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Introduction. | '

An np-dimensional Lie algebra g is called rigid if all n-
dimensional Lie algebras near g are isomorphic to g. Nijenhuis &
Richardson proved that g is rigid if its Chevalley cochomololgy
group Hz(g, g) = 0 ([N-R]). As necessary conditions, Carles proved
that rigid Lie algebras over the complex numbers  have to be
algebraic and satisfy several‘other conditions ([Ca] Prop 4.1).

In this paper we treat the rigidity of solvable Lie algebras g
over €. In § 1 we show that rigid g are isomorphic to the
universal solvable Lie algebras u(nu) = n x . Here n are the
nilradicals of g, and T are maximal abelian subalgebras of Der(n)
composed of semi-simple elements. Although the rigidity of low
dimensional solvable Lie algebras were obtained([C-D]}, [Bel), in
general dimensions there are not many known examples of rigid
solvable Lie algebras except for Borel subalgebras of semi-simple
Lie algebras([L-L]). From § 2 we try to compute Hz(u(nc), u(nc))
and check their rigidity when n are nilpotent parts of Iwasawa
decompositioﬁs of semi-simple Lie algebras over R. When the
semi-simple Lie algebras are normal real forms, u = u(nc) are
isomorphic to Borel subalgebras, and H2(u, u) = 0 by [L-L]. In this
paper we determine Hz(u, u) and the rigidity of u when n are
nilpotent parts of real simple Lie algebras of real rank 1. Those
results are shown in Proposition 3.2 and 3.4. For other several
cases, Hz(u, u) are given in Remark 3.3 without their proofs. We

can conclude that not full but partial generalization of [L-L] is
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possible.

§ 1 Universal solvable Lie algebras

Let n be a nilpotent Lie algebra over €, and let Der(u) be its
all derivations. Choosing a maximal abelian subalgebra T of Der(n)
consisting of semi-simple elements (another 7~ and T are cénjugate),
we define the universal solvable Lie algebra u = u(n) by the semi-

direct product n » 7, where T acts on n naturally.

‘Proposition 1.1. [Let g be a non—mnilpotent solvable Lie algebra.
If g is rigid, them g is isomorphic to u(n), where n is the largest
nilpotent ideal of g.

proof). If g is rigid, then g is algebraic and splittable
([Ca] Proposition 4.1). Then g is isomorphic to a subalgebra of
u(n) ([Ma] Theorem’7), that is to say, there exists a non-zero
subspace T] of r and g ~ n T]. If T] = T , then we can choose a
continuous family of subspaces Iy €T (0 £t £ 1) such that n x Ty
(0 <t < 1) is not isomorphic to g, because there are only finite
number of subspaces 7 ¢ 7 such that n 7" ~ n x T1 ([Ma] Theorem
7). Hence we get a non-trivial deformation of g. This is a

contradiction, whence T] =7 and g =~ u(n).

Remark. In Proposition 1.1 we can remove the word "non-
nilpotent" because of Colloraire 4.4 (ii) of [Ca]. In [C-D] and
[Be] rigid solvable Lie algebras were determined completely when
their dimensions are not more than 8. There is a conjecture "No

nilpotent Lie algebra is rigid".

§ 2 Reduction of the computation of Hz(u, u).

Our purpose is to find rigid solvable Lie algebras, and we
compute 2-cohomology groups of u = u(n) for several types of n. Let
u = n x4 T be a universal Lie algebra for a given n. Since u 1is the

semi-direct product of n and 7, and the action of F on n is
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semi-simple, we can use the following:
Lemma 2.1 (Hochschild-Serre [H-S]).

Hi(u, u) = > wi(r, ¢) & #(n, w)f (i = 0),
j+k=i

where Hi(u, u) and Hk(n, u)T are the cohomology groups with respect
to the adjoint representations, and Hj(T, C) are the ones with

respect to the trivial representations.

Remark. By this lemma, as necessary'conditions for H2(u, u) = 0,
we get the followings
Hl(u,'u) = Ho(u, u) = 0 when dim 7 = 2, and
dim H! (u, u) = dim H'(u, u) when dim T = 1,

: 7
because H/(F, €) ~ A (T ) = 0 if and only if 7 > dim 7. Here the

latter condition is equivalent to the condition dim Der(g) = dim g

Der(g) / ad(s), HO(g, g) = 3, and g / 3 =~ ad(g).

