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LERER TV I T 4y 7 #EEFDY —BOH| & LTI, affine Lie group % based
loop group AMNSN TS, T OEETIT LITIB~RI-HFE-2 %3 %D based loop group
(JEBRIRIT) IS LT HEILT 55

EH: G PAEM Killing-Cartan form %A 72 (BLEEE) B H Lie group TH 5 K,
Z ® based loop group QG DFFD left-invariant symplectic structure 33#H:H Poisson
structure ZEH 5 (Z EIXHMSN T 3). & DFEH:A Poisson structure DVEH 5 dual
Lie algebra #i&137CD based loop group @ Lie algebra #i& & RIETH 3.

B L UZNCHIELTE S %

F: AR DOEE &R UIREDITT, loop group LG 13 HEA TR UWZEHM Poisson structure
D, T DFHEN Poisson #iED S FZ AN dual Lie algebra structure i3 based
loop group @D Lie algebra & abelian subalgebra OEFNIZEE TH 5.
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ZHNT B.
RV NMEE, YT VI T 4w 7 EDRT ) 7 /W EBKNICESHTI &%
FistE L, FOERRBRAT T UFENETH 5.

2 Poisson #f[H 6 DIRE

2.1 Poisson & /&Il
FEZ% 2.1 (Poisson bracket) Z#kf&k M D Poisson bracket EIXRODMEHE %73 HAE %

9.
C®(M) x C°(M) > (f,g) — {f,9} € C*(M)
(1) % (2) R-WIE
(3) Jacobi DIEHER {{f, g}, 2} + {{g,h}, f} + {{h, f},9} =0
(4) BOWMB R {f,gh} = {f,g}h + g{f,h} (or {fg,h} = f{g,h} +{f, R}g) -
Poisson bracket 2 {ifiZ 72 Zkk{&*%* Poisson manifold & F-31.

2.2 Poisson tensor & Schouten #5il

FE#% 2.2 (Poisson tensor) Poisson bracket %NS M _EIZHE—DD bi-vector field =
W <m,df ANdg> = {f,g} DELIITEZE 5. 7 i3 Poisson bracket {-,-} @ Poisson tensor
EMEEN 5.

fRH 2.1 M @ bi-vector field = T 2 THEHE {f,g9} % {f,9} := <m,df ANdg> IZL>TE
3. ZODK, {-,-} ¥ Jacobi DIEFEREMITHEI D4 78513 Schouten bracket
[7‘-’ W]Schouten =0 ‘tﬁ 5.

5£2% 2.3 Schouten bracket 2IRDFKATHMSIF S BA"(TM) LD degree —1 homo-
geneous bi-derivation T& 5.

[ ’ ]Schouten : /\S(TM) X /\t(TM) > /\s+t-l(TM)

. [f,9)stouten =0 Vf, g € N°(TM) = C®(M)

. [X, glschouten = <X,dg> = Xg VX € AH(TM),g € \°(TM)
- [X,Y]schouten = [X, Y]Licbracket VX, Y € AY(TM)

S, TAUI =[S, T]AU + (=1)E~DT A [S, U]

[S,T] = (__1)(5—1)(t—1)+1 T, S]

Gt W N
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6. (_1)(s~1)(u~1)[[s’ T]’ U] + (—1)“_1)(8_1)[[713 U]a S] + (_1)(u_1)(t_l)[[U’ S], T] =0
T, INXFE s 13 S D (BHARTL) degree ZEHT 5. ie, S € N°(TM).

BE 2.1 (My,n) & (M,, ;) % Poisson manifolds &9 5 & &, (My X My, \\my ®Aama) &
% 7= Poisson manifold TH 3 (A, A, 1ER). LA L, M OIS EHEAE N 2% Poisson
structure Z¥f > T T %‘E‘i’h% M @ Poisson structure [ZHLHE T 5 —REAOIE HEEIZ AU,

2.3 Symplectic Ml

Poisson structure 7 {Z bundle map 7# : T*M — TM 2%#9d 5. H L b rank (7) =
dim M (BR) 72 51, 7# I T, FBILE 2-form w ZFEHKT 2. W° = —(7#)71, &
TWw:TM 3 € w({,") € TM*. dw=0i.e., w D closed TdH 5 Z &I Schouten bracket
[r,7] =0 LFEMETH 5.

-
—

2.4 T Poisson i

FEF% 2.4 (Drinfel’d [2]) Lie group G _E® Poisson structure/bracket/tensor 2% % 5. Bf
DOEHE (G x G, 7 ®7) 3 (a,b) — ab € (G,n) &' Poisson map TH 5, HIOFET,
n(ab) = Tl,7(b) + Trbw(a) (a,b € G), T¥H B K, Poisson structure/bracket/tensor
13FEEM (multiplicative) &F 9. LM Poisson structure/bracket/tensor iz 72 Lie
group % Poisson Lie group &FE3S.

