particular, to

the location of the singular points of its $0_{t)1\langle}\backslash t_{1\dot{c}111}sf$\langle ) $1^{\cdot}111,$
$sl_{1\dot{\mathfrak{c}}}\iota 11$ bc discussed in \S 3. The

following $P_{I}\cdot 0_{1}$) $()siti_{C)I}\iota 2.1sl_{1}c)\backslash v\backslash -$ . they ( $1I^{\cdot}t^{Y}$ also closely rclatcd to the Stokes geometry of the

Sclrr\"odinger equation $(SL_{J})$ .
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Proposition 2.1. Let $\tau$ be a simple turning point for $\lambda_{J}$ . Then there exists a simple

turning point $a(t)$ of $SL_{J},$ $i.e.$ , a simple zero $x=a(t)$ of $Q_{J,0}(x, t, \lambda_{0}(t))$ , which satisfies

the following:

(i) At $t=\tau,$ $a(t)$ merges svith the do$ublet$ urning point $x=\lambda_{0}(t)$ .

(ii) The following $l\cdot e1$ation holds:

(2.4) $l_{(t)^{(\ell)}}^{\lambda_{0}}\sqrt{Q_{J0}(x,t,\lambda_{0}(t))}dt=\underline{\frac{1}{9}}l^{t}\sqrt{\frac{\partial F_{J}}{\partial\lambda}(\lambda_{0}(s),s)}ds$ .

The statement (i) implies that at a (simple) turning point $\tau$ for $\lambda_{J}$ the associated

Schr\"odinger equation $(SL_{J})$ has a triple turning point. Furthermore, considering the

imaginary part of both sides of (2.4), we find that at a point $\sigma$ in a Stokes curve for $\lambda_{J}$

there exists a Stokes curve of $(SL_{J})$ that connects two turning points of $SL_{J}$ , i.e., $\lambda_{0}(\sigma)$

and $a(\sigma)$ .

Taking account of this relationship between the Stokes geometry of $(P_{J})$ and that of

$(SL_{J})$ , we first consider the transformation of $(SL_{J})$ to obtain the transformation of $(P_{J})$

in the following way.

Let $\tilde{\tau}$ be a simple turning point for $\tilde{\lambda}_{J}(t^{\sim})$ and $\tilde{\sigma}$ be a point in a Stokes curve emanating

from $\tilde{\tau}$ . Here we assume $\tilde{\sigma}$ is distinct from $\tilde{\tau}$ . Then Proposition 2.1 tells us that there

exists a simple turning point $\tilde{c}\iota(t^{\sim})$ of $(SL_{J})$ that merges with $\tilde{\lambda}_{0}(t^{\sim})$ at $t\sim=\tilde{\tau}$ , and that, at

$t^{\sim}=\tilde{\sigma},\tilde{a}(\tilde{\sigma})$ and $J^{\sim}\backslash o(\tilde{\sigma})$ are connected by a Stokes curve of $(SL_{J})$ . Let $\tilde{\gamma}$ denote the portion

of the Stokes curve that begins at $\tilde{c}\iota(\tilde{\sigma})$ and ends at $\tilde{\lambda}_{0}(\tilde{\sigma})$ . Note that in the case of $(SL_{I})$

there exists only one simple $t$ urning point, i.e., $-2\backslash 0(t)$ . (Hence $a(t)$ should coincide with

$-2\lambda_{0}(t).)$

$T1_{1eore111}2.1$ . Th$JCl\cdot c$ cxist a $n(\backslash i_{o}\circ\cdot l_{1}bo\iota\cdot 1_{1}oocll^{\sim,}r$ of $\tilde{\sigma}$ . $\prime’\iota$ neigh $b$orhood $\tilde{U}$ of $\tilde{\gamma}$ , and holomor-

phic $f\iota\iota J1$ ction$1S.1_{j(.\iota\cdot,t^{\sim})}\sim(j=0,1,2, \ldots)$ on $\tilde{U}\cross I^{\sim,}\cdot\dot{\subset}1J1dt_{j}(t^{\sim})(j=0,1,2, \ldots)$ on $\tilde{V}$ so that

the following rcla tion lllil.l hold:

(2.5) $\tilde{Q}_{j}(\tilde{\iota}\cdot,\tilde{t}, ?l)=(\frac{\partial.\iota\cdot(.\iota\sim\cdot.’\tilde{t},?l)}{\partial_{I}^{\vee}})^{\sim^{)}}\sim 1(, \uparrow l)-\frac{1}{9,arrow}l^{-2}\{x(.\sim\iota\cdot,t^{\sim}, ?l);\tilde{x}\}$ .
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Here $x(\tilde{x}, t^{\sim}, \eta)$ an$dt(t, \eta)\sim$ respectively denote the formal series $\sum_{j\geq l^{-j}}o^{X}J(\tilde{x}, t^{\sim})_{7}$ and

$\sum_{j\geq 0}t_{j}(t^{\sim})\eta^{-j}$ , and $\{x;\tilde{x}\}deJ1otes$ the $Sch\iota\backslash ;_{\partial l}\cdot zi$an derivative $\frac{\partial^{3}x/\partial\tilde{x}^{3}}{\partial x/\partial\tilde{x}}-\underline{\frac{3}{9}}(\frac{\partial^{2}x/\partial\tilde{x}^{2}}{\partial x/\partial\tilde{x}})^{2}$ .

Furthermore we can construct $x_{j}(\tilde{x}, t^{\sim})$ and $t_{j}(\tilde{t})$ so that they should satisfy the following:

(i) $x_{0}(\tilde{a}(t))\sim=-2\lambda_{0}(t_{0}(t)),$$x_{0}(\tilde{\lambda}_{0}(t))\sim\sim=\lambda_{0}(t_{0}(t^{\sim}))$ , and $\partial x_{0}/\partial\tilde{x}\neq 0$ on $\tilde{U}\cross\tilde{V}$ .

