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BISAETHE #IE %M (YOSHIAKI MAEDA)
HRENKELIEY %M B (AKIRA YOSHIOKA)

B

Deformation quantization (EJEETIL) KT 5 MM HEEZBN URHARG
BRI RETH B 1D DLE+3%M. 3785 Hochschild coboudary YEFFIZES
TAHABEADUREICOOTHRL 5. bhibh ORI EBEA KD ZHAABUCH A
HEETH B, DB/ L deformation quantizable 7§ Poisson structure OH| %
EiFs,

1. Definition and question.

BbEid @% HZER EOBEIC 85 Hilbert ZROIERAREZMFGIRE I EEX
N T3, deformation quantization & |3 Hilbert ZZROER R ZEHTHEM LD
BEHOLEZHNTELEEZ S I &, THROLEROE T E FEr[#h>D
HANBRBANERERETEI LR TEMLEEL EVHOHEHYHFO—DOHRA
TH35 ([1])o HFEMIZRKRD L D iIB~NSN 3B,

Poisson algebra.

a % commutative associative algebra & U {, } % Poisson bracket(structure) 3754
5

(z) Lie bracket
(@) {f,gh} = g{f,h} + {f,g}h forany f,g,h€a

935, (a,{,}) % Poisson algebra &FE3s,

{,}:axa—oa s.t.{

Deformation quantization of (a, {,}).

M EHODREREKEL a=C®(M) £E<, {,} % a @ Poisson structure & L.
Poisson algebra (a,{,}) %% %, Formal parameter v 28A L a 2%H & T 5ER
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RO LK%

1) avll=[]va=adrad - &rad -

n>0

& ¥ <, Bilinear product *: a[[v]] x a[[v]] — a[[v]] iZ (1) &V a DFTIZTH LTI

(2) frg=mlf.9) +vm(f9)+ -+ "m(f,9)+ -+, forany fge€a,
1zrZL
(3) m;raxa—a (5=0,1,2,---); bilinear map
rEENB,

ROFHEEZ B,

(A.1) *; associative product, |

A2y vxf=fxv"=v"f, 1xf=fxl=f Vm, Vfe€a,
(A.3) mo(f,9) = fg9, Vf.g€a,

(A4) m(f,9) =—3{f,9}, Vfg€a

Definition 1. (A.1)~(A.4) %5729 * % Poisson algebra (a, {, }) @ deformation

quatization EFECK, (a[[v]], *) % (a,{,}) @ quantized algebra EFESRT &IZF 5,

Z 2T %M (A1)~(A.3) &b, deformation quantization x {Z a = C*(M) iZx9
5B HE DD associative BEEO—MWTHB I E2HERBLTHE &, HAXRBUTT

associative & JE & deformation quantization OBRIZDONTERT 5,

* Z AR DHIL B associative WA ELTH S, BIL & (A.1)~(A3) DAER

EL & (A4) 2BELTm Za=C0%M) 03@&5 bilinear map TH 3 &9 5,
* (D associativity D & HERIEE

(4) [ (g, &]] + (B, [f, g1l + [g, [, 1] = O,

(3) [f,g*h]—g*[f,h]+[f, gl*h

(6) folgoh)—(fog)oh= [9,[h fl, Vfg,hea,
72U '

[figl=Ff*g—g*/, f°g=%{f*g+g*f},
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DALY BTN ZENORD v BT 2 RIBEROEE RNER %/ 5,

Lemma 2. 7] (33 3 Poisson structure Z5E%, w7 i Hochschild 2-coboundary
TH5. 71bL |

67‘-?(.)079’ h) = fri*‘(ga h) - ﬂ'i'-(fg, h) + Wf(f,gh) - 7‘”i’-(f’g)h = 07 Vf,gyh €a
Wtz 12120 77, of ZFHFh 7, D skewsymmetric part, symmetric part &3
5. ie 7 (f,9) = 3(m(f,9) £m(g,f)), Vf,g€a.

X 52 symmetric Hochschld 2-coboundary ZBJ9 3R D8

Proposition 3.([2])

ér =0, =(f,9) =n(9,f), Vf,g€a
75 5{€ 30; linear map on a, s.t.