It is remarkable that the necessary conditions for the rigidity in

since Hl(g, a)

[Ca] Proposition 4.1(i) are no more than the necessary conditons for

H2(u, ll) = 0.

In order to compute Hk(n, u)T, we use the weight space
decomposition of n with respect to 7 : n = ® w, , (W c T*). Then
X € W
we have the following:
Lemma 2.2. For a positive integer i, assume At A, Feeet o # 0

, 1Tt AL € W ), then we get

Ci(n, u)T = Ct(u, n)T. For i =2 2, we have Hi(n, wl= Hi(n, n)T, and

( not mecessarily distinct x

1 we have the followings:

for i
Hl(n, u)r = { D€ Der(n) | D is nilpotent and D'nl < n, (x € W)} and
Ho(n, u)T 0.

proof). Let us write ¢ € Ci(n, u)T as e = ¢ + ¢ (¢ € Ci(n, n),

¥ € Ci(n, 7) ), we get 0 by writing down the conditions

{Y'((P +,‘£’)}(xl]’..., Xli) =0 (Y € Ty Xl]e nllv°'°1 ine n)\i)y

and using the assumption. Therefore Ci(n, u)T = Cl(n, n)r, and for

i 2> 2 we have Hi(n, w)! = Zi(n, ), dCi—l(n,‘n)T = Hé(n, m)T.
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When ¢ = 1, nT = 0 since 0 ¢ w. Then Co(n, u)T = uT = nT x F =T,

hence Hl(n, u)T= z'(n, n)T/ d7. Here Zl(n, n)T= { D € Der(n) | DYy =
YD (Y € T)} and dF = T. Since Der(u) is algebraic, for D €
Zl(n, “)T Dy and D, € Zl(n, n)r where p = Dg + D, is the Jordan

decomposition of D. Here DS € T by the definition of 7. Hence we

get
Hl(n, wl = { D e Der(n) | D is nilpotent and DYy = YD (Y € T)}
= { D € Der(n) | D is nilpotent and D n, c.n, (x € W)}
Next Ho(n, )7 = { ¢ € O, w)T = uf| de = 0 }. Here de = ¢
because ¢ € u! = n! » T = 7, and we get HO(n, uw)! = 0.

Remark. About the vanishing of Hi(u, u) (¢ = 0, 1), there is a
similar result in Proposition 4.1 of [L-L] which is obtained by a

different method.

Corollary 2.3. J7f x = 0, x + p = 0, and dim n, = 1 (A, u € W),

then H¥(u, u) = 0 (¢ = 0, 1) and H>(u, u) = HZ(n, n)?.

proof). By the assumptiohs Hi(n, u)T =0 (i =0, 1), then we get
Hi(u, u) =0 (<« = 0, 1) and H2(u, u) = Hztn, n)T using Lemma 2.1,

Definition. Let n be a nilpotent Lie algebra over . We call n
is a Jwasawa subalgebra when there exists a semi-simple Lie algebra
s over R and its Iwasawa decomposition; s = { @ a @ n such that n =

L.

Proposition 2.4. Let n be an fwasawa subalgebra, then x = 0,
A+ u = 0, dim n, =1 (A, u € W), therefore H*(u, u) = 0 (<« =0, 1),
and Hz(u, u) = Hz(n, n)T.

proof). There exists an Iwasawa decomposition s = { @ a @& n
(over ), and let p be a Cartan subalgebra containing a. Then
(ad b)ln c Der(n) and we can choose 7 such that (ad b)ln c 7 since
n are direct sum of some positive root spaces of n with respect to
ad b (see e.g. [He]). Therefore each root space S in n (x € A,) 1is

decomposed into some weight spaces n. (x € W). Since dim Sy = 1,

by
for any X € W there exists o € A_ such that n, = s, and Alad h =&
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Since ¢ # 0, ¢ + 8 *# 0 (a, 8 € 4,), and dim 5 =1 (a, B € A,),

Proposition 2.4 follows.