Lie group G i parallelizable 72005, TG & G x g, A°TG & G x A?g, ... & right
translation THRI—HHEKS. ZDOR—RD b &, Poisson tensor 7 : G — A?TG i3,
G — Ng RABEHERIZEBNHEKS. 7.(e) =0 THBEZ NS, Hxld e TO
essential derivative, Bl d.7, : g — A2g ZRZ 5.

Schouten bracket % EiZ#fi~7z (right-identified-space) G x A*g ICHARIZE LAYD 5.
Z I TRRTHEMI SIS, |

1. B 23LR UAER, BL
2. [LE, y]r = —[-’ﬁ,y] (any VE g)

3. [z, fli(a) = £ f(exptz-a)p=0 (Vz € g and Vf € C*(G))

'Poisson bracket DFFFi {f, h} = w(X;, Xs), BL w(Xy,") = df 2.
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Rl%kiZ, Schouten bracket % _LiZTiB~7z (left-identified-space) G x A*g IZH BRI B
ADB.

#iE 2.2 (Weinstein [6]) = % n(e) = 0 %#i7-95%#E Lie group G D bi-vector field &§°
5. ZTDRRIIFMETH 5.

(1) m: G — N2 TG 13FHEN

(2) m.: G — A?g 1% Adjoint representation®® 1-cocyle

(3) d.mr:g — AZg I3 adjoint representation®® 1-cocycle

#i8 2.3 (Drinfel’'d [2]) = % &%, Lie group G @ 7w(e) = 0 % #5729 bi-vector field &9
5. ZOk, RITEETHS. ,

(1) m:G — A’TG 1 Poisson tensor T 3, BIH, Schouten bracket [r, 7] = 0 %
AN

(2) dem,: g — A2g O (dual) (demr,)*: g* — A?g* D% g* _LIZ Lie algebra structure %
EDB.

HEE22 (1) & (2) BRICHEMETH 5.
(3) 7,: G — A?g A Schouten bracket [r,,7,], = 0 %7z 7.

#ia8 2.4 (Lu and Weinstein [4]) G 3 THHEMTH S5 L9 5. TDR n(e) = 0 &
BB DREEN bi-vector field IZIRDIEITERS. w.(a) = Ad,t —t (It € A%g), ie,
w(a) = Tlit —Trot (BMLT =at—ta EHFET).

Poisson condition {3, [¢,¢] ¥ Adjoint invariant, i.e., Schouten bracket [z, [¢,t]] ’Vz € g
XL TO ERMETH 5. ﬁ@:; t N[t t] = 0 W78, t 133EER Poisson structure
#=EHETSH. HEAX [, t] = 0 13 classical Yang-Baxter equation & UTHISN, [t,t] =0
%#t2 9 t 1d (classical) r-matriz EFETN TS,

#IRE 2.1 (cf. Dazord and Sondaz [1]) G X3 KITHEHHME L L H. ZDORHEED t € A’g
i [g,[t,t] =0 2#ifcd. G = SU(2) or SO(3) 7% 5 classical r-matrix i3 0 DHTH 5.
bUL G=SL(2,R) 125, classical r-matriz 1& ri® — dryry = 0 1 5%HDH &

t = T1€29 A €3 + T9€3 A € + 3€1 A €9
THbH,BLI ZTOREIZIRD bracket relation &7z d D ET 5.

[31, 32] = 2e,, [81, 63] = —2e;s, [ez, 63] = €;.

I':G — A?g, T'(ab) =T(a) + Ad, - T'(b), Ads - (2 A y) = Adaz A Aday.
3y:g — A?g, 7([u,v]) = ady - y(v) — ady, - 7(u), ady, - (2 A y) = (aduz) Ay + 2z A (adyy).
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b U Lie group ORI 3 L O RKTH B2 61, ED K S 7L bi-vector DY classical r-
matrizc THBDHDDIEREH/SDITH L.
3 Loop groups OfHILEH
3.1 Loop group/algebra DEZE

G 13 g % Lie algebra &9 %3#% Lie group &9 5.

2% 3.1 (Loop group/algebra, cf. [5]) LG := {y:S' — G | smooth } I3ERKIT Lie
group T, G @ loop group &IN5, BDEAIT

(71 - 72)(6) == 711(0)72(9)

TEHETS,BLOIIS D 2=¢’ LEBETH3S.
LG @ Lie algebra i Lg := {£:S! — g | smooth} THZ 545, Lie algebra OEE S
g%f%é, le, [51,52](0) = [61(0),62(9)]

2% 3.2 (Based loop group/algebra, cf. [5])
QG :={y € LG |v(0=0)=7(z=1)=e € G}

i3 LG OIEMELGBETH S, G D based loop group EFEIN 5.
QG @ Lie algebra i3 Qg := {{ € Lg | £(0) =0} T&H 5.

