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Generalizations of Product-type Methods Based on Lanczos Process
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Abstract. Recently Bi-CGSTAB as a variant of Bi-CG has been proposed for solving nonsymmetric linear
systems, and its attractive convergence behaviour has been confirmed in many numerical experiments. Bi-
CGSTAB can be characterized by its residual polynomial which consists of the produét of the Lanczos
polynomial form from Bi-CG with other polynomial generated from two-term recurrence relations. In this
paper, we propose a unification and generalization of results involing product-type methods for the iterative
solution of nonsymmetric linear systems. A characteristic of this class of methods (that includes CGS,

Bi-CGSTAB, and Bi-CGSTAB2) is the relationship
Pn = Ho(A)Rn(A)ro

where 7, is the residual vector corresponding to the n-th iterate z,, and R, is the Lanczos polynomial
form. The polynomial H, in the product H,(A)R,(A) is chosen to speed up and/or stabilize convergence,
while satisfying a standard three-term recurrence relations. Such product-type methods can be regarded as
generalizations of Bi-CGSTAB. From the unification and generalization, we can see how CGS, Bi-CGSTAB,
and Bi-CGSTAB2 fit into a more general framework.

Key words. Bi-CG, Bi-CGSTAB, CGS, nonsymmetric linear systems, product-type methods, the Lanczos

polynomial form, three-term recurrence relations.
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FANEZE ‘ X,

SHEREORKL: CORMBESEE, X7 AWEEE

REEREEOSBFIC BT, BAREAES LR
T AR RO BEN RO it LT LITE
BT A Fhid, BEGICABE TR -2 RET 1R
#ZX

(1-1)

PRI EBEINS LB, K (1-1) DL EE
BKRD B Z L RIBASHCAEEELNEL SO T3,
HMBETHEEFABEICR 21200 T, BESEOH

Ar =1b

BLHETIEERETIMIELENE  Z>TWS, £
D1, FEHRLEBED L REBEOLEWRIEZ 5
h, FRLERTbN T, HEBESRHE O REHEE
i3, AN—AREEL#C L EOPEREIENL TV [16).
FCSHILBREERT CHAEENR AT 2 &1
L PRI 2 LET 5 (10, 11, 25). SE4E, FEXHE
MERDT »F a X -7 a¥ R (Lanczos process)[9] 2T
{ REREDBRRIEATORT NS,

AR T, FTRETBETCLEAASNES v F 3



A-TORAEBANTE, FDOT/FaR - TOLALE
ST, JEMTFIROIEAE: (8] %, Thd LIRTFAT
FIR ORI ELE (3] 2 BT 5 2 EICOWTBRRS. £
T, HAET vFa R SO RIET REREE
»— it T AEELRET S, I, 5vFaR-Tutk
ARETSREREMEOEER Y 5 2, REREEEOR
A8t ED, CGS #, Bi-CGSTAB % &t HEI XM
EOWL ODDERME 7V TY X h%EEHT 30

2 S FgX-TOtXEREDERE

1%2) B2 (Conjugate Gradient method, CG %) N #E
HESZIE, M. R. Hestenes & E. Stiefel I & - TIRES
N7 IEMEFATH] A DIBER

(2-1) f@ﬁ:%aA@—(aw

DOBIEE BRE/MEETRD 2 b DL B LILTH S
7%[8,12,15), ST TH, FvFaR-7utAxFAL CGH
LBaEMHNd L TCCELXEEMTILITT S (13,23, 24].
COBMEER, CCHELEML, ThLIHRTIALS
WTHLBESD & DBH TIREBONEZVFIR LR > T 5,

