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Holomorphic and Singular Solutions
of Non Linear Singular
Partial Differential Equations

Hidetoshi TAHARA (Sophia Un1ver51ty)
(HE Fk (LFKXKETL))

In this note, I will report some results on holomorphic and singular
solutions of singular partial differential equations of the following three
cases:

1. linear case;

2. non linear first order case;
3. non linear higher order case.

1 Linear case

First of all, let us survey my result in the case of linear Fuchsian case.
Let (t,z) = (t,21,---,2,) € C; x C% and let us consider
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where m € N*(= {1,2,--}), a = (0q,---,an) € N*(= {0,1,2,---}"),
|o|=lay|+---+|on|and

0 o __ o ap
52 = (5" ()




137

Assume the following conditions:

Ay)  ajq(t,r) and f(t,z) are holomorphic near the origin;
Aj)  a;o(0,2) =0, if |a|>0.

Then, (E;) is called a Fuchsian type equation with respect to ¢. The
indicial polynomial C(p, ) is defined by

C(p,z) =p™ = ¥ ajo(0,2)p’

j<m
and the characteristic exponents p;(z),- - -, pm(z) are defined by the roots
of C(p,z) = 0.

Definition of O. O is the set of all functions u(t, x) satisfying the
following : there are € > 0 and r > 0 such that u(¢,z) is holomorphic in
{(t,z) e R(C\{0})xC" ; 0<|t|<eand |z|<r}, where R(C\{0})

is the universal covering space of C' \ {0}.

THEOREM 1 (Tahara [1]). Denote by S the set of all O—solutions
of (E1). Then, if p;(0) ¢ N (1 <i<m) and pi(0) — p;(0) ¢ Z (1< i #
J < m) hold, we have

S= {U(SOl, T <»077'1) ’ ((pb T (Pm) € (C{m})m}’
where U(p1,- -+, pm) is an O— solution of (E,) depending on (p1,*+,¢m) €

(C{z})™ which can be taken arbitrarily and having an expansion of the
following form: '
Ulpr,rpm) = 3 u(a)t

=0
m oo mj

+ 33 ija(2)tP i (logt)*

1=175=0 k=0
'wzth ¢i)0,0($) = (,0,(.’17) (Z = 1, teey, m)
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2 Non linear first order case

Next, I will report a result for non linear first order equation of the
following form:

Ju Ju
(E2) tgz = F(t,(l?, u, 5;)7
0 0 g
where (t,z) € Cy x C} and a—z = (a::,---,a:l)
Put v = (vy,--,v,) and assume the following:

B;) F(t,z,u,v) is holomorphic near the origin ;

B;) F(0,2,0,0)=0 nearz =0;

F
Bs) %(O,x,0,0)EO for :=1,---,n.

Then, (E;) is called an equation of Briot-Bouquet type with respect to t
(in [3]). Put

oF
p(z) = %(0, z,0,0).

Definition of O,. We denote by O, the set of all u(t, z) satisfying
the following i) and ii):

i) There are r > 0 and a positive-valued continuous function &(s)

on R, such that u(t,z) is a holomorphic function on
{(t,2) e R(C\{0}) x C"; 0 <| t|< e(argt),| z |< 7};
ii) There is an a > 0 such that for any 8 > 0 we have

max | u(t,z) |= O(| t |*)

|z|<r

as t — 0 under the condition | argt |< 6.
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THEOREM 2 (Gérard-Tahara [4]). Denote by S, the set of all
O, —solutions of (Eg). Then, if p(0) ¢ N* holds, we have:

S, = { {uo}, when Rep(()) <0,
T {uo} U{U(9); 0# ¢(z) € C{z}}, when Rep(0) >0,

where ug is the unigue holomorphic solution of (Eg) and U(p) is an O4—

solution of (E3) having an ezpansion of the following form:

Ulp) = (@)t + 3 i (@)t logt)
i>1 #+2j2k+2
Jz

with @ 1,0(x) = p(z) which can be taken arbitrarily.

3 Non linear higher order case

Lastly, I will report a generalization of the result in section 2 to higher

order case.
Let us consider
0 0.. 0
Zym,, — N e,
() (1™ = Pt (g ()bt

where (t,z) € C; x C; and m € N*. Put
2 ={zja} j+lalzm
Jj<m

and assume the following conditions:

Ci1) F(t,z,z) is holomorphic near the origin ;
Cy) F(0,z,0) =0 near x = 0;
OF

C
3) sz,a

Note the following: 1) if m = 1, (E3) is nothing but (E,); 2) if (E3) is
linear, (E3) is nothing but (E;). Thus, (E;) includes both cases (E;) and
(Ea).

(0,2,0) =0 near z =0, if |a|> 0.
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Put
oF :

and denote by pi(z),---, pm(z) the roots of C(p,z) =0 in p. Set
p = the cardinal of {7;Rep;(0) > 0}.

If p = 0, this implies that Rep;(0) < Oforall¢=1,.--,m. When p > 1,

by a renumeration we may assume

Rep;(0) >0, forl<i<y,
Rep;(0) <0, forp+1<i<m.

Then we have:

THEOREM 3 (Gérard-Tahara [5]). Denote by Sy the set of all O,
-solutions of (E3). Then we have:
(I) If p =0, we have
St = {uo},
where ug ts the unique holomorphic solution of (E3).
(IT) If p > 1, under the additional conditions:
1) pi(0) # pj(0) for1 <i#j<p,
2) C(1,0) £ 0.,
3) Cli+ j1p1(0) + -~ + Jupu(0),0) # 0 for any
(i,7) € N x N* satisfying i+ | j |> 2,
we have

S ={U(p1,--+,04) 5 (1,7, 0u) € (C{z})*},
whereU(p1,-- -, p,) is an O, -solution of (E3) depending on (1, - -, Yu) €
(C{z})* which can be taken arbitrarily and having an expansion of the
following form:

Uer, ) = L uil@)t!

i>1
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+ Z ¢i’j,k(w)ti'*'jlpl(1‘)+"'+J'upu(m)(logt)k
i+2m|j|>k+2m
li1>1
with ¢o o(z) = pp(r) (p = 1,---,p) where e; = (1,0,---,0),---,e, =
0,---,0,1) € N*,
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