Remark 2.5. For an Iwasawa subalgebra n, we have

["1 , "u] i (X, u, x + u € W) because there exist «, 8 € A,
such that n, = s , n = Sg and [s, , sg] #= 0.

To compute Hz(n, n)T we use the following:

Lemma 2.6. 7f dim n, =1 (x € W), then we have
(1). dim B%(xn, m)7 = dim n - dim T,
(2). dim c(n, ;)7 = # { (A, w) eWxW | A +uneWand » < u}.
Moreover if an Iwasawa subalgebra n is 2-step (i.e. [n, [u, n]] =
0 ), then we have
(3). 2, mT = 2%8(n, 0)T.
proof). To prove (1), we use the surjective homomorphism
d : Cl(n, n)T———a B2(n, n)T. Since Cl(n, n)f ={ ce€e Endul| e n. c

n. (» € W)}, and dim n. = 1, we get dim Cl(n, m)! = dim =.

A X
And ker d = T, therefore we have the equation (1). By the
definition we have

Cz(n, Wl = {ece Cz(n, n) | eln,, n“) cn (Xy my, X+ u € W)Y,

At ou

and we get the equation (2) because dim n,o= 1 (x € W).

Next for ¢ € C2(n, n)T, using Remark 2.5 we can prove

de(n,, m. n) e [ng, [nyy m 17+ [ngy [y, w11+ [nyy [ng, w10,

33
Therefore de = 0 if n is 2-step, hence we get (3).

§ 3 Thelrigidity of u when n are some Iwasawa subalgebras.

We compute Hz(u, u) for the 2-step Iwasawa subalgebras that
appear in the simple Lie algebras of real rank 1. Those simple Lie
algebras are so(n + 1, 1), su(n + 1, 1), sp(n + 1, 1), and f, (_ogy-
Then those nilpotent parts are known to be (K? @ Im K)C (K = R, C,
H, n = 1 and ¢, and Im K are imaginary parts of K), where the

brackets of K® @ Im K are given by

[(C(y B)v (a’, B’)]=21m(_§ o . o ) (C(, a’EIKn, B, B’ EImIK)

i
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(see e.g.[Mo]). For those 2-step nilpotent Lie algebras, we compute

T, W, and Hz(u, u) using Lemma 2.6.

Propositition 3.1. Jn the derivation algebras Der(K" e Im K)C,

we can choose T as follows:

( d 0
' d
(i) K =R, T = 2 . ’
L 0 dn
([ D+ sr 0 : d 0
(ii) K=C, T =4 "rrorrerioaeeees i 0 D = 1 q
’ 0 -D + sl - 2 . ’
................. te.. 0 d
\\ 0 d 29 n
[ ( -D + t7 0 .
...... EPUPRRRE SRR SO RN 2§ 0
‘s _ _ b :
(111) K =M, T =917 o [ p.c.eli, ... .. st ...t ene e ns ’
23 0" "2¢
-0 - 0 2s 0 )
W\ -2t 0 2s))D:diag.
(iv) K =€ (»n = 1),
((sI+R(0) : AR
sI+R(61) : 0
. sI+R(062) ( );
- sI+R(03) -
A N R AR A L Y3 DpgT s b |
0 . 28iI-R(62+03)
. 287I-R(61+03)
L - 281-R(61+62) )
where 8 = 61 + 82 + 83 , and R(Q) = (_g 8).
proof). (i) being trivial, in order to prove (ii) we see the
fact ‘
sl + A 0 €

Der(c® & Im ¢)C A€ sp(n, R), s € R

* : 23
~ { R®™ % (R ® sp(n, R))}C.
Using a standard Cartan subalgebra of sp(n, R), we have the above

expression of 7. Next let us prove (iii). We use the fact

X +vy . 0 A -B -C -D
Der(]}-ln & Im H—])C = ] e 3.2&,..2}.’..20 X = g S —2 _g ,
® :-2b 2a -2d D-C B A
. "'2(3 Zd za )
al dI el -bi) C
- |-df af bI cf )
Y = ~el -bI al -dIl’ A € SkeW(n)y Bv01D € Symm(n), a,b,@,d € R 3
bI -cl diI alf)