2.1 S F3X-7OEX

TFHIRATHI A LTI PV ug il L o THES 12ROV
FI {uo, Aug, - - -, A" lug} H—KIL ThH B LIKET 5. £
DEE, X2 bVl {uo, Aug, -+, A" lug} 7T A2 3
v + DEZALE (Gram-Schmidt orthogonalization) % i3
&, E0FITRL NS ) 07 B ZER (Krylov subspace)
Span{ug, Aug, - - -, A" ug} DERR vo,v1,- -, vns1 ¥ E
Bt AT ENTED, v 1 RN L DI ntl REERK
Papi(N) K& o TREBDT,

(2"2) V41 = Prya (A)UO,

BHHEPOOLND LI, v EROEAERIC & - TH
Hains,

_ _ = (Avnyvk)
(2-3) vapi=an (Avn Z:——-—(vk’vk) k-
7272L, NI A= S apid v, 1 DA — 7 (Scaling) £
BTHD, K(2-3) D& ) RERILATH] A LFHEFT P by

POERREELZ LW, TV VT 470X (Amoldi
process) &IHIN S (1, 17).
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Riz, TIVIIWF 4 - F Ok A% FMERHTS A (@A
T5E, #ER(23) RO L H kB,

o0 e E 83

R Avy = APy (A)uod b Avgid vg, vy, - -, veys DHIGH
BTRINHI L BDRS. vo,vh...,vk;j‘@%—eéé :
7=%,

(2-5) (vn, Avx) =0, (k<n-2).

ﬁmbIO.Lt#orhmmﬁ@4yaﬁmu,%%%@
3 HHLR I % 5.

. _ (vn, Avy)
(2-6) Unt1 = an(Ave — Tonrvm) Up
('Um Avn—l)

_— ——e——Un-1)-
('Un—lyvn—l) " 1)

Thbb, v, 1 BENETOTRTO v, T CERDZ
HEAFTERDLNE, THET IV VT 4 - 7 Ot A0Sk
By —ATHY, 7vFaR -7 +&2X (Lanczos process)
LIHENRD [9]. TV F 3R S OkRiE, BAERTNEL
DEBBCTHATSH ), BRERT (7Y FaR- 71
EABFERENE oY), EREHER, Stieltjes EHFH
T EAORA, FORBEITHS [24].

2.2 SLFaX-TOtREIHEDERE
DEH

COET, BAETVFaR - TORAPLEDL IR
W% W > TEENFHRRIED 200 CG B ¥ T 251
DNTRRB, 72721, TOFi%EL TR (1-1) DREATH
A TEERRE T 5.

VEIEDEE zok L, WHASRE b — Azo® ro kT 5.
FDLE, XU WE| {ry,Arg, -+, A g} % Va(A;70)
THRL, DHRE e oBEEN 2 ) a7 8522
Span{ro, Arq,---, A" 'ro} % Kn(4;r0) TEKY.

T TRIRBRB -2 0EMFOT CHRGRHEN %
ExAh,

St 7 OTBBER Kapi1(A;r0) BPESRDEIIC
ELIRE 2, EEYDHT.

(2-7)  Zng1 = Zo + Zat1, Znt1 € Knp1(Ajmo).
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%@ﬁ'ﬂ’m Zn+1 b:%fﬁ‘:‘?’dﬁ% Tn41 ‘i*@ i ’) b:tf %.
(2—8) Tngl = b— A:c,,+1 =7rg— A2n+1.
ZIT, rap1 € Knpa(A;ro) THHI LDDPS,

%{t{: : m T4l ‘:?‘:I’FE‘T 6% Tntl ‘i;ko)ck 5 ‘:ﬁ
LIV % > %4% (Galerkin condition) %77 [17).

(2-9) Tn41 L1 I(n-f-l(A;rO)-

3 (2-9) i17REF {ro, 71, -+, rns1} D2 U O 7 ERAFAH
Kn2(A;m0) DERRTH AT L2 EKRT S, LIzdoT,
BREF {ro,r1, -, Pap1} BT T A - 23y + OEIILE
KEoTHELONEZ LHtb BB, FNEE, Vaya(4;m) IS
SyFaR-TuLXeMT L, R rag 2RO 3 Hib
RCHRT A LA CE S,

(ro, Aro)

2- = S el 7 A
(2-10) ) ag(Arg (re70) o),
(2-11)  rapr = andra — ang"ﬂ’_ArIQ .