$(ji)$ We 五 nd

(2.6) $\int_{\tau}^{\overline{t}}\sqrt{\frac{\partial\tilde{F}_{J}}{\partial\tilde{\lambda}}(\tilde{\lambda}_{0}(\tilde{s}),\tilde{s})}d_{S}^{\sim}=\int_{0}^{t}\sqrt{\frac{\partial F_{I}}{\partial\lambda}(\lambda_{0}(s),s)}d.s|_{t=\ell_{0}(\overline{t})}$ ,

and, in particul$\partial l\cdot,$
$dt_{0}/dt\sim\neq 0$ on $\tilde{V}$ .

(iii) For odd $j’s$ the function $x_{j}$ and $t_{j}$ vanish identically.

Remark 2.1. The roles of $(SL_{J})$ and $(SL_{I})$ are symmetric in the above result, that

is, they can be interchanged.

The relation (2.5) means that we can transform $(SL_{J})$ into $(SL_{I})$ by the (formal)

transformation

(2.7) $\{\begin{array}{l}x=x(\tilde{x},i^{\sim},?|)=\sum_{j\geq 0}?_{j}\underline{9}(\tilde{x},t^{\sim})?7^{-2j}t=t(t^{\sim},||)=\sum_{j\geq 0\sim}t_{j}(\overline{t})|7^{-\sim}j\psi_{I}(x,t,?_{7)|_{x=x\langle\overline{x},\overline{t},\prime}}t=t(\overline{t},\eta)^{|)}=(_{\partial}^{\partial}\frac{x}{\backslash \tilde{\iota}}(\tilde{x},t_{\dagger 7}^{\sim}))^{1/2}\tilde{\psi}_{J}(\tilde{x},t^{\sim},\uparrow l)\end{array}$

on a neighborhood $\iota_{1}^{\sim,}$ of $\wedge\sim$ (for each fixed $t^{\sim}$ in V). Furthermore this transformation au-

tomatically brings the deformation equation for $\tau l_{J}^{\sim_{)}}$ to that for $\psi_{I}$ through the following

result.

Theorem 2.2. Let $x(\tilde{x},\tilde{t}, \uparrow 7)$ a $Jlclt(t^{\sim}, \uparrow 7)$ be the formal series constructed in Theorem 2.1.

Then the following $l\cdot c1$a $t$ ion $1_{l}$olds:

(2. S)

$AI(x, t, \lambda_{f}(t, \uparrow l))|$ . $\sim l11^{\overline{1}}\overline{t},)’=(\frac{\partial t}{\partial t^{\sim}}(\tilde{t}, \uparrow l))^{-1}\{.\tilde{4}_{J}(.\iota\sim\cdot, t^{\sim},\tilde{\lambda}_{j}(t^{\sim}, \uparrow l))\frac{\partial x}{\partial\tilde{\iota}:}(’\sim\iota\cdot, t^{\sim}, \uparrow 1)-\frac{\partial x}{\partial t^{\sim}}(\tilde{x}, t, ?7)\}\sim$ .

In fact, using (2.S) we ciul easily verify that the dcformation equation (1.2) for $\tilde{\psi}_{J}$

$sl)0\iota ld$ be $t_{1}\cdot a1$) $sfo1^{\cdot}1nec1$ to that for $?f_{I}|$)$y$ tlxc $t\iota\cdot ansfol\cdot 1llatio\iota l(2.7)$ . Thus we have obtained
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the formal transformation which $transfo\iota\cdot ms$ the system (1.1) and (1.2) for any $J$ to that

for $J=I$ .

Making use of this transformation (2.7), we find the following local transformation

theorem for the solution $\lambda_{J}$ of the Painlev\’e equations $(P_{J})$ .

Theorem 2.3. Using the series $x(\tilde{x},t^{\sim}, \eta)$ an $dt(t^{\sim}, )7)$ in Theorem 2.1, we find the following:

(2.9) $\lambda_{I}(t(t^{\sim}, ?7),$
$\eta$ ) $=x(\tilde{x}, t^{\sim}, ?7)|_{\overline{x}=\overline{\lambda}_{J}(\overline{\ell},’\})}$ .

\S 3. Instanton-type solutions and the exact WKB analysis of $(P_{I})$ .
Theorem 2.3 gives us a hope that basic properties of $\lambda_{J}$ should be deduced from those

of $\lambda_{I}$ . Having such a hope in mind, we now study the solution $\lambda_{I}$ of the first Painlev\’e

equation $(P_{I})$ from the viewpoint of the exact $1VKB$ analysis. Cur main concern is the

connection formula for $\lambda_{I}$ .

For the sake of notational simplicity let us discuss the following equation $(P_{I})’$ instead

of $(P_{I})$ .

$(P_{I})’$ $\frac{cl^{9}\sim\lambda}{\zeta lt^{9}\sim}=\uparrow 7^{2}(\lambda^{2}-t)$.

Note that the equation $(P_{I})’$ is obtained from $(P_{I})$ through a change of scales, i.e., consid-

ering $\alpha\lambda_{I}(\beta t)$ for suitable constants $0$. and $\beta$ . For $(P_{I})’$ the formal power series solution

corresponding to $\lambda_{I}$ (which is denoted by $\lambda$ throughout this section) is expressed as follows:

(3.1) $\lambda=\sum_{j\geq 0}’\backslash 2j(t)\uparrow l^{-2j}=\sum_{i\geq 0}a_{j}t^{\frac{1}{2}-\frac{5}{2}j}\uparrow l^{-2j}$ ,

where the cocfficient $a_{j}$ is givcn by the following rccursive forinula:

(3.2) $\{\begin{array}{l}\prime\prime\iota)=l\backslash r\iota_{1}=-l/S,r\ell_{\sim^{)}}=-49/1^{\underline{9}}Sc\iota_{j}=\frac{\sim^{)}.\overline{)}}{8}(j-l)^{\underline{y}}c\iota_{j-1}-\frac{1}{2}(\sum_{k+|=,k.l>z^{j}}.c\iota_{k}.c\iota_{l})(j\geq 3)\end{array}$

By using the relation (3.2) we innnediately find $tllat$ the solntion $\lambda$ does not converge in

the usual sense. To overcomc tlris difficulty $\backslash e$ apply the Borel resummation technique to
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the solution $\lambda$ , which is actually the basic idea in the theory of the exact WKB analysis.