78

o~ {(R4“ ® Rs)  (H e sp(n))}c»
The dimension of maximal abelian subalgebra of H & sp(n) =~ R & sp(1)
® sp(n) is n + 2. Here the above expression of 7 is abelian,

consisting of semi-simple elements, and n + 2 dimension too. Hence

we get (iii). In order to prove (iv), we use the fact
C sl + A - 0 ,
Der(¢ & Im @) = R R A:(a;j) GSU(B),
* . 2sl + B o/’< 1,5 <7
2003 = byitbgstbrya,
s € R, B = ( bij; ) € so(7), such that 2a47 - ﬁQltg65:g74'
17< 1,5 £ 7 @se = L2317 PLesTO74,
’ 2a12 =-bo1+tbgstbra,
-2as7 = bsi1*tbeatbrs, 2ao1 = bsotbsatbie, —2a14 = baitbesthqo,
-2a402 = bai1tbea~brs, 2as7 T bzotbsa~biss —2a3s = baitbes~bv2,
-2a13 = bs1~bea*tbrs, 2@4s = bgor~bsatbre, —2a27 = bai~besstbya,
-2a46 =-bsi1*bgatbrs, 2@33 =~bso*tbsatbre, —2G0s =~bai1tbestbia,
-2a@35 = baotbsatb71, 2a07 = bastbsotbe1, —2a26 T bsitbeotby3)C
-2a54 = baotbss~b71, 2@16 = bastbso~bsi1s, —2a1s5 T bsitbgo—b7s ,
-2a0s = bao~bsstb71, 2a2s5 = bas~bsotbsi1s ~2Q@0a = bsi~beatbrs
-2a17 =-bas*bsstb71, 2@34 =~bastbsotbs1, —2a37 =~bsitbega*tbvs

~ {(R® ® R7) % (R ® s0(7))}C.
Using a standard Cartan subalgebra of so(7), we get T in (iv).
Remark. In the above expression of Der(¢ @ Im ¢), we can prove
that the map so(7) 3 B —— A € so(8) is the spin representation of

so(7).

Propositon. 3.2. When un = (K* @ Im K)C, Hz(u, u) are given as
follows:
(i) K =R J(ii) K =€ |(dii) K =H [(iv) K = &
Ho (u, u) | 0 0o cn-1 c®
proof). First we compute W using 7 in Proposition 3.1.
(1) w = { 4 < ix<n

(i1) w={=s= di » 28 }1 < i<mn
(1i1) W = { s = (¢ +6)/"T, s = (d,~6)/T, 25, 25 = 26/°T}; _ , _ ,
(iv) w = { s =+ 0/-T, s % el/TT, s % GEJTT, s * GSJTT,

2s, 28 = (6,+ 0_)/-T, 2s = (0 + 0_)/~T, 2s + (9 + 6,)/"T}
Next we compute dim Zz(n, n)T using Lemma 2.6 (2) and (3).

i+

(i) dim Zz(n,vn)T = 0 , because A + ndW (X, pew.
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(ii) dim z%(n, n)7 = a , because 25 = (s + @) *+ (s - d ).
(iii) dim z%(n, m)7 = 4n , because
2s = (3 + (d.x t)/°T) + (s - (d. . t)/T) ,
25 x 2t/°T = (s + (d.x t)/~T) + (s - (d.F t)/-T)
(iv) dim z%(n, n)T = 16 , because

28 = (s + 6/:1-) +v (s - GJTI-) = (S + ei./:T) + (S - Gi\/—_l'),

2s + (0,* 0_)/"T = (s + 6_/~I)+(s = 6_/°T) = (s + 6/~1)+(s ¥ 0 /1),

25 % (0,+ 0)/"T = (s + 0,/ T)+(s = 6,/°T) = (s = 8/°T)+(s ¥ 6,/°T),
and .

2s £ (0.+ 0,)/-T = (s 08 /T)+(s x6_/T) = (s 20/ T)+(s 70, /T).

Last we use the eqgation
. 2 T _ . 2 T . .
dim H°(n, n)* = dim Z°(n, n)* - dim n + dim T
Computing the right hand side, we get Proposition 3.2.