(rn: Tn)
(27 (rn, Tn)

— e Pny.
Qn-1 (rn—lsrn—l) "

2L, R(26) DAY=V v T Blan i rayy = 1o —
Azni1(2n41 € Kny1(4;r0)) PRZWLT & ) 1RO B 1,
ROBALR % W72 T.

212) ap = —Twr0)
( ) 0 (TO,ATO)
1
(2-13) @ = - (r,.,Ar,Q 1 (7’,.,7‘,.)
(Tn,TD Upw-y (Tn—hfn—x)

FIT, BRI PV kRO L D IEAT B,
(2'14) Pn = (Zn+1 - Zn)/an € Kn+1(A;7°0)~

TDE 3, _J"«t(2-8) ﬂ’%ﬁ%’):gmyﬁo)%rn+l —Tn
i, RS RV g, TEED T LR DRD,

(2'15) Tptl —Tn = —Qn Apy.

e (2-11) IRAL, R(2-13) #HVTRET S L,
N7 PV p, BT B

(2'16) P+l = Tpg1 + Bnpn-

PBOND, LAL, f, = Cypraly 5,
—75, NT A= a, 3BT PV p, FRAVTRD & S
KROHBIEDTESD, R (29 &R (2-14) 2 & D, FRE

rapi it pp EERT B L DA B. Lo T, K (2-15)
&Y, a, DEHERITRDL I ICE D,

I

$7:, K(2-16) 25, (Put1,rne1) = (Tap1,Tasr) TELY
YO ERbRY, a,DEHERTAD L ) ICHY 5.

_ (rn,rn)
"7 (pn,Apn)

ap EB, DEHEREME ) &, rpp 1T % 3 HBMEK 34
R, kLI %5

(2-18) a

(2-19) rn = ro-— OtoAT'o,
(2-20) 7oy = (1 + ho:,.,) rn — apAr,
Qn-1
ﬂn—l

Anrp_1, n=12-..-.
[s 2798 |
7o, R(2-14) &), EPE z, .y i RROBEATEE
T&5,

(2"21) Zpt1 = 2o+ Zngl = Tn + QnPn.

Droclrilwsl, EESHTH A 2RECL2
1 RN (1-1) 0EE RO B CGHEOTIVTY XA
BPEOND. 7272 cdICRHEEHE TS (UTRL).

ALGORITHM 1 CG %

Choose an initial guess zo,

and set pg = 1o = b — Azo.

Forn=0,1,--- until |jra ||[<e]lb]} do:
_ (rn,7a)

- (Pn,APn)’
Tn4l = Tn + AnPn,

n

Tn4l = Tn — anApn,

B = (Tn41,Tnt1)
(tn,Tn)

Prn+1 = Tng1 + BnbPn;

’

CGEHEDT VT XLRBNB Y b VFlr,, paiiHL
T, ROBELMEHEY L.

o (ri,r;) =0, i#j; (orthogonality property)

e (pi,Ap;) =0, i#j. (conjugacy property)



BES {ro,r1, -+, } VERFITHEDOT, B ryidE4
NEOFETEOIIL S, iz CG EREEMEL LT
PORT % Z & 2 ERMICEMT S, L L, EROIEHAM
BEML L X, CG HIXBIREEAN & OffH © M
ELTRIHEN S Z LB\, REMESL LTolGEED
T TICERRICHRR S L7 (20, 13).

HYREDEN BT, B r, LHBINS MV p,f
ZERR,(N) £ P,(N) IC& o TEEBZENDNB,

(2-22)

FICR,(A) 3T v 3 ALEALHTH, Ko 3 HiEiL
A&7, [22)

mn = Ra(A)ro, pn = Pa(A)ro.