For the definition of the Borel resummation we refer [V], [AKTI], etc. Our expectation

is that the Borel sum of $\lambda$ should define an analytic solution of $(P_{I})’$ except on Stokes

curves and that on a Stokes curve it has a kind of discontinuity which is described by the

so-called connection formula.

Figure 3.1 shows the configuration

of Stokes curves for $(P_{I})’$ . SVe want to

determine the explicit form of the

connection formula for $\lambda$ on each of

these Stokes curves. First of all, let us Figure 3.1.

recall that the Borel sum of $\lambda$ is defined as a Laplace integral of the Borel transform

$\lambda_{B}(t, y)$ of $\lambda$ . Then it is $reasonaI\supset le$ to guess that the connection formula for $\lambda$ should be

of the following form:

(3.3) $\lambdaarrow\lambda+e^{-o(t)\prime\}}\lambda_{1}+\cdot.$ . ,

where $\phi(t)$ designates the location of a singular point of the Borel transform $\lambda_{B}(t, y)$ and

$\lambda_{1}$ corresponds to its singular part at $y=\phi(t)$ . (The nieaning of the formula (3.3) is that,

if we take the Borel sum of $\lambda$ in one of the sectorial regions in Figure 3.1 and consider

its analytic continuation to the adjacent region across a Stokes curve, then the resulting

solution should have the expansion given in the right-hand side of (3.3) in that adjacent

region.) In view of (3.3) we find that a new class of formal solutions described in the

following theorem is an important ingredient of tlte connection formula for $\lambda$ .

$T1_{1}eorem3.1$ . The equa tion $(P_{l})’t\urcorner d_{l11}it\backslash \cdot t1lc$ following fornia 1 solution:

(3.4) $\lambda=\lambda^{(())}+c^{-\sqrt{})(\prime)\prime\prime},\backslash t\downarrow I+c’\sim^{)}+\cdot$ . . ,

where each $\lambda^{(j)}=\sum_{k\geq 0}\lambda_{k}^{(j)}(t)_{l^{-A}}$ is $\dot{c}1$ fornial powcr scrics $of\uparrow l^{-1}\cdot F_{ul}\cdot t]_{1Gll11}$ ore, in order

that the $fol\cdot lJl\dot{c}|$ ] sci $ics(3.4)$ Jllil $V$ dcfinc a solution of $(P_{I})’$ . it is necessary and sufficient

that the following conditions should $bc$ satisfied:
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(i) $\lambda^{(0)}$ itself satisfies $(P_{I})’$ . (Hence $\lambda^{\langle 0)}$ coincides with the solution mentioned above.)

(ii) $\phi’(t)^{2}=2\sqrt{t}$

(iii) $\lambda^{(1)}$ satisf es the following:

$(3.5)_{1}$ $-2( \sum_{\sim}\lambda_{k}^{(0)}\eta^{-k})\lambda^{\langle 1)}-\eta^{-1}(2\phi’\frac{cl\lambda^{\langle 1)}}{dt}+\phi’’\lambda^{(1)})+\eta^{-2}\frac{d\underline’\lambda^{(1)}}{dt\sim}=0$ .

This implies that eac$fi\lambda_{k}^{(1)}(A\cdot\geq 0)$ is a $solu$ tion of a Hrst order linea $I^{\cdot}$ ordin $\partial Jy$ differential

equation with a regular si$11gu1a\iota$ . point at $t=0$ .

(iv) The other $\lambda^{(j)}(j\geq 2)$ sa tisfies

$(3.5)_{j}$
$2(j^{2} \lambda_{0}^{(0)}-\lambda^{(0)})\lambda^{(j)}-j\uparrow 7^{-1}(2\phi’\frac{cl\lambda^{(j)}}{clt}+\phi’’\lambda^{(j)})+77^{-2}\frac{cl^{\vee}\lambda^{l_{\backslash }j)}}{clt\sim}=\sum_{l_{l}+_{m^{m}\geq^{=_{1}j}}}\lambda^{(l)}\lambda^{(m)}$

.

In $p$articula $l\cdot$, a 11 $\lambda_{k}^{(j)}(j\geq 2, \lambda\cdot\geq 0)$ are determined recu$l\cdot si\iota\cdot e1y$ and uniquely. Otherwise

stated, “j-instanton coll tribu tions $\lambda^{\langle j)}$
“

$(j\geq 2)$ a $l\cdot e$ uniquel.v determined by $\lambda^{(0)}$ and $\lambda^{(1)}$ .

Note that in this Theorem 3.1 we consider the exponential term $-e^{-\phi(t)\eta}$ to be very

small compared with the formal power series part $\lambda^{(0)}$ . XVe call such formal solutions

instanton-type solutions.

Remark 3.1. The explicit form of the equation tlrat $\lambda_{k}^{\{1)}(A\cdot\geq 0)$ should satisfy is the

following:

(36) $\{\begin{array}{l}(St\frac{}{(lt}+l)\lambda_{1}^{0}(St\frac{cl}{c_{c^{l_{l}t}}}+l)\lambda_{\langle1)}^{\{1)}=0=\frac{\sqrt{\underline{\supset}}}{rightarrow)}t^{-\frac{5}{4}}(4t^{2^{(}}\frac{l^{\sim}}{\zeta lt\sim’}+l)\lambda_{0}^{(1)}\ldots\end{array}$

Hencc we find $\lambda^{\langle 1)}1\iota$ as $tl\iota cC^{\backslash }X$ [) $|1tsi()11$

(3.7) $\lambda^{\langle I)}=(c_{()}+c_{1}\uparrow 1^{-1}+ \cdot . )t^{-\frac{1}{8}}(1-\underline{o\ulcorner}\sqrt{\underline{)}}t^{-\frac{r_{)}}{l}}\uparrow 1^{-1}+ \cdot . )$
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with $arbitrar_{V}$ constants $c_{l}(l=(), 1,2. \cdots)$ .
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Remark 3.2 Let $\mu$ denote $e^{-\phi(t)\eta}\lambda^{(1)}$ . Then it can be easily seen that $\mu$ satisfies the following

linearized equation of $(P_{I})’$ at the solution $\lambda^{(0)}$ :

(3.8) $\frac{d^{2}}{dt^{2}}l^{\iota=2_{l\mathfrak{j}^{2}}\lambda^{(0)}\mu}$ .