Remark 3.3. In the above proof we have used C2(n, n)T =
Zz(n, n)T. This is not true for ahy Iwasawa nilpotent Lie algebra no
such that step n =2 3. Then we must compute the rank of system of
a X,) =0 (x, emn, , X, €n, » X, €
L ). We report the results Hz(u, u) = 0 for the niipotent parts of
so(n + k, k) and su(n + k, k), ( for any k € N ).

linear equations : de(XA , X

Since the condition Hz(u, u) = 0 does not mean the rigidity of u

([Ri]), we need the following:

Proposition 3.4. u(n) is not rigid when n = (H® @ Im M)G (n 2
2) or n = (€ & Im G)c;

proof). We give the proof when n = (H® @ Im H) (n = 2). Let us
choose weight vectors of 7 ; {Xi, Yi, Zi, wi, A, B, C}ls i <n
corresponding to the weights ; {s + (d .+ ¢)/-T, s - (d + t)/-T, s +
(d.- t)/~T, s - (¢~ t)/T, 28, 28 + 2¢t/-T, 2s - 2t/-T}. Let p be

theiLie bracket of u, and ¢ e_Cz(n, n)T ( c Cz(u, u)T) defined by
o(X , Y.) p A

¢(Zi, Wi) q.A (p. , g, € C).

¢ =0 ( other cases )

1]
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We can check that o + g¢¢p ( € € € ) is also a Lie algebra, so pu + g¢
is a deformation of u. Assume that p is rigid, then the tangent

vector ¢ € Bz(u, u) ([N-R]). Since ¢ is T-invariant ¢ € Bz(u, u)T =
d(Cl(u, u)T), therefore there exists f € Cl(u, u)T such that ¢ = df.

As,f(nl) cn, (€ W), and ¢ = 0 onnxTand F x T, ¢ = d(fln)

x
and
i, = diag(z , ¥, 2., w,, a, b, ¢)
with respect to {X , Y., Z, W, A, B, C}y_ , . .
Since
{ df(Xx., w ) =0 { df(X., Y. ) = p.A
1 1 and 1 1 1 ,
df (v , z.) = 0 df (z., W) = a
we have
z.+w -b =20 r(z.+y -a) = p,.
1 1 and 1 1 1 1 ,
y.*tz-ec-= 0 si(zi+ w. - a) = q,
i u(X , Y ) = r
where r and s_. are non-zero number defined by ! ! !
' ' n(Z , W) = s,
Computing z+y +tzt+tw, we get
2 i qi — 1 -
a + ;i + §i =p +e¢ (1< ix<mn).
As n = 2, this equation has no solution when we put p. = ir, and
gq. = i 8. . This is a contradiction, hence u is not rigid.

i i
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MTHL )= [H,081t]=0
S IH,MI=0 (V) re®ereont)
Kathiz&aided 130 (B EOON T H=0 /
SRS [T F> T FRL OBA T=odf e 5T H3.
AL -
~ DeT &3 Shnn LT (=dy xR pE, D
duit) (160 SR-1 6, MR €18 Nt28-1)
&1, dinteort (RYLS (L€ MAR)
ZRRIF”
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dei+ dimiett = dgprere (RHLE (€ MtR)
EHEET, & rankt’ 2 -1
AN d}maoi‘%q«mc SdimT £ 2u+2.(ﬁ;c)~(n-\)
I
S Q(d-%clﬂQ:T

11r8
DeT Q{GN NOL T A, G han 0k 7 kifE
Ch 0 ET i (n=2w +1m9%0m)
RS,
DO m=27+1n5% DR
{olm—\ (12 cgR-1), daj (RHL S WHR)
da; (Rt <J<NTER) | da
ZERI I
®=1 08§ -1 TIR
N ek '=0 adf e ;T
Rz2085 - g a NELD &)
dg-1j + o= e tde)tde  (Riag JENHE)
R \Yank@i)’ z
Otk sdimT €20 R -1
Svoad Rl =T |
@ m=2wasy DI