(2-23)  Ro(A) = 1,
(2-24) Rl(A) = (l—aoz\)Ro(/\),
(2-25) Rppi(A) = (1+£":1an—an/\)R,,(/\)

- f::ia"m-lu), n=1,2.

2L, R,(0)=1. 2 3EHLALT v Fax-Fuk
ACED CRERBEREOEN BV TEEL AR TH S
CEERFERLTBL. 7, ZHAR()) & Pa()) KD
R % W77

(2-26) Ro(A) =1, P(\) = 1;
(2-27) Rat1(A) = Ra(X) — an AP (N);
(2-28) Pai1(A) = Rag1(A) + B Pa(X).

3 MK DE

COFTI, IXTBMTFIE b OR (1-1) DFRED—D, N
FA%LJBLH: (Bi-Conjugate Gradient method, Bi-CG ) ?
IOV TIRR B,

EfE TR RED CG BB L R, $3R0EML
x5,

Gt R 2, £ 7Y QTBREM Kar1(4;70) P
S5V HT.

(3-1) Zn41 =20+ Znt1, 241 € Knp1(4;mp).
Z DV 241 \XIET DIRE P ERD & S 1T B,
(3-2) Tn4l = b— A:Cn.H =7y — Az,,.,.l.

£Z T, Tny1 € .K,H_g(A;To) THoHIENBDLLAL,

47

2 a7 EBEH Knp1(A;r0) PORMHOFTLNFVE
e (2-8) 272 F & S RFREF ra ¥ TNV NVT 4 - SOk
ARV THEYVHT I LBTEE, ZVINF1-TOLA
& o THES i BT —A%IC GMRES I L I 5.
GMRES #:i3, CG & & 5\l o8 3 Hilik*
W&o, FHEE, RESEL O EL5. L,
REEEYEOT L ) BE L) RS — MEGMRES(k) %
IR AR TH 5 [18).

—F, 9 vFaR-7at2EEESFHATTIC LvEH
TERVED, HEOH LIVF &M (2-9) 27T 5%
FBREDH {r,} 1, 3 EHHMLR (2-20) O ERTE R, £
T, Fil\vr ) a7 EG2EH K,y (AT, r) ¥ FIAL T,
ROGHEERS.

%’ﬁz : i&fm Tn41 (:ﬁﬁ}'ﬁ' 6&% Tn41 (i)’XUJJZ 5 tﬁ
LIvd 5% (2-9) #7727 [9).

(3-3) Tn4l 1 I{n+1(AT;7'a).

FITHE, KM (3-1) &5 (3-3) 2WATHREDF ro,
iy oo Tag1 € Knyo(A;ro) 13 3 LR (2-20) K& o T
KERTAIENTED.

FDLE, R(2-14) EFAL & I pa(€ Kny1(A;m0)) %
EET 5 L&, 3HBLK (2-19)~(2-20) & 0, KoL H
#Bohns,

(3'4) Tngl = Tpn — OtnAPm
(3-5) Pn+1 = Tng1 + PuPn.

S (3-3) &0, (AT)*ry, rpg1) = 022 Y, Li2dto
T, apiRD L HICHEE S,

= ((AT)"TG, 1‘")
((AT)~rg, Apn)

7, S (3-3) EX(34) &1, RORXMEY LD,

(3-6) ap

(3-7) Apn L K, (AT;r}).
Lo, A (3-5) &b,

(3-8) 0= ((AT)"r}, Apas1) = (AT)*+'ry, Pusr) =
((AT)H-HTB! rﬂ+1) + ,Bﬂ((AT)n+lr6,pn) =
(AT rag1) + B (AT)"r3, Apn).
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RO D, B, NEHEIE

(AT, )
@9 = =TTy, A

&R, a,DETEX (3-6) #FIAT 3 &,

(AT ¥1r5, royg1)
((AT)rg, )