T =69, i.e, 7(f,9) = f0(g) — 0(f9) +0(f)9, Vf,9 € a.
WEALT B0, Zhdb

(7) xf =66
LFxXh3b, 0%MHNT linear isomorphism

(8) T:al[v]] = afv]] st T(f)=f-v0(f), Vf€a
ZBAL b5 L

9) %ravll x allv]] - allv]] st fEg=T N (Tf+Tg), Vfg€a
ZEZEZHIZ

fxg = fg+vri(f,9)+0(*)
3725 ¥ ¥ Poisson algebra (a, —277) @ deformation quantization &755% Z EI%
BIHDD SN D, EEBDHE |

e associative deformation OREFHDHFEICE LT deformation quantization A3
Ehs,

o deformation quantization (or associative deformation) DO&BR/MT Poisson al-
gebra TH 5. H 3 FEHEESHE (a][v]], ) IZIX BARIT Poisson geome-
try 269 5.



RGBT B Z EAMHK S,
Deformation quantizability

EERDEEDI S associative deformation 233 % & 3 5 Poisson algebra NG o5 5
A3, i Poisson algebra ZERICH I I, ThEZEBHO 1 REHICHDDX I REE
3 7iPH L deformation quantization DEFEFEZMREIZT 5,

Definition 4. Poisson algebra (a,{,}) &% deformation quantizable
=T = —% , } 72 % deformation quantization * NEEFET B,

RIVERICHBEL 5,

Question; Poisson algebra (a,{,}) i deformation quantizable 2> ?

ZhicH LIROEEDH 5,

Theorem S ([3], [4]). {,} &% symplectic L 5T deformation quantizable.

40D & T A—fD Poisson structure {23 U T Question {IAHETH S, AL FEHD
BB E5Z oM TR EEERLTE L,

Assciativity and Hochschild coboundary operator

Z DHiD®HKIT. Hochschild coboundary fEi# % U T quantized algebra (a[[v]], *)
D associativity DERREZE5Z TEL <,

a @ p-linear map m:a X -+ x a — a i< U p + 1-linear map 67 %
(10) 6n(f1, for -+ 5 fot1) |
= firlfayee s fpd) +gpl<—1)"w(f1,~- Fifits e s for)
PG oo S ort Ve s €
KEDEZETBE 2 =00BILT 5, 6% Hochschild coboudary FEfFE & W35
& (A1) THbE fx(gxh)=(f*g)*xh, Vf,g,hecald
A1) X m(f,mig, ) = 32 m(mi(f,9),k), Vfg,h€a, n=0,1,2,- -

i+j=n i+j=n
ERETH 555, Hochschild coboundary fEAREZH VRO L IcEXWRZI SN 5,

Lemma 5. *; associative <= ém, = @,, n=0,1,2,---,



7272 U Q,; 3-linear map, s.t. Qo = @, =0, and for n > 2,

(12) Qn(f’g7 h) = - Z {Wi(fa"rj(g’ h)) - Wi(”j(f;.q)vh)}a Vfagah €a.
’.+.12=1n

2. Step by step construction.
(a,{,})) MEZ SNIh, 7,73, , ETHSIRICERL TW ZEEEZ 5,

Definition 6. Bilinear product * : a[[v]] x a[[v]] — a[[v]] 3%#
(Al)e  fr(gxh)=(fxg)xh modv™!, Vfghea,

vmxf =fxv"=v"f mod v, Vm,

(A2 {l*f =fxl=f mod v, Vfea,
(A3) m(f,9)=1f9, Vfg€uq,
(A4) m(f,9)=—-3{f9}, Vfg€u
AT EE, «%(a,{,}) Dorder k D deformation quantization & WX, 7z
(a,{,}) iZ order k T deformation quantizable &35,
% HEET 5 DI order k D deformation quantization 5.3 Sh ik £HH5 or-
der k + 1 ® deformation quantization {Z#55 & 9T 1y FMVETETH 3,
Lemma 5 £ D (A1) i%
(B) ém =@
Nl=0,1,2,--- k TRIUTH I LERETH S, ZZTH,} =0(=0C1) &b
Lemma 7. (a,{,}) {3 order 1 T deformation quantizable.