The simplest way to verify statements (ii) and (iii) in Theorem 3.1 is to use this linearized

equation (3.S).

Remark 3.3. If we replace (ii) by

$(ii)_{J}$ $\phi_{J}’(t)^{2}=\frac{\partial F_{J}}{\partial\lambda}(\lambda_{J,0}^{(0)}(t), t)$

and modify (iii) and (iv) in an appropriate way, we find Theorem 3.1 holds for every

Painlev\’e equation $(P_{J})$ . That is, even for $(P_{J})$ the following instanton-type solutions

should exist:

$(3.4)_{J}$ $\lambda_{J}^{\langle 0)}+e^{-\text{\’{e}}_{j}\langle 1)\eta}\lambda_{J}^{(1)}+e^{-2\phi_{j}(t)\eta}\lambda_{J^{\underline{9}}}^{()}+\cdots$ .

In particular, this implies that the Borel transform of the formal power series solution $\lambda_{J}$

has a singularity at

(3.9) $y=\uparrow 7t\{l^{t}\sqrt{\frac{\partial F_{J}}{\partial\lambda}(\lambda_{0}(t),t)}dt+y_{0}\}$ ( $y_{0}$ : const)

where $\tau$ is a turning point and 71? is an arbitrary integer. Our expectation is that the

constant $y_{0}sl_{1}\subset$) $\iota\iota 1c11$ ) $c$ equal to $0$ (in the $c\cdot\iota\backslash ;c\langle$ )$f(F, )’$ this call be rcally coufirined, as we

shall see below) and the definition of Stokes curvcs for $’\backslash ./$ given in \S 2 was motivated by
$t1_{1}is$ cxpectation.

It follows froin Theorem 3.1 tha $t$ the $(^{\backslash }X[)1i(itfe)1^{\cdot}\ln$ of $tl$ )$c$ conncction formula for $\lambda$ (cf.

tlze expression (3.3)) call be uniquely dcternzined $t_{-}^{\backslash }XCt_{-1)}^{\backslash }tS()11)(\vee\backslash$ constants of integration for

$\phi(t)$ and $\lambda_{A}^{(.1)}(t)(\lambda\cdot=0,1,2, \cdots)$ . In $\backslash v1_{1}:\iota t$. $f_{t}$)[[ $t$ ) $\backslash \backslash :s$ we try to fix $tl\iota(-\sigma;c$ constants and find

the exact $fo\iota\cdot 111$ of $t1_{1}e$ connection $f_{()1111}\iota 1_{\dot{c}}\iota$ for tlzc solution $\lambda$ of tlre first Painlev\’e equation

$(P_{I})’$ .
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Let us denote by $\lambda_{B}(t, y)$ the Borel transform of $\lambda$ as usual. Its explicit form is given

as follows b.v the definition:

(3.10) $\lambda_{B}(t, y)=\sum_{i=0}^{\infty}\frac{\zeta\iota_{j}}{(arrow\supset j)!}t^{\frac{1}{\sim}-\frac{5}{2}j}y^{2j}$

$=t^{\frac{1}{\underline{9}}} \sum_{j=0}^{\infty}b_{j\sim}^{\sim^{j}}$ ,

where $\{a_{j}\}$ is a series of constants given by the recursive relation (3.2) and $z$ and $\{b_{j}\}$ are

defined as follows:

(3.11) $z= \frac{\underline{9}5}{3_{arrow}^{y}}t^{-\frac{5}{2}}y^{2},$ $b_{j}= \frac{c\iota_{j}}{(2j)!}(\frac{3\underline{\supset}}{\underline{9}_{\overline{D}}})^{j}$ $(j=0,1,2, \cdots)$ .

It is easily verified that the sum $\sum b_{j\sim}^{\sim f}$ actually converges for sufficiently small $z$ and

that the Borel transform $\lambda_{B}(t, y)$ defines an analytic function near $y=0$ for each fixed

$t\neq 0$ . Here let us further assume that $\lambda_{B}(t, y)$ can be extended as (multi-valued) analytic

function of $y$ to the whole complex plane except at most countable number of isolated

singular points. Taking account of $tl$) $e$ fact that $t^{-1/2}\lambda_{B}(t, y)$ is described as an analytic

function of one $\backslash \cdot ariable\approx$ , we find Theorem 3.1 implies the following:

(i) The radius of convergence of $\sum b_{j\sim}^{\sim^{j}}$ is equal to 1.

(ii) On the unit circle, the point $\sim\sim=1$ is the unique singular point of $\sum b_{j}z^{j}$ .

(iii) At $\sim\sim=1$ we have the $fol1_{0\backslash \backslash }:ing$ expression:

(3.12) $\sum b_{j\sim}^{\sim^{j}}=(1_{\sim}-\sim)^{1/2}f(\sim\sim)+g(\sim\sim)$ ,

where $f$ and $g$ are holomorphic functions in a neighborhood of $\sim\sim=1$ .

It follows from (ii) that $\backslash _{\Pi}(t, y)$ is singular at $y= \pm\frac{4\sqrt{\underline{9}}}{5}t^{5/4}$ . This means that the

definition of Stokes curves givcn in $f_{l}^{\backslash }2$ is $g\langle\supset od$
’ in tlie case of $(P_{I})’$ , that is, the Borel sum

of $\lambda$ actually has a discontinuity on Stokes curvcs In] $t^{5/\cdot 1}=0$ . Furthermore, noting that

thc tcrm $(1-\sim\sim)^{1/}\sim^{)}f\cdot(\sim\sim)$ in the cxprcssion (3.12) corrcsponcls to (tlre Borel transform of)
$\lambda^{(1)}$ in $T$ ] $\backslash 3.1,$ $\backslash \backslash \cdot c_{-}\backslash (\dot{1}11(()\iota\iota e\cdot 1\iota\iota(1$ ( tha $t$ on a St.okes $c\cdot\iota\iota\iota\cdot\backslash (\iota I_{11}\iota t^{r_{)}}/|=0$ the following

connection formula lIolds for $\lambda$ :