(310)  Bn = —apn

b,

TIT, 2V O TEBER K,y 2(AT;rg) ICBWT, k0
L IHBINS P NFUry, vy, - rh & P8, B s P
2EAT S,

(3-11) Ty =1 —a, ATpl,
(3-12) Pnt1 = Tnyr + Babhs
REL, pp=ti=ro. TDLE, WHINI M2, pi%
ROELICBEATHZLENTE S,
n-1
(3-13) , = Ra(AT)r§ = ((—1)" II a,.) (AT)r8 + 2

- i=0

n-1
(3-14) p, = Pa(AT)ry = ((—1)" II ag) (ATY"rs + 22,

i=0
1L, 21, 22 € Ko(AT,r3). L72d%>C, &t (3-3) &
RIF(3-7) &1, a,DFHHER (3-6) &8, DEHER (3-10) 11
RS MV, pLTHEBITE B,

(rn, ™) (Tht15 Tn41)
3-15) oy = =22 B2 g 1 ntD ndl]
( ) (p:n Apﬂ) ’B (r;’ 7',,)

DEDZ 230D L, FEHFATHIO 00 Bi-CG i
DT7NTYXLHEONS [3].
ALGORITHM 2 Bi-CG &

Choose an initial guess zo,

and SEtpt;:'(;:pO:To:b—Al‘o.

Forn=0,1,--- until || rs)j<e]jd] do:
= {ra,rn)

"7 (p4, Apn)’

Tntl = Zn + Anpn,

Tn4l =7Tn — AnApn, rr‘;+1 =1, = Q'HATP;:

o

_ (r,',+1,r,,+1)
b = (r:n rn) ’
Pnt1 =Tnt1 + Bnpn, P;“ = T:;-H + Bnpn;
T, 3MER (2-23)~(2-25) & ZAHILR, (2-26)~(2-
28) ¥ WTEHRR & P %E &, o, pa, 75, PLIZCG
ELRBICTROETHET 5.

(3-16) Tn :lRﬂ,(A)ro, Pn = P,,(A)fo,
(3-17) tn = Ro(AT)rS, ph = Pa(AT)r.

—REMIC, Bi-CG Eid, FOZROEBEH, RN DK
BIREAMETONE,

o 7V 0 TEBZEM Kup1(AT;73) (X2 F WFry, o1,
vy ) BEB 121, AT LR P VORY RETICE
BLiezhiEzornwo ey,

o N MV rhiX, BRE r, & & HICETITNURT 57,
EFOTERTNT) XA CTEBELENRTHRWVT &,

4 TREIRMESRE &2 D—Mit

Bi-CG H% R T AHRIC BT, LB LEREN—D
& LTIDR ¥ (Induced Dimension Reducion method) 7%
H5 [27). ARMEICZHENTE o720, IDR i
HEVHMoNTwRY, LHL, TOMRICEL-FRR
LI, REREMEDOHZ L Y252, IDREZD
HH3FA % Bi-CGSTAB HEICERE S N7 [26]. 0%,
Bi-CG HENFHERIC Y2 o T, REIKBMEL LTRLE
CHYEEBU 201 BRIREERE (Conjugate Gradient-
Squared method, CGS &) T % [21). CGS T, Mt
o RHERT 572010, Bi-CG HICBINT v F 3 RS HER,
R.(A) BRD & 5 1fEbhs,

(4-1) rn = Ra(A)Ra(A)ro.

ZZT, Rp(A)Rn(4) £ W) ZoDEHEAOKEDOE: & 5
ZET, BiCOHEEMRL L SIS EL oty
OB Ko (AT, r3) BEL B TH LW LIk, L
L, CGS BBV £ T3 T L 2% ol
EBRTEEEN TV —HT[12, 14], FMPARREL T &
bLKHHNTVS[26,29]. TD& 3% CGS DY
DL/ b B VEDOHEEIER S h, Bi-CGSTAB &
A & L RBI AR ER S L7 [26). Bi-CGSTAB
ETIR, TROBMER 22 T8EK Q. (4)

(4-2) @n1()) = (1 = wad)Qn ().