ST RERET 5o
[Als  (a,{,}) i order k T deformation quantizable.

(13) A(f,g,h) = f*(g*h)—(f+g)*h, VYf,g,h€a

51
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<, FEED bilinear product * : a[[v]] x a[[¥]] — a[[v]] l:f:b"ﬁ‘éﬁ%ﬁ

(14) £+ Alg hy) = A(F 9, ho ) + A(fyg % by )
_A(f)gvh*t)+A(f7gah)*t:07 Vf7gah7t€a

W& (AL T1bB A(f,g,h) =0 mod v**1, ete, BHEA L v4+! DFME R

Lemma 8. §Q4+1 = 0.

185, ZIT Qi FEXONIHER T, 1 I THEINTNA I EXHERT 50
Qry1 = 614y E7L 3 bilinear map 7y WEFET B Z &% * DY order k+ 1 D deforma-
tion quantization |ZIERTE A7 HDEBTH 5,

Proposition 9. * AVorder k£ + 1 D deformation quantization IZ#ERTZX 5
<= Q41; Hochschild 3-cocycle, i.e. I, s.t. Qpy1 = 7.

Vey, Cahen-Gutt theorem.

Porposition 9 k0 7 {ZB89 558N o7 = Qry1 OROEENERIT DT Vey([5]),
Cahen-Gutt([6]) SIC X BROEEND 5, 5 DFE#MILI T differential 727 5 X T
fIibh s,

Trilinear map Q% : a X a x a — a % 3-differential operator 37245 % component
122 T differential operator THBHDE L. AQ? % Q¢ ® skewsymmetrization &
<o

Theorem VCG ([5], [6]). Q¢ % Hochschild coboundary &3 3,

AQ? = 0 <= 3%, bidifferential operator, s.t. é7¢ = Q<.

3-differntial operator DEREMHH Z EVFEHDOESTH B I E2HEBE L TEH <, Propo-
sition 9 35 £ ¥ Theorem VCG X ©) 3 XT% differential operator ® 7 5 XiZHIfE LT
DXDOHEFHENRON S,

Differential deformation quantization
Bilinear product *¢ : a[[v]] x a[[v]] — a[[v]] % (A.1)~(A.4) >
(A.5) 7 (7 =2,38,---);bidifferential operators

A2#71:4bD&E L., differential deformation quantization EPESZ &iZF 3, ZDEF
FTNXTD Q,, 1% 3-differential operator TH 3, Theorem VCG 5
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Theorem 10. (cf. [7], p. 163). %% (a,{,}) @ order k @ differential deforma-
tion quantization &3 3,

*? Hiorder k + 1 @ differential deformation quantization IZFEETX %

< AQk41 =0.

3. Main results. (Vey, Cahen-Gutt theorem D¥L7R)

Z TR ORBNT B%EE (cf. [2], Theorem A and §3.2) i¥ BT 3 L OXDOHEH
THb, '

¢ Theorem VCG T/ U BISERRORBEMORBWIEERZEZ 5 2 &4
k5.

o Lizhio TEBDKILT 57 5 2% differential operator X D [ & DLk ]
BTHBHH, EQIKRY TRREZEREROZHAICHIRYT %0

o B4 DEOHEBEIZEOTRFE T ICHFREZRTHI LKL, O
12 & b deformation quantizability DREFERT X, W { DD D deformation
quanitzable 7% Poisson algebra D& 215 Z EH3HES,

UT #wRed~5%,

Formulation

T1,T2," 5Ty BAETC, ZEREE a= (0,00, ,a0++,), (an €EN), ZD
Eé%'al:al'*'""*'an'*""' &L/.’L‘azxixlxa2--.man..' &jb‘(o aéxo)f&j—g
HALKETS: T8O (T finiee ZHERMZHS5OTLICLTO)

a=P={) a,z”| as €C, |a] < oo}.