#iE 3.1 (cf. [5]) LG 1T QG & constant loops G @ semidirect product T& 5.

7 o (17(0)71,4(0)) .

Lg i3 Qg & g @ semidirect product TH 5. £ & (£ — £(0),£(0)).

3.2 Loop #®D presymplectic #i&

UTF, G 3BT Killing-Cartan form 3BEMTH 5 LIKETS. <-,-> % Killing-
Cartan form @ scalar f5T# % (Adjoint-)invariant 7% g @ inner product &9 5. %
D |

€, n> = %/02 <€(8),n(0)>do (¢,n € Lg)

i3 Lg LOIEENETS inner product TH 5.
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®H 3.2 (cf. [5])
wen) = 5- [ <6®),i@)>d0 (&€ Lg)

i3 LG L@ left-invariant closed 2-form ZE® 5.

3.3 Based loop group @ symplectic #i&
Theorem 3.2 @ w @ annihilator 7% {¢ € Lg | § =0} THEH S, ROBE DN B,

wiE 3.3 (cf. [5]) QG ITHIR L7z 2-form w 3FFRILTH 3, ie., w ZMA 72 based loop
group QG T symplectic manifold TH 5.

4 #ERODOILH
4.1 Loop algebra @ FIZ/R

QG % homogeneous space LG /G &R % & HARIC (almost) complex structure Z)\"% Z5
ns (cf5]). LU, Fxld QG % LG OFHEERII LI, £ /- =FABE# & Fourier
HAEBHICRA LW DT, Lie algebra Lg. & Qg ZREEIIVEHEL B ITD TR L LS.

Lg i3, X € & (£ —£(0),£(0)) ITL->T Qg & g OFEBHTH 5. i, vector space
Lg% & o (€~ §6,66) EAMTBEIURS. ML, f¢= %fﬂg(ema (cf. Freed
B

Y(E):=€E—E0)+ ¢ TEERESINDEFH/ y:Lg — Lg #FZ 5. ¢ i3 Lg D vector
space isomorphism T& 5. '

Qewd =01 (Qg) = {6 € Lg | §E =0} LEL. ¥ 125 Lg D Lie bracket D5 XK
U% 4T [, Jnew TET

RH 4.1 Lyewd = (Lg with [, Jnew) & Quewd & g D Lie algebra & UT®D semidirect
product T3 3. Hf L > bracket operation 127D bracket operation &M & 5 iZBES
ANGAVN

[ga n]new - [57 77] - f[g, 77] - [67 77(0)] - [5(0)7 77] (V£777 € Qnewg)
[€,constlnew = [&,const]. (V€ € Lg) v

i 4.2 (cf. [5]) Qnewd D complex structure J %

J(€)(0) := Y _ sign(n)ié,e™

n#£Q
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TEEHKS. TIT, € Mend, 1BL, & € gc 1 £(0) =) €™ TEFEEN TS,
n#0

{e.} % g @D basis &5 5. TDKE, {e,cosmb, egsinnf} Tm,n >0 705 Quewg D
basis, m > 0 HDn >0 75 Lg @ basis TdHA. complex structure J (3R THE& T
5h’

J(eqcosml) = —e,sinmb , J(eysinmb) = e, cosmb .

4.2 Poisson tensors

BalE map ¢ IZE>T Lg D5 Lyewg “BEIL, H LU Lie bracket operation Z7§7.
presymplectic structure w ~® oy OFEBERARTHR L.

FHRH 4] wpew Z Y ITLB w DFIERELET B, Le., wnew(€,n) :=w(P(E),¥(n)). €DK,
Loewg = Lg ET wpew =w ThHA.

Proof: #5315 %> T ;
nen(Es1) = (€= €(0)+ §&n—n(0)+ fn)
= L [T <t0) ) + f & Sn(0) —n(0) + f)>do
= o [T <O - €0 + f & 5 00)>a0

= o [ <e0), Sn(0))>d0
= w(¢n)

EE 4.1 I8 objects DAY

< Qgg>#0 <[], (>»>=<{ (>

K Mpew8, 8 >>=0 << [€, Nnew, ¢ S>F<KE [, (new >

<€, e5> = 26,5 145 g D basis RIS ZTH TN, g O structure constants I
Cs,=Chs=Ch 13 BHHERD.
{eq cosmb, egsinnb} 13 Qpewg OIERBERHELTT, ie,
Ke,cosmb, egcosnld> = 6,56mn
<eysinmb,essinnd>> = 6,56,

<e,cosmb,egsinnd> =0
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e,cosmb & Je,cosml = —e, sinml % eym & €qm TTNTNET. £EOHINOD

metric relations (%

K am, €pn>D = Klam, €8n>> = bupbmn, K€am,€p>> =0.
TH5.
#iRH 4.2 QG O symplectic structure w @ Poisson tensor IZ

1
m(y)= > ;J(ea cosnfd) A ey cosnd € Qnewd

n>0,o

ThEZons.