PEIEASK, #0ET v F 3 AEHRE DD LI
ErdERSN.

(4-3) n = Qn(A)Rp(A)rg.



CITC, T A= S 3R ra D/ VEERNNIT A &
SIkdonb, Bi-CGSTAB HIIENIICEREERL T
w53 [2,5,6,7,29].

EBITIE, Bi-CGSTAB HENZEHN Q,()) 1 GMRES(1)
BORESERTHLETHLRIRTES, LdoT,
Q.(2) Db b 12 GMRES(k) HENZERE V5 &, Bi-
CGSTAB #:% —#4t L 77 V) X & Bi-CGSTAB(L) %
BT AL TES (19, B2, GMRES(2) 0%
A

(4-4) T2a41(A) := (1 = xnA)72n (R),
(4'5) 7'2n+2(’\) = (Cn + 77n"\)'r2n+1(’\) + (1 - Cn)72n(/\)-

%5 &, Bi-CGSTAB2 Lid B ¢% 5, #0L ., &%
KD & S ICEHEE LD [4).

(4-6) T := Tn(A)Rn(A)ro.

Bi-CGSTAB(L) #:i¥, GMRES(k) 0L HER & FIHT |

A7-®, GMRES(k) LR L & ) KL DFEE LREES
E, LPbREBECRNRELBLENSS.

4.1 PEREREDTES

ZIT, FAH Bi-CGSTAB(L) L1727 7 u—FT,
FvFaX. 7k RETREREREY —BILT 5
FEELRDLIIRET 5.

¥, Bi-CGHBEDEE ro, vy, - -, rp FIDWERT 2 & T 5.
FDOEE, FoAaidBLLFHE CEERF Hy, Hy, -, Hy
RHERL, Hy(A)ro, Hi(A)ry, -, Ho(A)r, FAWVT, ng,
r1, o T DUCRONER DB T L %X B, 12751, H,
BERRRESET TV n REEAT, &4 H.(0) =1
7T,

2T T, Bl Hy(A)r, IRDUROIRE & 53UTV 258
ErRERERE LR, S ng, RERERED
BEr ERDANTEET 5.

47 rp i= Ry(A)Ha(A)rg = b — Az,

ZEX H, b hid, R(4-7) o, RFHEL, &
SIENR 2, 2 ROBZENTESL, FER H. BRI
BhEE, CGSEREOND, SERXH Qi b
&, Bi-CGSTAB #/Bi-CGSTAB2 i 51 5,

L L, BEREBEST7 VT X h % BAREICED B
Fec, ROMBESeBE L2z o2,
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(A) ¥, 5vFaAFHEA R EPRET 57 0ILE
L BNG A—Fa, B, R ETET AR L EL.
(B) #LT, £HAF H, 2 BROGE T 50 %
BT A, INSBRLVEELILTHS.

¥72, L DFROVOREEREBEREL DI, KA

BT OBEH S S TR 1, D e 52 5.

(C) MEDNERAE, KHEBOHBEL W1 5FIKT,
H, 2 GVt CHETE, X6 ICKE LPuRMERE
PROLIC, FERH, P RETHLOICLEER
BNGA— S kBT AAREE X 5. ‘

4.2 BHEZBXOBIER

SvFaR-srakAREN 3 EHERII®RAICH L
WRREIREREr EANTE Y V52 TR 2T,
B iz OMT L ERC, L. BAL, HILWEER A,
2RO 3 BEHACR LT & ) ICBRET 5.

(4-8) Ho:=1,
(4—9) H1 = (1 - Co)\)Ho,
(4—10) Hppq = (1+ M — Cn/\)Hn —npHp_1.