Finite
EIROWBIRBDORINEEZ B,

'P,'={Z a2z €Pla=(0,---,0,a;, 41, - ,)},
: finite

a=P1DOP,D---PpD---.
@:axaxa—aX%a_b®3-linear map &9 5,

Thorem OMY ([2]). @ % Hochschild coboundary &3 5,
AQ = 0 <= I, bilinear map on a, s.t. é7 = Q.
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ISHICET T
©) {w;(xi,xj) =0, (Hi=12"),
(zi, f) =0, VfeP, (=12--),
Wil T HOPBEET S,
Proof. 7(2%,2°) % |a + B| icB8 T 2 B THIR L T <o (See [2].)
52 OFHE 0 = P ORAIENT LUIROEELB S5,
a=P &L (a,{,}) % Poisson algebra &35, (2), (3) DEID bilinear product * :

| a[[v]] x a[[¥]] — a[[v]] #EZX B, (a,{,}) D deformation quantization 35 k¥ order k£

@ deformation quantization % §2 &FBICEHT 5. BB 2hEh (Al)~(A4) &
LU (A1) ~(A4) TEET 5,
Theorem 11 ([2]). * % (a,{, }) ® order k @ deformation quantization &3 5,
x MY order k + 1 @D deformation quantization {(CEERTX 3 <= AQk41 = 0.

Examples (cf. [2])

Theorem OMY D% (C) 2 BT ED Poisson algebras @D deformation quanti-
zability D\FERAT & 5,

Ex.1. (linear Poisson structure)

0 0
— e N
(15) {’}'g;,c”xlax,-”axj'7’”"’7"
% a = P _E® Poisson structure &35, (fEFEHBHE®D Lie D dual space iZA 3
Lie-Poisson structure EA7X8 5%, ) *:a[[v]] X a[[v]] — a[[v]] % order k£ ® deforma-

tion quantization T
(C) T (ziz) =0, (4,7=1,2,--),
’ iz, f) =0, VfeP, (i=12--),
(1 =2,3,--- k) #HlcTdDET B, Q D skew symmetrization AQg4q 272U T
RDTALT B0
Lemma 12. (cf. [8])
1) AQupi(frg k)= Y Y. =i (fi7j(9,h), Vf,g,h€a.

(f,goh) i+i=k+1
cyclic sum 1,521
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2) AQ41 1T 3-derivation B %5 £ component (B8 U T—FOIMBER Fo
XTLlemma 12D 1) ERE (C) (1=2,3,--- ,k) &P

AQx41(2p, 24, 2,) = Z 7% (2, Wi(mqa z,))

(pya.r)
cyclic sum

= Z 7!';(33;,, Ecz,rxs)) = O’ va q,T.

(p,a,)
cyclic sum

Lemma 12 @ 2) "5 AQk41 = 0. & T Theorem OMY 2 S&M: (C)ryr % WiT2T
Te+1, 8-t 6Mppr = Qi1 DFET B0 Ko THEMILIZK Y linear Poisson algebra (&
deformation quantizable Tdh 5 Z EDbh 3, FFiZ Z D algebra [IBIFR

Tk T; =TT — 5 2,ChTs, Vi, ],
zi,0(zpo(---o(zi,0f) )=y, i, f, (1<02<---<14,), VfeP;

n?

(745U aob=L(axb+bxa)) £Mi LT B,

Ex.2. (See [2]). (quadratic Poisson structure)

"~ a =P EiZ quadratic Poisson structure

{,}= Zcffxpwqg;/\—a—:Px'P—)»P.

44,09 awj

AEZRD, JITHRE ] I p, ¢ IKDOOTHER, 1,j IKDVTEMNKT

Z Zcﬁcffw = 0} (Vp,g,rauav’w)

(vvw)
cyclic sum

%#7- LT3, Poisson algebra (a,{,}) i$ deformation quantizable T quantized
algebra (BRI

Tk T =TT — 5 ), CiEpTy, V1,7,
1:,-10((1),’20(---0(.’13,',1Of)"')zmilxiz"'minfa (21 << - Sin)1 vaE'Pin,

ZhMlI-LTW3,
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