(3.3) $\lambdaarrow\lambda+c^{-\phi(t)\prime\prime}+c^{-\cdot\underline{)}}t^{J\{l)\langle)}\prime\prime\backslash \sim+$
)

where
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(3.13) $\phi(t)=$ 西 $\int_{0}^{t}t^{1/4}dt=\frac{4\sqrt{\underline{\supset}}}{5}t^{5/4}$ ,

(3.14) $\lambda^{(1)}=\theta(-i)2^{-3/4}\sqrt{\overline{Q}_{\overline{Jt}}}\uparrow l^{-1/2}t^{-1/8}(1 -\underline{5}\sqrt{\underline{\supset}}t^{-5/4}\uparrow 7^{-1}+\cdots)$
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$(\theta=f(z)|_{\approx=1})$ and $\lambda^{(j)}(j\geq 2)$ are uniquely determined by the recursive formula $(3.5)_{j}$ .

This is the connection formula for the formal power series solution $\lambda$ . As is clear from

(3.3), instanton-type solutions play an important role in this expression.

Finally we shoxv an explicit formula for $\theta=f(1)$ in the following way: Applying the

celebrated Darboux method (cf. e.g. [CH], pp.532-533) to the analytic function $\sum b_{j}z^{j}$

(roughly speaking, its essence consists in comparing $\sum b_{j\sim}\sim j$ with a linear combination of

$(1-z)^{k+1/2}(k=0,1, --))$ , we obtain the following characterization of the constant $\theta$ .

Proposition 3.1. Let $\{\theta_{j}\}$ be a sequence of positive numbers $C^{1_{e}fined}$ by the following

recursive $l\cdot e$la $t$ ion:

$\theta_{0}=1,$ $\theta_{1}=4/25,$ $\theta_{2}=392/1S75$ ,

$\theta_{j}=\frac{(j-1)^{\sim}}{(j-\frac{1}{9\sim})(j-\frac{3}{\underline{}})}\theta_{j-1}+\underline{\frac{1}{\supset}}\Lambda\cdot+l=_{\sim}j\sum_{k\cdot,l\geq}\frac{(_{arrow}^{\supset}A\cdot-1)^{1}.!(\underline{)}A\cdot-3)!!(.\underline{\supset}l-1)^{1}.!(\underline{)}l-3)!!}{(2j-1)!!(-j-3)!!}\theta_{k}\theta_{l}(j\geq 3)$

where $(2|1-1)!!=(2n-1)\cdot(2_{1}-3)$ . . . . . 1. Then $\theta=\lim\theta_{j}$ .
$j-\infty$

\S 4. Toward the exact WKB a $\iota$) $alysis$ of $(P_{J})$ alud $(SL_{J})$ .
As we have sccn so far, the $f_{01111\subset}\tau 1$ power series solution $’\backslash _{J}$ of $(P_{J})$ can be locally trans-

forined to tlte solution $\lambda_{I}$ of $(P_{I})\dot{\mathfrak{c}}111(1$ the $c()nnection$ forniula for $\lambda_{I}$ is cxplicitly described

in $tc\iota\cdot lns$ of instanton-type solutions. Howevcr, in ordcr to obtain the explicit form of the
$co\iota 111(-\backslash cti_{o11}f\langle)1^{\cdot}111\iota\iota 1\iota$ for $\lambda./$ , it should $|$ ) $t$

) $111()1^{\cdot}$ ( efficient if $\backslash ^{:}((()(\iota 1c1$ establish a local transfor-
$11l\dot{c}\backslash ti$ \langle ) $11tl\backslash \cdot$ not. $\langle\rangle 11[\backslash \cdot$ for $\lambda.$ ’ but. $\dot{\iota}1_{\backslash ()}f$\langle ) $\iota\cdot t$,he inst $anton- tyl$ ) $e$ solutions of $(P_{J})$ . $T1$) $0\iota gl_{1}$

wc havc $not\backslash 1_{-ts\iota\iota((t^{\backslash }t^{\backslash }(1_{1^{\backslash }}c1}^{\backslash }$ in [ $)\iota\cdot()\backslash \cdot i_{11_{\wedge}^{t}}$

. it. $\backslash \backslash (1)\iota\cdot i_{t^{\backslash }}H\backslash \cdot$ discuss $t$.his ]) $1^{\cdot}t$ ) ) ( $111$ in tltis section and

present a conjecture on $t1_{1t^{\backslash }}t1_{\dot{C}}t1\iota sf()1^{\cdot}111\subset\iota ti$\langle ) $11$ of $t$ he instanton-type solutions of $(P_{J})$ as well

as $tllet\iota\cdot a\iota$) $sf_{01111i}\iota ti_{011}$ of $(SL_{J})\backslash \prime it1_{1}$ instanton-t.vpe coefficients.



37

Our discussion will be done in a similar way as in \S 2. First by substituting instanton-

type solutions $(3.4)_{J}$ of $(P_{J})$ into the explicit expression of the potential QJ we obtain

(4.1) $(- \frac{d^{\sim}}{dx-}+77^{2}(Q_{J}^{(0)}+e^{-o_{J}t^{\ell)\prime\prime}}Q_{J}^{\langle 1)}+\cdots))\psi_{J}=0$ .

To study transformations of the Schr\"odinger equations (4.1) with “instanton-type” coef-

ficients, we consider transformations of instanton-type solutions of the Riccati equation

associated with (4.1) (instead of WKB solutions of (4.1)). That is, we consider the follow-

ing Riccati equation

(4.2) $S_{\tilde{J}}+ \frac{\partial S_{J}}{\partial x}=\eta^{2}(Q_{J}^{(0)}+e^{-\phi_{J}\{t)\eta}Q_{J}^{(1)}+\cdots)$ ,

and discuss its instanton-type solution $S_{J}$ of the following form:

(4.3) $S_{J}(x, t, \uparrow 7)=S_{J}^{\{0)}(x, t, \uparrow l)+e^{-\phi_{J}(t)\prime\}}S_{J}^{(1)}(x, t, \uparrow 7)+\cdots$ .