1REL, Gl EIXREENINT A—5THA,

4.3 FMERICLBARENT FILOEE

AW (2-26)~(2-28), F 7= H,DEHEH, S, FEHK
ﬁR-any PnHm Rn+1Hn’ Rn+Hn—1’ Pn-HHn KBET
AR EEA L AITE S,

(14 7n)Rn41Hn
= aRay1Hn 1(n — ARny1Hy;

(4-11) Rop1Hnpa

(4-12) Pay1Hpy1 = RppiHupi+6.(14 ﬂn)PﬂHﬂ
(4-13) — BaaPaHno1 — BnCaAPnHp;
(4-14)  Ruy1Hn = RuoHp —anAPaHp;

(4-15) Rpy1Hao1 = RuoHpo1— 0 APaHp g

(4-16) 'Pn+1Hn = Rn+1Hn +ﬂnPan-
ZCT, TRo#HBINS PVEREL,

Pn = Pa(A)Hp(A)ro, wp = Poy1(A)Hn(A)ro,
ty = Rn+l(A)Hn(A)7'0; Sn 1= Rn+1(A)H —I(A)TO;
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R (4-11)~(4-16) R (4-7) TER S NIARETBIRED
BEr AT AW LB E LD TES,

(4'17) Tn4l = (1 + ﬂn)tn — NaSn — (nAty;
(4'18) Pny1t = Tnyrt ﬂn(l + 7In)Pn = BrfaWn_1
= BulnApyn;

(4-19) thn = rp—0anApy;
(4'20) $n = ity —azAw,_y;
(421) w, = to+fBnpa.
B HIFRE r, OEHEN (4-7) LWMER (4-17) 25, ED
Wz, DB L RD LM TE S,
(4'22) Tpn4l = —nn(zn—-l + ap_1Pn-1 + anwn—-l)
+ (1+nﬂ)(z" +anpn) +Cntn-

44 o,&B,DEENX
n-1
SER HaDBERBORE (-1 [[aThroT,
ROKMBEILY B = L bhb. =

n-1
(4-23) (ro,mn) = ((—1)" II Ci) ((ATY"rg, Ru(4)ro),

i=0

n-1
wMM¢mm=QarH¢%uW%A&mm>

i=0

L7t T, R (3-6) & (3-10) 5, ay & B, PEHERS

b5, :
_ (13,7n) _ O0n (T5)Tn+1)

R v Ml N 3 B

ZOHITI, AR By, Bib, SEAORET
R, 289 A—Fa, LB, DEERE G X 12 FhhD,
T ARG e R FRCEXONDETHE, HiL
VBRI Y A T LA TE S, CThIE ST
HL3.

5 MWMBEIREREOH<LER
5.1 BIfEmEioma

5.1.1 CGS&

Cn =, = B0 EORBETBERELEZD, FDE
&, Ha(A) = Ra(\) &Y, BEr, = Ra(A)Ra(A)ro k

BB, SRR (41) E—BF B, TTT, CGSHEOHEM
L EIET 2%, SR EHICOWTI, (15, 21] KERT 5.
COSHERRD L S0 E LwoND, |

ALGORITHM 3 CGS

Choose an initial guess zo,
and set rg = po = eg = 10 = b — Axo.
Forn=0,1,-.- until || rp||[<e]|b]| do:
o = L1r)

(3, Apa)’
h"+1 =€n — anAp,,",

Tn41 = Zn + anlen + hng1),
Tndl = Tn — anA(Cn -+ h,,+1),
_ (78, 7mn41)
Bn = o)
€ns1 = Tnq1 + Brhnyl,
Prt1 = €nt1 + Ba(hnt1 + Bnpn);

5.1.2 Bi-CGSTAB &

Tm=0,BE, GEREr WD/ VAEB/NITE L)
CHROBZERERD. FOLE, BEr, K (4-3) &—
B+ %, 2T, Bi-CGSTAB Eo#M % HIFT 5 2%, &
72T DWW T, [26, 28] IKEBRRT 5.