NWHRR 2'n+ 3k5.
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diow (1€08R-1), diy, d%) (RH1€jEntR)
TRIZT O R B LR
R=1a8%F  adfea G T
®z22 neg "
den) +de; =deg (Btlg)e nNHR)
S rank Rz -1
SNk E dim T €20 +HR =1 —(-1)
N adﬁt[m =T ,
TR SHRPOREML LeIBTR, A (nt11) Lok

1§ adklyee=T Iz Hxh5$7>' tonte
FERRT X3, BT TAREL DA,

AR Huw W) = N o BHE
NAT ARG 35 LieIE ;T Der® DR BRI BACTRS
mAES MUTREIITNEBLI, 3¢ TARE
TIheoy'-nEE v Llemma 2.6 (1),
Al FR (T = dimH(0"+ cim Y (0T = i/
H (Tc Tneg  —hank{ (O (B34 A TCH A7 LG4
FER) LD, OLe SHCER)IBANES 1= HAOT R SHETS,

M1 TAIITERESD SLOESIZ—RRALLTTH,
- melNt &, LeZ s+ RTLZ1 233L
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? + |
= n Yhd,
10K 2

BT 0 adjoint fzIE:é #&U\T I2Exi . Corll

2.30ARES" %t*h H2 (V)= Hz(n)Tt 53,
TMmo BTFREFT CUO)™=0 . H(1)=0
TCamo (B22) T3 (K= Te-tmt.0 [RERS,

Lemma 2.6(2) 51 e

dimC? (TC)T/C_ 00‘1" #{(Etﬁ, Eﬁ ) %;é’;{g;%fﬁ,
={&R-Dm
ZLT N (ZIRE T OIHS 91 MEnrank (3

Z # {(Ecﬁ—l Eg14, Eﬁ,)}i‘ (ER-2

Rtlcjent’
z ®-2)n
Sodim H%*rt)T SO+ER-DN-N—-R2)n (=0)
SHA O T=0

?‘C—ﬁh L (kZl) R A= Tc‘ﬁ"\,ﬂ‘ 2-1 IBH’-XSO \J*il*—
dim Clre)/ (@) ‘#{(E;j E; 'n+ﬁ+1)}ﬁ+1s 30 A
+ 3#{(E} makat, E g )}*-‘*151 sn+R
J L ﬂ-l-ﬁ-l-zc i<n+
= (Rt~ anvE

(a2~ vonk) 2 #{(E, Egj. Ejmann )} 5 S5t

. B £+1< SNtR
M #{_( B, Bynttert, Eneeag o) mﬁﬂi LEMHBHL
Z (Rt-2)n

O dim HAMO)TS O @) N—N~(R+A2N (=0)
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LOHA W) = HA(O)T=0
M2 n=270+1 nRFEUTRY., A1)
0101 b
'rf.c :{ﬁ: =t 5-3-)’-_-:?(-\)} g = >b g =0
0: 01— X,y erten
Ere ) tEc, ®z20BE T orRBJPIZRAINTIFN
BTRT, R=2 TR lemma26() L LoFaxYacms

(Xes, X, (s Yog) 05 e mtnm.
' ), (K ) Iy, 12} /
ds c?(rc)K#{ 2 Kyl Wi Yol W Ty } =N +2
i (xzj,Ylj). (Xlz.lbz),(H’l, k) 3§)‘§'y(+9_
pank { T-F% T4 7IL {145 i#{(X(z, Xz‘,\l’z)')}3é)‘_§_ W
Z2 N
I dim H2Te) € 0 R HH(W=0, Rz232'(F
T RN O=Te(R-[WH) L3¢
dimClrtl/co0" = #{ Ve ;). (XZJ"YQ))}g leR-1
(Xiw, be) R S)jaNIHR
=(R-D(2n+1) |

dim Te/o0 = 20+1 N
x {(Xm—:, XQ-HE,Y&,‘),} < ieden
- - > =L=
(@ nl=~-Fank) 27 ( (X, gq, Xaj, Yo )kt =) s ne

FH(Xiaet, Xem 8, be)3 1 e oo
2 (R-2)2n'+1)

SRS 3T HART=0 &) 4511 LRHE( H*w)=0