Using these instanton-type solutions (4.3), we $t\iota\cdot\backslash \cdot$ to construct a transformation in such a

way that it should satisfy the following:

(4.4) $\tilde{S}_{J}(i^{\sim}\iota\cdot,\tilde{t}, \uparrow 7)=-\underline{\frac{1}{\supset}}\frac{\frac{\partial_{1}^{2}}{\partial_{\overline{J}^{2}}}(.\overline{\tau}\cdot,\tilde{t},\uparrow 1)}{\frac{\partial_{1}}{\partial\overline{x}}(\backslash \overline{\iota}\cdot,\tilde{t},?1)}+\frac{\partial.\iota}{\partial_{l}^{\sim}\backslash }(.\iota\sim\cdot,\tilde{t}, \uparrow l)S_{I}(x(.\iota\sim\cdot,\tilde{t}.\uparrow l),$ $t(\tilde{i}, \gamma l),$
$?7$ ),

where $\tilde{S}_{J}$ and $S_{I}$ are instanton-type solutions of the Riccati equation associated with $(SL_{J})$

and $(SL_{I})$ respectively, and the transformations $x(.\iota\sim\cdot, t^{\sim}, \uparrow 7)$ and $t(t^{\sim}, \eta)$ are assumed to have

the following “instanton-type“ expansions:

(4.5) $\{\begin{array}{l}\iota(\backslash ^{\vee}\iota\cdot,\overline{t},?|)=\backslash ]\{o)(.\iota\sim\cdot,\tilde{t}_{\backslash }||)+e^{-o_{l(t^{(0)}\langle))\prime}}\overline{l},\eta\prime.\iota^{\langle 1)}(.\iota\sim\cdot,\tilde{t},\prime|)+\cdots t(\tilde{t},\uparrow 7)=t^{\{0)}(\tilde{t},?|)+\epsilon^{-\varphi,(t^{(0)}\langle\overline{t},\eta)),|i^{\langle 1)}(\grave{t}},\uparrow|)+\cdots\end{array}$

For example, $x^{(1)}$ and $t^{(1)}sl$)$0\iota\iota ld$ satisfy the following:

(4.6) $e^{\prime_{1^{-\iota_{\triangle\phi}}}} \tilde{S}_{J}^{\langle 1)}(?^{\sim}\cdot, t^{\sim}, \uparrow\int)$

$=- \underline{\frac{1}{9}}\frac{\backslash \iota^{\langle 0)’’}}{\iota^{(())’}}(\frac{t^{(1)’’}}{1^{(())^{t1}}}-\frac{\iota^{\langle 1)’}}{t^{(())’}})+.t^{1\iota)’1^{())(t)).\sim}}S_{l}(.1^{\cdot}(\iota\cdot,\tilde{t}, /\int), t^{\langle t))}(\tilde{t}, \uparrow l), ?7)$

$+. \iota^{(())’}[\frac{\partial S_{l}^{(0)}}{\partial.\iota}(.\iota^{\{1J)}(.1\sim\cdot, t^{\sim}.’)),$
$t^{(())}(f^{\sim}, 1 \int),$ $’ \int)_{1}^{(I)}(.\iota\backslash ..\tilde{t}, ’\int)$

$+ \frac{\partial S_{J}^{(0)}}{\partial t}(.t^{(0)\sim}(.\iota\cdot,\tilde{t}_{7}\prime_{l),t^{\{0)}(t^{\sim},?l).\prime\prime)t^{(1)}(t_{7}^{\sim}}?l)+S_{I}^{(1)}(.\iota^{\langle 0\}}(.\tilde{\iota}\cdot, t^{\sim}, \prime\prime), t^{(0)}(t^{\sim}, \eta), \eta)]$ ,
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where $\triangle\phi=(\phi_{I}(t^{(0)}(\tilde{t}, 7))-o_{I}(t_{0}^{(0)}(\tilde{t})))’\prime^{2}=(\phi_{I}(t^{(0)}(t^{\sim}, 77))-\tilde{o}_{J}(\tilde{t}))?7^{2}$ and ‘ designates the

derivative with respect to $i\tilde{X}$ . Now our conjecture is that, just as in Theorem 2.1, there

should exist formal power series $x^{(j)}(\tilde{x},\tilde{t}, \uparrow l)$ and $t^{(j)}(t_{7}^{\sim}7)(j=0,1,2, \cdots)$ which solves the

equation (4.4) and each coefficient of which is holomorphic on $\tilde{U}\cross\tilde{V}$ and on $\tilde{V}$ respectively

(recall that $\tilde{V}$ (resp., $\tilde{U}$ ) denotes a neighborhood of a point in a Stokes curve for $\tilde{\lambda}_{J}$ (resp.,

of the portion of the Stokes curve that begins at a simple $t$ urning point and ends at the

double one)), and further that in terms of $x^{\langle 1)}(.\iota\sim\cdot,t^{\sim}, \uparrow l)$ and $t^{(1)}(t, 7’)\sim$ we have the following

transformation formula between $\tilde{\lambda}_{J}^{(1)}$ and $\lambda_{I}^{\langle 1)}$ :

(4.7) $\frac{d\lambda_{I}^{(0)}}{clt}(t^{(0)}(t^{\sim}, \uparrow \mathfrak{j}),$

$77$ ) $t^{(1)}(t_{7}^{\sim}7)+e^{\eta^{-1}\triangle\phi}\lambda_{I}^{(1)}(t^{(0)}(t^{\sim}, \uparrow 7),$
$77$ )

$= \frac{\partial_{l}^{(0)}}{\partial_{\tilde{1}}}(\tilde{\lambda}_{J}^{(0)}(\tilde{t}, \prime\prime),\tilde{t}\backslash .\cdot’\uparrow l)\tilde{\lambda}_{J}^{\langle 1)}(\tilde{t}, \uparrow 7)+x^{\langle 1)}((7l), t\sim,\sim, \uparrow l)$ .

Note that (4.7) can be regarded as the concrete expression of the alien derivative (in

the sense of Ecalle) of (2.9) (cf. [E], [P]).