Bi-CGSTAB HEidRkn L H it &v o s,

ALGORITHM 4 Bi-CGSTAB 3:

Choose an initial guess zo,
and set To =po =To = b — Azo.
Forn=0,1,---, until || rn [[<e|{b{ do:

Ay = (TI:) T")
"7 (r3, Aps)’
tn41 = Tn — anApn,
o= (a1, Atnya)
"7 (Atayr, Atnya)
Tnt1l = Zn + WnPn + (nint1,
Tnt1 = tn41 — (nAtnga,

B, = &n (r3,7n+1)
= Sn Mo, Tntl)
o (rg,mn) ’

P4l = Tng1 + ﬂn(pn - (nApn);
5.2 FHLVLEREOZH

5.2.1 GPBi-CG(w) &

Faidn, =wEBREL, (EREr D/ VAERM
THEI DI LR ERS, 0L % ORBFEME
% GPBi-CG(w) & &fHT 5.

GPBi-CG(w) AN & S IcF Lo bR D,



GPBi-CG(w) &

Choose an initial guess zo,

ALGORITHM 5

and set rg =po =710 = b— AT, w_1 =t_; =0.
Forn=0,1,--- until || ra||< el b]| do:
an = (76"‘“)
(r(;, AP"") ’
Sp =tpn-1 — anAwn_1,
In =Th — anAPm
_ (tn +w(tn = s0), Ata)

T (Atn, At,,) ’

Tntl = Tn + Onpn + Cntn+1
+ w(xn —Zp-1 + UnPn — An_1Pn-1 — Q’n'wn—l);

Tndl = tn + W(tn - Sn) - CnAtn,

8 Qn (7'51 Tn+1)
' a0 ny J

Cn (1'3,1‘,;) ’
Pnil =Tn41 + lsn(Pn = C(ndpn + W(Pn - wu—l)),
wn =ty + ﬂnPn;

5.2.2 GPBi-CG &

AR (417 L TRE rp D/ VA RBUNCT B
EIn, n XBDBILEERD, TOLEORBKHE
% GPBI-CG L &) 5.

GPBi-CGHERRD LS IcT Lo ohns,

ALGORITHM 6 GPBi-CG ¥

Choose an initial guess zo,
and set f; =po=710=0b— Azp, w1 =13 =0.
Forn=0,1,-.. until || ra ||[<e]lb|| do:
(ro,mn)
an = - ,
(g, Apn)
Sn =1tp—1 — anAwp-_1,

tn=rn— anApn,

(3n — tn, 8n — tn)(tn, Aln) — (8n — tn, Atn)(tn, 50 — tn)

Cn = (A, ALY (3 — Tn, 8 — 1n) — (3 — tn, Aln )2
_ (Atn, Atn)(tn, 3n — tn) — (80 — tn, Al )(In, Ats)
1= " An, Atn)(5n — tny Sn — tn) — (3m — tn, Aln)2
Tntl = Tn + anPn + (aln
+ ﬂn(tn ~Zp-1+ QnPn — An—1Pn—1 — anwn—l),
Tntl =tn + Mn(tn — $n) — (nAtn,
B = an (ro, rn41)

Cn (r8,ma)
Prtl = Tng1 + ﬂn(l’n — CnApn + ﬂn(l’n - ’wn—l)),
Wn =ty + ﬂnpn;

6 HEHZE

ARFFE T, P4 IBERITICBWTRHSEELERD
=D, FvFaR-TaLANL CG HEL Bi-CG ENHM
KOoWTHRS, FvFaR-7abvR S LD
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BREIHELA LT, RABBRERELHLIERL,
REINEREEL BT 2 e REL 2. BRI, FA
% CGS ¥, Bi-CGSTAB % &0 MEKEMENEMN %
TNTY X 8% EO—BALUIBREHD OB E W Uz, #E
DFIRRT, KPR TEHE LB EOT7 LTI XA L
GPBi-CG HNMBME IUERIA S € TV E & 12w,
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