Proof: B8 W Qnewd D € — w(f,:) € (Qnewd)* D5 Poisson tensor ZFH & L7zt
Dnewd XiT Lg 13, (Qnewd)* XiZ (Lg)* D metric <-,->> IZB89° % dense subspace TH
% (“smooth” part EFEIN B, cf. [5]). & T THXZE/M % Z D metric TILOZERM & F—#H
3. COFR—HDObET, W (€) = =€ (the differentiation) T 3. w @ Poisson tensor
73 1# = —(W) TROSNTNBDT, n# i integration TH 3137, i.e.,

7€) = [ )ds— § [ €s)ds (6 € D)

uews DEH, §€ =0 DARETHLTE.
k% D Poisson tensor % t, &aC L,

1 _ 1 _ _
Z('z'Pam,ﬁneam A €pn + Qam,ﬁneam A €gn + ‘iRam,ﬂneam A eﬁn)

1BU, Pumpgn = —Ponom B2 Rompn = —Rpnom EFKT. ZEJE vector & D paring % & 5
EBIFEODO®, RE/S.
‘Saﬁémn = _mQﬁn,am 3 0= _7nPam,ﬂn 3

0= mRam,ﬁn ) 6aﬂ5mn = _mQam,ﬂn .

zhig,

tbzz €um N €am -

1
L
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HEE 42 #8442 O t, 13, T DD S r-matriz, i.e., [ty, t)] = 0 2RI THEHEHHIK
5. 2% 1E3E Schouten bracket [t, 8] = 0 TdH 5 I &2 IRDFLE 7 new bracket relations
- It ROFEOHKIAMLEKS.

ARG 4.3
(€, €onloew = % s (€cmin — 2€em — 2€en + (1 6un)eeimon)
[Cams Epnlnew = 305 (Eamtn — 2eem = 2ecinn)
[CamsEonhew = 505 (€amtn = (1= Sn)ecnos)

22T, eom = Cam U Eom = —Eam.

EH 4.3 #4142 D bi-vector t, DS 7(y) = vt — tyy TEZEINS bi-vector field =
13 LG LEDFEHR Poisson structure TH 5. '

EFE 43 HEM D lJ(ea cosnf) Ae,cosnd b

0<n<N,a n
BIRMEEROC > lJ(eCY cosnf) A e, cosnl b r-matriz TIXTEL,
n>N,a

4.3 Loop group @ dual Lie algebra

Z I TlE LG DFHHA) Poisson structure D SEE 5 (Lg)* D dual Lie algebra structure
ICDWTHRANRS. BNz L DI, (La)* D “smooth” part (Lg) TORETFEHFNS. Z
CTIREI [ Jnew 2D, IBELDILVIRD, tag new 72 LD [-,] TET.

Dual Lie algebra structure OEZHiT <[a, Tley€> 1= <o A T,d.m,(€)>. $F#IZ, LB
7(7) = Ad,t — t 1251, <[o,7]x, &> = <o A T,adet>.

EFE 4.3 OFH:H) Poisson structure 7, X k5. £DE

«|o, 7-],,, &>
_ Z 1 Ko, [, e,]> <<o,e.,> K0, E.4> Ko, en]>
nsoe? || K76 > <7 eq> KT, 8> <KT,[€, €cn]>
BWOEITEOBRTRER/ 5.
FHRE 44
1
leoms eﬁn]ﬂ' = MCZ,B ((m - n)éE,m—n —(m+ n)ée,m+n)
1
[eam, €pnlr = %Cgﬂ ((m —n)ecm-n+ (m +vn)e5,m+n - 2ne€,n)
[éomn éﬂn]ﬂ' - '——Ce (( n)éc,m—-n + (m + n)ée,m+n - 2mée,m - znés,n)

2mn
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EE 4.4 Dual Lie algebra (Qpewg, [-,-]x) ¥ Lie algebra & UT (Qnew, [ ‘Jnew) ERIEIT
H5.

Proof: g{% €oam F Meup éﬂn — neég, b“‘ (Qnewg,' ['7']new) 7")\6 dual Lie a‘lgebra‘
(Vnew, [, -]x) ~D Lie algebra isomorphism * 52 2 FXHEEMDONS. i

[0,Lg], =0 THBZEDS, K%ES.

% 4.1 M) Poisson loop group LG @ dual Lie algebra (Lg)* i3 Lie algebra (Qnew, [, ]x)
& g 281 abelian subalgebra @ Lie algebra & L T® direct product TH5.
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