Our expectation is that, once the transformation (4.7) is established, the connection

formula for $(P_{J})$ can be deduced through it from the results for $(P_{I})$ . Furthermore we hope

that it should be also possible to determine the explicit form of the connection formula for

all instanton-type Painlev\’e transcendents. Concerning these subjects, as our study is still

in progress, we would like to discuss theni elsewhere in some future.
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Appendix. Tables of the Painlev\’e equations and the associated Schr\"odinger
equations $\backslash Y^{-ith}$ a large $pal\cdot ameter$ .

Table A.1. (Painlev\’e equations with a large parameter $\eta$ ).

$(P_{I})$ $\frac{d^{2}\lambda}{dt^{2}}$ $=$ $\eta^{2}(6\lambda^{2}+t)$ .

$(P_{II})$ $\frac{d^{2}\lambda}{dt^{2}}$ $=$ $\eta^{2}(2\lambda^{3}+t\lambda+\alpha)$ .

$(P_{III})$ $\frac{d^{2}\lambda}{dt^{2}}$

$=$ $\frac{1}{\lambda}(\frac{d\lambda}{dt})^{2}-\frac{1}{t}\frac{d\lambda}{dt}+8\eta^{2}[2\alpha_{\infty}\lambda^{3}+\frac{\alpha_{\infty}’}{t}\lambda^{2}-\frac{\alpha_{0}’}{t}-2\frac{\alpha_{0}}{\lambda}]$ .

$(P_{IV})$ $\frac{d^{2}\lambda}{dt^{2}}$

$=$ $\frac{1}{2\lambda}(\frac{d\lambda}{dt})^{2}-\frac{2}{\lambda}+2\eta^{2}[\frac{3}{4}\lambda^{3}+2t\lambda^{2}+(t^{2}+4\alpha_{1})\lambda-\frac{4\alpha_{0}}{\lambda}]$ .

$(P_{V})$ $\frac{d^{2}\lambda}{dt^{2}}$ $=$ $( \frac{1}{2\lambda}+\frac{1}{\lambda-1})(\frac{d\lambda}{dt})^{2}-\frac{1}{t}\frac{d\lambda}{dt}+\frac{(\lambda-1)^{2}}{t^{2}}(2\lambda-\frac{1}{2\lambda}I$

$+ \eta^{2}\frac{2\lambda(\lambda-1)^{2}}{t^{2}}[(\alpha_{0}+\alpha_{\infty})-\alpha_{0}\frac{1}{\lambda^{2}}+\alpha_{2}\frac{t}{(\lambda-1)^{2}}-\alpha_{1}t^{2}\frac{\lambda+1}{(\lambda-1)^{3}}]$ .

$(P_{VI})$ $\frac{d^{2}\lambda}{dt^{2}}$

$=$ $\frac{1}{2}(\frac{1}{\lambda}+\frac{1}{\lambda-1}+\frac{1}{\lambda-t})(\frac{d\lambda}{dt})^{2}-(\frac{1}{t}+\frac{1}{t-1}+\frac{1}{\lambda-t})\frac{d\lambda}{dt}$

$+ \frac{2\lambda(\lambda-1)(\lambda-t)}{t^{2}(t-1)^{2}}[1-\frac{\lambda^{2}-2t\lambda+t}{4\lambda^{2}(\lambda-1)^{2}}$

$+ \eta^{2}\{(\alpha_{0}+\alpha_{1}+\alpha_{\iota}+\alpha_{\infty})-\alpha_{0}\frac{t}{\lambda^{2}}+\alpha_{1}\frac{t-1}{(\lambda-1)^{2}}-\alpha_{t}\frac{t(t-1)}{(\lambda-t)^{2}}\}]$ .

Table A.2. $(F_{J}(\lambda, t)$ : cocfficic 71. $t$ $of\uparrow l^{2}$ in $(P_{J}))$ .

$F_{l^{\uparrow}}(\lambda, t)$ $=$ $6\lambda^{2}+t$ .

$F_{I/}^{\dagger}(\lambda, t)$ $=$ $2\lambda^{3}+t\lambda+c\iota$ .

$F_{1T\prime}^{\uparrow}(\lambda, t)$ $=$ $2\alpha_{\infty}t,\backslash 4+\alpha_{\infty}’\lambda^{J}-\alpha_{0}’\lambda-2cv_{0}t$ .

$F_{I^{1}V}(\lambda, t)$ $=$ $\frac{3}{4}\lambda^{4}+2t\lambda^{3}+(t^{2}+4\alpha_{1})\lambda^{2}-4\alpha_{0}$ .
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$F_{V}^{\dagger}(\lambda, t)$ $=$ $(\alpha_{0}+\alpha_{\infty})\lambda^{2}(\lambda-1)^{3}-\alpha_{0}(\lambda-1)^{3}+\alpha_{2}t\lambda^{2}(\lambda-1)-\alpha_{1}t^{2}\lambda^{2}(\lambda+1)$ .

$F_{VI}^{\dagger}(\lambda, t)$ $=$ $(\alpha_{0}+\alpha_{1}+\alpha_{t}+\alpha_{\infty})\lambda^{2}(\lambda-1)^{2}(\lambda-t)^{2}-\alpha_{0}t(\lambda-1)^{2}(\lambda-t)^{2}$

$+\alpha_{1}(t-1)\lambda^{2}(\lambda-t)^{2}-\alpha_{\ell}t(t-1)\lambda^{2}(\lambda-1)^{2}$ .

$F_{I}(\lambda, t)$ $=$ $F_{I^{\uparrow}}(\lambda, t)$ .

$F_{II}(\lambda, t)$ $=$ $F_{I^{\uparrow}I}(\lambda, t)$ .

$F_{III}(\lambda, t)$ $=$ $\frac{8}{t\lambda}F_{III}^{\dagger}(\lambda, t)$ .

$F_{IV}(\lambda, t)$ $=$ $\frac{2}{\lambda}F_{IV}^{\dagger}(\lambda, t)$ .

$F_{V}(\lambda, t)$ $=$ $\frac{2}{t^{2}\lambda(\lambda-1)}F_{V}^{\dagger}(\lambda, t)$ .

$F_{VI}(\lambda, t)$ $=$ $\frac{2}{t^{2}(t-1)^{2}\lambda(\lambda-1)(\lambda-t)}F_{VI}^{\dagger}(\lambda, t)$ .

Table A.3. (Schrodinger $eq\cdot uations$ with ($\iota$ large parameter $|7$ ).

$(SL_{J})$ $(- \frac{\partial^{2}}{\partial x^{2}}+\eta^{2}Q_{J}(x, t, \eta))\psi_{J}(x, t, \eta)=0$ .

QJ $=4x^{3}+2tx+2K_{I}- \eta^{-1}\frac{\nu}{x-\lambda}+\eta^{-2}\frac{3}{4(x-\lambda)^{2}}$ .

QH $=x^{4}+tx^{2}+2 \alpha x+2K_{IT^{-7\prime^{-1}}}\frac{\nu}{x-\lambda}+\eta^{-2}\frac{3}{4(x-\lambda)^{2}}$ .

QTTT $= \frac{\alpha_{0}t^{2}}{x^{4}}+\frac{\alpha_{\acute{0}}t}{x^{3}}+\frac{\alpha_{\infty}’t}{x}+\alpha_{\infty}t^{2}+\frac{tK_{JIl}}{2x^{2}}$

$+7l^{-1}( \frac{1}{2_{iI^{2}}}-\frac{1}{x(x-\lambda)}I\lambda_{l/+7}l^{-2}\frac{3}{4(x-\lambda)^{2}}\cdot$

$Q_{TV}$ $=$ $\frac{\alpha_{0}}{x^{2}}+\alpha_{1}+(\frac{x+2t}{4})^{2}+\frac{I\backslash ^{\nearrow}\tau\iota\prime’}{2_{J}}-\eta^{-1}\frac{\lambda\iota/}{x(x-\lambda)}+7l^{-2}\frac{3}{4(x-\lambda)^{2}}$ .

$Q_{V}$ $=$ $\frac{\alpha_{0}}{\tau^{2}}+\frac{\alpha_{1}t^{2}}{(x-1)^{1}}+\frac{c\nu_{2}t}{(_{\backslash }\cdot\iota\cdot-1)^{1}\backslash }+\frac{\alpha_{\infty}}{(:1:-1)^{2}}+\frac{t\Lambda_{t’}’}{r.\cdot(:c-1)^{2}}$

$- \eta^{-1}\frac{\lambda(\lambda-1)\iota/}{x(x-1)(x-\lambda)}+r_{l^{-2}}\frac{3}{4(x-\lambda)^{2}}$ .
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$Q_{VI}= \frac{\alpha_{0}}{x^{2}}+\frac{\alpha_{1}}{(x-1)^{2}}+\frac{\alpha_{\infty}}{x(x-1)}+\frac{\alpha_{t}}{(x-t)^{2}}+\frac{t(t-1)K_{VI}}{x(x-1)(x-t)}$

$- \eta^{-1}\frac{\lambda(\lambda-1)\nu}{x(x-1)(x-\lambda)}+\eta^{-2}\frac{3}{4(x-\lambda)^{2}}$ .

Table A.4. (Hamiltonian $K_{J}$ in $(SL_{J})$ ).

$K_{I}$ $=$ $\frac{1}{2}[\nu^{2}-(4\lambda^{3}+2t\lambda)]$ .

$K_{II}$ $=$ $\frac{1}{2}[\nu^{2}-(\lambda^{4}+t\lambda^{2}+2\alpha\lambda)]$ .

$K_{III}$ $=$ $\frac{2\lambda^{2}}{t}[\nu^{2}-\eta^{-1}\frac{3\nu}{2\lambda}-(\frac{\alpha_{0}t^{2}}{\lambda^{4}}+\frac{\alpha_{0}’t}{\lambda^{3}}+\frac{\alpha_{\infty}’t}{\lambda}+\alpha_{\infty}t^{2})]$ .

$K_{IV}$ $=$ $2 \lambda[\nu^{2}-\eta^{-1}\frac{\nu}{\lambda}-(\frac{\alpha_{0}}{\lambda^{2}}+\alpha_{1}+(\frac{\lambda+2t}{4})^{2})]$ .

$K_{V}$ $=$ $\frac{\lambda(\lambda-1)^{2}}{t}$

$\cross[\nu^{2}-\eta^{-1}(\frac{1}{\lambda}+\frac{1}{\lambda-1})\nu-(\frac{\alpha_{0}}{\lambda^{2}}+\frac{\alpha_{1}t^{2}}{(\lambda-1)^{4}}+\frac{\alpha_{2}t}{(\lambda-1)^{3}}+\frac{\alpha_{\infty}}{(\lambda-1)^{2}}I]\cdot$

$K_{t\nearrow J}$ $=$ $\frac{\lambda(\lambda-1)(\lambda-t)}{t(t-1)}$

$\cross[\nu^{2}-\eta^{-1}(\frac{1}{\lambda}+\frac{1}{\lambda-1})\nu-(\frac{\alpha_{0}}{\lambda^{2}}+\frac{\alpha_{1}}{(\lambda-1)^{2}}+\frac{\alpha_{\infty}}{\lambda(\lambda-1)}+\frac{\alpha_{t}}{(\lambda-t)^{2}}I]\cdot$

Table A.5. (Dcformation equations).

$\frac{\partial\psi_{J}}{\partial t}=A_{J}(x, t, \lambda)\frac{\partial\psi_{J}}{\partial\tau}+B_{J}(x, t, \lambda)\psi,$ , $(B_{J}=- \frac{1}{2}\frac{\partial A_{J}}{\partial x}I\cdot$

$A_{I}=A_{lT}= \frac{1}{2(x-\lambda)}$ , $A_{TII}= \frac{2\lambda x}{t(x-\lambda)}+\frac{x}{t}$ , $A_{Jt^{f}}= \frac{2x}{x-\lambda}$

$A_{V}= \frac{\lambda-1}{t}\frac{\prime x(iIl-1)}{x-\lambda}$ $A_{t^{r}/}= \frac{\lambda-t}{t(t-1)}\frac{x(x-1)}{\lambda-\lambda}$
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